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Abstract. The article provides a review of mathematical models describing the diffusion-convective
transport of radon (?22Rn) in porous geological media within the framework of the emanation method.
The core of these mathematical models is the linear non-stationary diffusion-convection equation for radon,
used to describe its transport in homogeneous porous soil or in a "soil-atmosphere'"system under various
initial and boundary conditions. Due to their linearity, the mathematical models are studied using the
Laplace integral transform, which makes it possible to find an analytical form of the solution to the problem.
The calculated curves obtained from the analytical solution allow one to establish the patterns of radon
transport and to model it depending on various physical and geological parameters. The obtained solutions
can be applied to practical problems. In particular, the article describes an algorithm for estimating the
radon flux density from the Earth’s surface, which has an increased sensitivity to deformation disturbances
in the geological medium. This makes it possible to study, for example, the seismic activity of Southern
Kamchatka. Further, generalizations of previously developed mathematical models are discussed; these are
based on the concept of a fractal structure of the geomedium and the mathematical apparatus of fractional
differentiation. In the stationary case, models of superdiffusion (1 < « < 2) and subadvection (0 < a < 1)
are constructed, and their ability to describe anomalously fast radon migration towards the Earth’s surface
is demonstrated. A model with a variable order of the fractional derivative is considered, allowing the
dynamics of radon volumetric activity to be correlated with seismic activity, as exemplified by Southern
Kamchatka. Here, the key role is played by the order of the fractional derivative, which is related to the
permeability (fractality) of the geomedium. The results obtained can be used in monitoring geodynamic
processes, mineral exploration, or in solving environmental problems. It should be noted that the results
described in the article were obtained jointly with Professor P.P. Firstov (06.04.1941-20.07.2021), a leading
geophysicist who organized a network of observation sites for radon monitoring in Kamchatka. In 2026, P.P.
Firstov would have turned 85. This article is dedicated to this significant date, and is also a tribute to the
memory and respect for a colleague and an outstanding scientist whom P.P. Firstov was to the author.
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AnHoTanusi. B cTaTbe IpoBOAUTCS 0630p MaTEMATUYECKUAX MOAEAEN, KOTOPHIE OIIMCHIBAIOT AMPPY3UOHHO-
KOHBEKTUBHBIN IIEPEHOC PaAOHA B IIOPUCTBHIX I'EOAOTMYECKUX CPeAaX B PaMKaxX TEOPHUM 3MaHAIMOHHOTO
MmeTopa. OCHOBY TakKMX MAaTeMaTHYeCKUX MOAEAEH COCTaBASET AMHEHHOe HEeCTAalMOHApPHOE ypPaBHEHWE
AuDDY3UU-KOHBEKIINY PapOHA AASI OIIMCAHUSI €ro IIepeHoca B OAHOPOAHOM IIOPUCTOM TPYHTE UAK
CHUCTEME «T'PYHT-aTMOC(epay B 3aBUCUMOCTU OT PA3AMYHBIX HAYAAbBHBIX M KPAaeBBIX YCAOBUH. OCHOBHBIM
UHCTPYMEHTOM MCCAEAOBAHMUSI MAaTEeMaTUYECKUX MOAEAEH SBASIETCSI MHTerpasbHOe IIpeobpasoBaHue
Jamnaca, KOTOPOe IIO3BOASIET HAWTH AHAAUTHYECKOE pPEIIeHWe IIOCTaBAEHHON 3aaadmM. PacuyeTHble
KPUBBIE, IIOAYYEHHBIE COTAACHO HAWAEHHOMY aHAAUTUYECKOMY PEIIEeHUIO, IIO3BOASIIOT YCTaHOBUTH
3aKOHOMEPHOCTH IIPOIlecca IIEPEHOCA PAAOHA M MOAEAWPOBATH €rO B 3aBUCUMOCTU OT PA3AUYHBIX (PUIMKO-
TeONOTMYECKUX ITapaMeTpoB. [loAyYeHHBIE PeEIIeHUsT MOXXHO MCIIOAB30BAaTh B IIPUKAAAHBIX 3apadax. B
YaCTHOCTU, B CTAThE OIIKCHIBAETCS AATOPUTM OIIEHKU IIAOTHOCTHK IIOTOKAa PAaAOHA C IIOBEPXHOCTH 3EMAH,
obnraparomui ITOBBIIIEHHON YYBCTBUTEABHOCTBIO K Ae(POPMAIMOHHLIM BO3MYIIEHUSIM B TI'€OAOTMYECKOM
cpepe. Nanee o0bCy>XKparoTCst 0OODIIEHMST paHee pPaspaboTaHHBEIX MaTEeMAaTHYEeCKUX MOAEAEH, KOTOpPHIE
OCHOBAaHBI Ha IIPEACTABAEHUN O (PPAKTAABHON CTPYKTYPE T€OCPEABl X MATEMATUIECKOM alllapaTe ApPobHOro
AuddepeHIUpoBaHusl. B CTaljMOHapHOM CAydYae IOCTPOEHBI Mopeaum cymepauddysuu (1 < « < 2) z
cybapsekimu (0 < « < 1), mokasaHa WX CIOCOGHOCTH OIMCHIBATH AHOMAABHO OBICTPYIO MUTDALUIO
pajocHa K 3eMHOM IIOBEPXHOCTU. PaccMOTpeHa MOAEAb C IePeMEHHEBIM IIOPSIAKOM APOOHOM IIPOM3BOAHOIA,
TIO3BOASIIOIIASI COIIOCTABASITh AMHAMUKY OOBEMHOM aKTHBHOCTU PAAOHA C CEMCMUYECKOM aKTUBHOCTBIO Ha
npumepe IO>xHoit Kamuarku. IToarydeHHEBEIe pPe3yABTATHEI MOTYT OBITH KCIOABL30BAaHBI IPM MOHUTODUHTE
TreOAVHAMUYECKUX IIPOIIECCOB, IIOUCKE ITIOAE3HBIX MCKOIIAEMBIX UAU B PEIIEHUM 3aaa4 sKoaoruu. Heobxoaumo
OTMETHUTEb, YTO IIPEACTABAEHHLIE B CTAThE PE3YABTATHI OLIAU IIOAYYEHBI COBMECTHO C A.d.-M.H. PUPCTOBBIM
I1.I1. (06.04.1941-20.07.2021), KOTOPEL OPraHW30BaA CeTh IyHKTOB HAOAIOAEHUN II0 MOHUTODPHUHIY PaAOHA
"a Kamuarke. B 2026 ropy ®upcrosy II.II. mcmoamumaock 6pr 85 aeT. AaHHAsS CTaThbsI IIOCBSIIEHa 3TOM
3HaMeHATEeABHO! AATe, a TAK Ke SIBASIETCS AQHBIO IAMSTHU U YBa>KEHUS KOAAETE U BBIAAIOIIEMYCS YIEHOMY,
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1 Introduction

