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Abstract. The paper considers a boundary value problem for the fourth-order equation Uxxxx + Uyyyy = 0, defined
in a rectangular domain under the condition of periodicity in one of the spatial variables. The studied model arises in
describing stationary deformation processes of anisotropic elastic media, where material properties differ by direction.
A feature of the formulation is the combination of rigid boundary conditions on one boundary of the domain and
the specification of the bending moment distribution on the opposite boundary. It is shown that when expanding the
solution into a Fourier series in the periodic coordinate, the problem reduces to a fourth-order differential equation.
Small denominators arise, due to the spectral properties of the corresponding differential operator. The presence of
small denominators can lead to instability of the solution and ill-posedness of the problem in the classical sense.
The paper discusses the conditions for the existence of a periodic solution. A connection is established between
the algebraic nature of the dimensionless parameter, given by the ratio of the domain thickness to a fundamental
geometric constant, and the smoothness of the boundary function. It is shown that the regularity of the solution
is significantly determined by the Diophantine properties of this parameter, which influence the behavior of small
denominators in the spectral expansion. It is proved that the problem is solvable for almost all values of the specified
parameter in the sense of Lebesgue measure, except for a set of exceptional cases corresponding to strong algebraic
dependence. The obtained results can be applied in modeling bending processes in layered and orthotropic structures,
as well as in the study of ill-posed problems in mathematical physics.
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Annoranms. B craThe paccMaTpuBaeTcsl KpaeBasi 3apada AASL YPaBHEHUsS deTBepToro mopsiaka Uxxxx +
Uyyyy = O, ompeaereHHOTO B IPSIMOYTOABHOM 06AACTM IPM YCAOBUM TIEPUOAMYHOCTM IIO OAHOM
U3 IIPOCTPAHCTBEHHBIX IIepeMeHHBIX. lccaepyeMasi MOAEAb BO3HUWKAeT IIPM OIMCAHWM CTAI[XOHAPHBIX
IpOIECCOB AedopManuy aAHU3OTPONHBIX YIPYTHX CPEA, TAE€ CBOMCTBA MaTepwaAa PasAWYalOTCs 10
HampaBAeHU0. OCOOEHHOCTBIO (POPMYAUPOBKU SIBASIETCSI COYETAHME >KECTKUX TPAHUYHBIX YCAOBUN Ha
OAHOM TpaHuie O6AACTH ¥ 3aAaHUS DPACIpPEAEAEHUSI W3rubarommero MOMEHTa Ha IPOTUBONIOAOXKHOMN
rpanure. [TokasaHo, YTO NP Pa3AOKEHUU pelleHusi B psip Pypbe IO MEPUOAMYECKON KOOpAMHATE 3apada
CBOAUTCS K AuGPepeHInanbHOMY YPaBHEHUIO YeTBEPTOrO IIOPSIAKA. BCAEACTBHE CIIEKTPAABHBIX CBONCTB
COOTBETCTBYIOIIEr0 AUMD@PEPEHINAABHOIO Oll€epaTOpa BO3SHUKAIOT MaAble 3HaMeHaTeAu. Haauwdme ManbIx
3HaMEeHATeAEN MOYXeT NPUBECTH K HEYCTOWYWBOCTY PEIIEHUSI ¥ HEKOPPEKTHOCTH 3aAaYM B KAACCUIECKOM
cMbIcAe. B cTaTbe 0BGCY>XAQIOTCSI YCAOBUSI CYILIECTBOBAHUS IIEPUOAUYECKOrO PEIIeHUsI. YCTAaHABAUBAETCS
CBSI3b MEXXAY anrebpamdeckoil IpUpopol 6e3pasMepHOro IapaMeTpa, 33AaHHOIO OTHOIINEHWEM TOAIUHE
obracTy K PYHAAMEHTAABHONW TI€OMETPUYECKOM IIOCTOSTHHOM, M TA3AKOCTBIO TI'PAHUYHON QYHKIIUH.
ITokaszaHO, YTO PEryASIPHOCTH DPEIIEHUSI CYIIECTBEHHO OIPEAEASIETCS AMO(DAHTOBLIMU CBOMCTBAMEU 3TOrO
rnapaMeTpa, KOTOPhIe BAUSIIOT Ha TIOBEAEHUE MAABIX 3HAMEHATEAEH B CIIEKTPAABHOM Pa3AOXKeHuN. AOKas3aHo,
YTO 33Aada paspelrrMa IIOYTH AASI BCeX 3HAYEHUH 3aAaHHOrO IlapaMeTpa B CMBICAe Mephl Jebera, 3a
UCKAIOYEHUEM PSIAA UCKAIOUUTEABHBIX CAYYaeB, COOTBETCTBYIONUINX CUABHON aArebpaniecKoil 3aBUCUMOCTH.
ITonydeHHEBIE PE3YABTATEI MOI'YT OBITH IPUMEHEHBI B MOAEAUPOBAHUY IIPOIIECCOB M3rmba B CAOUCTHIX M
OPTOTPOIHLIX CTPYKTYPaX, a TAKXKE B M3YUEHUUM HEKOPPEKTHO IOCTABAEHHBIX 33aAad B MaTeMaTUYIECKOMR
dusuKe.