The study of mass transfer of emanations (radioactive gases) in geological media has
been conducted for over 100 years. In Russia, pioneering work was carried out in 1922
under the leadership of A.P. Kirikov, who used emanation surveying to search for radium
zones beneath Quaternary deposits within the ore field of the Tyuya-Muyun deposit
in Central Asia [1]. In 1927, under the leadership of L.N. Bogoyavlensky, radiometric
exploration of the Maikop oil field revealed an increase in radioactivity exceeding the
margin of observational error [2]. A little later, in the 1930s, under the leadership of
A.G. Grammakov, the emanation method was further developed in research on the
prospecting of uranium ores [3, 4]. It should also be noted that the theory of the
emanation method was being developed in other countries as well. For example, research
was conducted by German scientists, with the works of O. Hahn, S. Fliigge, and K.
Siemens being well known [5,6]. The emanation method gained widespread development
after 1945 with the advent of nuclear power.

After the Tashkent earthquake of 1966, the emanation method received a new
impetus for development. Staff members of the Institute of Seismology of the Academy
of Sciences of the Uzbek SSR, under the leadership of G.A. Mavlyanov and V.I. Ulomov,
recorded a sharp, anomalous increase in radon concentration in the water of deep
artesian wells several months before the main shock [7,8]. Just before the earthquake
itself, the radon concentration dropped to background values, and after it, it rose again.
For the first time in world practice, it was convincingly demonstrated that changes in
radon content in subsurface fluids constitute a clear and detectable precursor to a seismic
event. This discovery gave rise to an entire scientific field—earthquake monitoring using
radon as an indicator of the stress-strain state of the geoenvironment [9-14,14, 15].

In recent decades, radon monitoring for the purpose of studying seismic activity has
been developed both in Russia [16,17] and abroad [18-20]. In Russia, such monitoring
was first organized in 1997 under the leadership of Dr. Sci. (Phys.-Math.) P.P. Firstov.
A network of registration points was created for monitoring subsoil radon concentration
at the Petropavlovsk-Kamchatsky Geodynamic Test Site, which is currently part of the
structure of the Kamchatka Branch of the Federal Research Center "Unified Geophysical
Service of the Russian Academy of Sciences."A registered short-term precursor before
the Kronotsky earthquake of December 5, 1997, with a magnitude of 7.8, confirmed the
potential of the emanation method [16]. The network has been fully operational since
2000. Over these years, a methodology for conducting observations of subsoil gases for
earthquake prediction purposes was developed, data on precursors were obtained and
generalized, and a methodology for earthquake forecasting, unparalleled in the world,
was developed [21-23,25-31].

It should be noted that the emanation method also has applications in other areas, for
example, in environmental problems. In 1977, the United Nations Scientific Committee
on the Effects of Atomic Radiation identified radon as the main source of danger to
the population. The measurement of radon volumetric activity in soil air and buildings
serves as the basis for classifying construction sites according to the degree of potential
radon hazard [32].
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Let us note the extensive bibliography (1,119 references) in Russian on the subject
of radon, including applications in various applied problems, which was compiled by
Russian radio engineer A.P. Zarubin for the period from 1990 to 2021 and is freely
available on the website https://www.prometeus.nsc.ru/partner/zarubin/radon.ssi.

The mathematical apparatus of the emanation method theory is quite well
developed and continues to evolve. In the 1950s-1960s, the experience of applying
the emanation method theory for mineral prospecting in Russia and its mathematical
basis were reflected in the fundamental books [33, 34]. These works presented the
basic mathematical models of diffusion-convective transport of radon. The foundation
of these mathematical models consisted of linear equations of classical mathematical
physics (partial differential equations of parabolic type). The initial and boundary
conditions for these equations were set based on the problem being solved, the
structure of the geoenvironment, and the geological-physical parameters. The integral
transforms of Laplace or Fourier typically served as the tools for investigating these
models. Therefore, their solutions were expressed in analytical form. It is necessary
to mention the monograph by authors V.V. Gudzenko and V.T. Dubinchuk [35],
which presented mathematical models of radon transport in natural (ground) waters.
Here, the mathematical models of radon transport consisted of ordinary differential
equations describing the change in radon concentration over time upon its injection
into groundwater.

Mathematical models of radon transport subsequently gained extensive
development. In G.F. Novikov’s 1989 textbook "Radiometric Prospecting,"an
entire chapter is devoted to models of radon transport in porous soils [36], which covers
the mathematical formulations and solutions of various boundary value problems of
radon transport in porous soils. One such problem was related to radon transport
in layered porous soil. Based on this problem, the author of the article, jointly with
P.P. Firstov and I.A. Ilyin, proposed mathematical models of diffusive and diffusive-
convective radon transport in the soil-atmosphere system [37-39]. The importance of
such a problem was conditioned by the fact that radon, being a natural ionizer of
the atmospheric surface layer, influences its electric field strength [40]. Subsequently,
the author proposed a more general model of radon transport in the soil-atmosphere
system [41], for which an analytical solution was obtained. Another important task
was the development of an algorithm for calculating the radon flux density from the
earth’s surface, based on a diffusive-convective model of radon transport [42,43]. The
algorithm represented the solution of the inverse problem of recovering the radon flux
density taking into account experimental data on radon volumetric activity in porous
soil. Calculations showed that radon flux density is a more sensitive characteristic
than radon volumetric activity, which confirmed the results of article [44] and allowed
proposing a methodology for a multifactorial experiment on radon transport processes
in the lithosphere-atmosphere system [45].