Knoweswvie caosa: xpaesas 3a0a4a, YPAGHEHUE HEMEEPMO20 NOpAdKa, nepuoduveckoe peuieHue,
aHU3OMPONHAf cpeda, Masble 3HAMEHAMEAU, HEKOPPEKTMHO NOCTNABAEHHAA 300a4a, U32Ub NAACTIUHDL, DAObL
Dypve
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Punancuposanue. Pabora BhIoaHeHa 6e3 TOAAEP’KKM TPAHTOB.

Koukypupyoiuue naHrepecbl. KOHPAUKTOB NHTEPECOB B OTHOIIEHNUN aBTOPCTBA U IyOAMKAIIAU HET.

ABTOpCKMIT BKJIaZJK, ¥ OTBETCTBEHHOCTH. ABTODHI YYaCTBOBAaAKM B HANWCAHUM CTaTbM U IIOAHOCTBIO HECYT
OTBETCTBEHHOCTH 3a IIPEAOCTaBAEHIE OKOHYATEABHON BEPCUU CTAThU B II€YATh.
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Introduction

In recent years, significant attention has been paid to the study of ill-posed problems,
including ill-posed boundary value problems for partial differential equations. This
interest is driven both by their numerous applications in various fields of science and
technology and by deep theoretical aspects related to questions of existence, uniqueness,
and stability of solutions, as well as the development of regularization methods.

From the perspective of formulating boundary value problems, the most thoroughly
studied are partial differential equations of classical types and their natural
generalizations (see [1]- [6]). These include elliptic, parabolic, and hyperbolic equations,
as well as higher-order differential operators arising in modeling complex physical
processes.

Consider the domain

Q={(xy) e R :|x|<m 0<y<h}
in which we investigate the following fourth-order partial differential equation:

o*u o*u

e g = O (1)

This equation is supplemented with boundary conditions

LL(X, O) = 0) LLU(X, O) = O)%y (X) h) = ll)(x))uyyy (X) O) = O) (2)

where the function P (x) is assumed to be sufficiently smooth and 27-periodic. Such
conditions arise, for example, in describing oscillatory processes or problems in elasticity
theory with symmetry or periodic constraints. Let us introduce the parameter

_h
2’

It is known that boundary value problems where data is prescribed on the entire
boundary of the domain for differential operators are, in general, ill-posed in the sense
of Hadamard. In particular, such problems may not be stable with respect to small
perturbations of the initial data. One of the key difficulties in their study is the so-
called small denominator problem.

x

(3)

From a mathematical point of view, the phenomenon of small denominators
manifests itself in the fact that when representing solutions as Fourier series, the
coefficients of these series contain denominators that can approach zero arbitrarily
closely. This can lead to possible divergence of the series and, consequently, to the
absence of solutions or their instability in classical function spaces.

A classic example is the Dirichlet problem for the wave equation describing string
vibrations. As first noted by D. Bourgin and R. Duffin (see [7], as well as [2]),
the solvability of this problem depends significantly on the arithmetic nature of the
parameter (3), namely whether it is a rational or irrational number.

More precisely, from Theorem 1 of [8], it follows that if the parameter « is an
irrational number, then the corresponding Dirichlet problem has a unique solution in
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the space L,. This emphasizes the deep connection between the arithmetic properties
of the problem parameters and the analytic behavior of its solutions.

In [9], the question of the existence of an L,-solution to the Dirichlet problem for the
wave equation in a rectangular domain is considered. Furthermore, related problems for
equations containing differences of derivatives of arbitrary even order have been studied
in [10]- [12]. These studies expand the understanding of the nature of ill-posedness and
allow the analysis of more general classes of differential equations.

The following statement holds.

Teopema 1. Let the number «, defined by equality (3), be an algebraic number
of degree 2. Then, for any function {(x) from the Sobolev space Wg(—ﬂ, ), the
boundary value problem (1)—(2) has a unique solution.

On the Solvability of the Problem

The problem under consideration is 27t-periodic in the variable x, therefore we seek
the solution in the form:

uxy) = ) wly)e™ (4)
k=—00

Substituting function (5) into equation (1) and conditions (2), we obtain the
following Cauchy problem:

uy) + K wly) =0,

w(0) = O)uli(o) = O’H{J(h) = ll)k)ulgl(o) =0.
Here 1y are the Fourier coefficients of the function 1\ with respect to the orthonormal
system {e™*}.
The solution to this problem has the form:

2 M, sinh *4 sin XL
woly) = o, wily) = e (5)

kh

2 K
k? cosh 3 Cos 5

Thus, the formal solution of the problem (1)-(2) is represented by the series
(5), whose coefficients w,(y) are given by formula (5). Since the denominator of the
expression for uy(y) contains the factor cos \"/—%, its behavior can significantly influence
the convergence of the solution itself and its derivatives.

Next, we investigate the influence of the denominator cos \k/—% on the convergence
properties of the obtained solution.

Assume that cos 1‘/—‘% £0.

Then 1h
Tt
—= = 5 + 7Tm + dim, (6)

V2 2
where &y, # 0.
Since the cosine function vanishes when its argument is
T

E+7'cm, m € Z,
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the quantity 0y, characterizes the deviation of the argument from the points where the
cosine becomes zero. Moreover, one can always choose a number m € Z such that

Tt
|6km| < E

From equality (6) we obtain another representation for the parameter « defined by
formula (3):

h 2m+ 1 6km
= = ) 7
T N2 % Tk (7)
Using representation (6), we obtain the following estimate.
Jemma 1. If x = ﬂ—ll/j 1s an algebraic number of the second degree. Then the
estimate .
oyml > — 8
Sl = 0 ®)
holds.
Indeed, from (6) we find
2m+1
Oxm = k(¢ — .
k ik (o % )

By condition, the number o« is an algebraic number of the second degree.
Consequently, by Liouville’s theorem [13|, there exists a constant C > O such that
for any natural numbers k and m the following inequality holds:

B 2m + 1 C

> —.
o % Ze

From the last inequality, we find

2m+1 7iC

dxm| = mk|lx — > —.
Sl = ko — = > T

Choosing ¢ = nC, we obtain estimate (7). The lemma is proved.
Now we return to estimating the denominators in series (5). Taking into account

(6), we have

kh
COS — = coS [E +mm+ 6km] = (=1)™"sin 8.

/2 2

Since 0 < |&ym| < 71/2, then, by Lemma 1, we obtain the following chain of estimates:

kh .
lcos —=| = [sindim| > —[diml > K’ (9)

V2

where ¢; = 2¢/m.

Proof of the Main Result

In this section, we will prove Theorem 1. To do this, we establish the uniform
convergence of series (5), as well as the uniform convergence of the series obtained from
(5) after fourfold differentiation with respect to the variables x and y.
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The fourth derivative of series (5) with respect to x has the form

u & 4kAysinh % sin <L

V2 _ikx
= Z Kh o ¢ - (10)
ox* 4= cosh 3 €08 5

Consider the series that majorizes series (9):

i Akl i (1)
=, lcos 2|
Using estimate (8), we obtain
41k[?
Z [k M)k‘ < const Z [kI[W] < const Z (1 + [KI2)* 2y (12)

5 |cos |

Next, applying the Cauchy—Bunyakovsky inequality, we get

kP _ ‘
Z const Z + [k[?) |¢k|ﬁ <
Z |Cosf (1 + 1K)
_ 2, o : 12
24y 2 .
< const (k;ooﬂ + k) i > (k;m 11 |k|2)

Since
> 1
— <
k;p T+xe =

and also due to the conditions imposed on the function 1, the last expression is finite.
Consequently, series (9) converges uniformly.

It follows that solution (5) also converges uniformly, and it can be differentiated
term-by-term with respect to the variables x and y up to four times inclusive. The
series obtained after differentiation also converge uniformly.

Uniqueness follows directly from representation (5). Indeed, if {(x) = 0, then Py =0
for all k, and therefore uy(y) = 0. Since the denominator in (5) does not vanish under
the assumptions of the theorem, all Fourier coeflficients are uniquely determined. Hence
the solution is unique.

Theorem 1 is proved.

Some Generalizations

We note that the solvability of the boundary value problem (1)-(2) (in a slightly
narrower class of right-hand sides) is preserved also when o is an arbitrary algebraic
number, not necessarily of the second degree.

Teopema 2. Let the number «, defined by equality (3), be an algebraic number of
degree k > 2. Then, for any function\(x) from the Sobolev space W?(—T(, ), m >4,
the boundary value problem (1)—(2) has a unique solution.
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The statement of the theorem follows from the estimate obtained in [14] for an
algebraic number of arbitrary degree:

2m+1 C

— >
o 7% |2 e

(13)

which holds for any ¢ > 0.
In this case, estimate (11) takes the form

Z 4’k|2|lbk| < const |k|3+£|1|) |

2 Icos 2 -

Applying the Cauchy—Bunyakovsky inequality, we obtain

© e © (1) e o)
Y ot (Y DR (X avemwe)
k=—o0 k.

k=—00

Since P € WJ*(—m, 7t), the second factor is finite. The first series behaves as

o0 o0

Z (1 + k2)3+£—m - Z k6+2£—2m‘

k=—oc0 =1

Therefore, it converges whenever
6+2e —2m < —1,

that is,

- 7+ 2¢
2
Since ¢ > 0 can be chosen arbitrarily small, it is sufficient to assume

m > 4.

Thus, the series in (12) converges, which proves Theorem 2.
Theorems 1 and 2 are valid not only for values of « that are algebraic numbers, but

also for almost all (in the sense of Lebesgue measure) real values of « = -

w?2"
Recall that a set E C R is called a set of full measure (Lebesgue) if its complement

has zero Lebesgue measure, i.e.,
n(R™\ E) =0,

where (-) denotes the Lebesgue measure.

Teopema 3. Let o be a real number defined by equality (3). Then, for almost
all (in the sense of Lebesgue measure) « € E, where E s a set of full measure,
the boundary value problem (1)—(2) has a unique solution provided that \P(x) €
\/c\'/i“(—n, ), m > 4.

This follows from the result of [15], according to which estimate (12) holds for almost
all real values of «.
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Conclusion

This paper investigates a boundary value problem for a fourth-order partial
differential equation in a rectangular domain. The solution to the problem is represented
as a Fourier series, the coefficients of which contain small denominators due to the factor
cos l‘/—%

Lower bounds for the small denominators are obtained, depending on the arithmetic
nature of the parameter o« = %ﬁ In the case where « is an algebraic number of the
second degree, the uniform convergence of the solution series and the series after fourfold
differentiation is established, which ensures the existence and uniqueness of a solution
in the space Wj(—m, ).

For algebraic numbers of arbitrary degree, the solvability of the problem is obtained
under higher smoothness requirements for the function {(x), which is related to the
corresponding Diophantine estimates.

It is also shown that the obtained results hold for almost all (in the sense of
Lebesgue measure) values of the parameter «, which follows from metric estimates
for the approximation of real numbers by rational fractions.

Thus, the conditions for the solvability of the considered boundary value problem

are established, depending on the arithmetic properties of the parameter «.
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