However, these models had a certain limitation—they can only indicate the presence
of bodies with an increased content of the parent element radium at depths of several
tens of meters. Such a low migration capacity of radon is due to its relatively short half-
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life (3.82 days) and high atomic weight (222). Nevertheless, in some cases, emanation
surveying localizes radium-containing bodies located at depths of up to 500 m [36].
Therefore, a problem arose related to describing the mechanisms that lead to the high
migration capacity of radon in the soil-atmosphere system. Various mechanisms exist
that increase the migration capacity of radon, some of which are presented in a review
article that also describes their limitations [46]. However, building on article [47], which
was devoted to anomalous diffusion due to the fractal properties of the medium, the
previously developed mathematical models of radon transport were generalized, laying
the foundation for the non-classical theory of the emanation method [48]. The non-
classical theory of the emanation method is a generalization of the classical one to the
case of effects of temporal and spatial nonlocality (memory). Here, the mathematical
apparatus used is fractional calculus [49,50]. Such an approach leads us to integro-
differential partial differential equations with power-law difference kernels, which can
be written in terms of fractional derivatives. Therefore, mathematical models built
on the basis of fractional derivatives will be called fractional models, and those using
integer-order derivatives—classical models. The Laplace or Fourier integral transform
can also serve as a tool for investigating linear fractional mathematical models.

In 2008, in the author’s work [51] jointly with B.M. Shevtsov and P.P. Firstov, a
new fractional stationary mathematical model of the emanation method was applied for
the first time, describing the superdiffusive regime of radon transport in porous fractal
soil. This model showed better results in approximating experimental data on radon
concentration distribution with depth than the classical diffusion model. Subsequently,
this mathematical model was further developed in the works of the author [52,53]. Also,
in 2008, the author proposed a fractional mathematical model of stationary diffusive
radon transport in the soil-atmosphere system [54]. Later, this model was also developed
in the author’s articles [55-58]. Further development of fractional mathematical models
of radon transport involved investigating the order of the fractional derivative and the
seismic activity of Southern Kamchatka [59,60]. It was shown that the order of the
fractional derivative is related to the permeability of the geoenvironment; therefore,
it can be used as an additional degree of freedom when studying the seismic activity
of Southern Kamchatka. It should be noted that a more detailed description of the
mathematical models of radon transport in the soil-atmosphere system, presented in
this article, is given in the author’s monographs [48, 61].

The purpose of this review article is to acquaint the reader with a systematized
generalization of the results obtained in 2006-2012 by the author jointly with Dr. Sci.
(Phys.-Math.) P.P. Firstov (04/06/1941-07/20/2021), whose 85th birthday is being
commemorated this year. It should be noted that P.P. Firstov made a significant
contribution to the development of the emanation method theory for the purpose of
predicting earthquakes in Kamchatka, organized and maintained for three decades
a network of radon monitoring observation points at the Petropavlovsk-Kamchatsky
Geodynamic Test Site. Therefore, this review article also serves as a tribute to the
memory and respect for the outstanding scientist whom Firstov P.P. was to the author.
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To achieve the stated purpose, the review is structured as follows. The first section
outlines the physical and geological principles underlying the emanation method,
including the mechanisms of radon generation, its transport properties, and the main
factors controlling its migration in porous and fractured media. The second section
presents the classical mathematical models of radon transport based on diffusion and
diffusion—convection equations, followed by a discussion of their applicability and
limitations in describing field observations. The third section introduces the non-
classical (fractional) approach to radon transport modeling, which accounts for the
effects of temporal and spatial nonlocality associated with the fractal structure of
geological media. Here, the mathematical formalization using fractional derivatives is
described, and the corresponding boundary value problems are formulated. The fourth
section is devoted to the application of the developed models to the analysis of radon
monitoring data obtained at the Petropavlovsk-Kamchatsky Geodynamic Test Site.
Particular attention is paid to the relationship between the order of the fractional
derivative, reflecting the permeability of the geoenvironment, and the seismic activity
of Southern Kamchatka. The final section summarizes the main findings, discusses the
advantages and constraints of the proposed approach, and outlines possible directions for
future research, including the integration of fractional transport models with geophysical
and hydrogeological data for improving earthquake precursor detection.

The review is based on previously published works by the author and co-authors,
supplemented with the necessary theoretical background and references to the key
developments in the field. The mathematical derivations are presented in a form that is
intended to be accessible to both specialists in radiometrics and geophysicists interested
in the application of fractional calculus to problems of mass transfer in complex media.

2 Radon and Mechanisms of Its Transport

Radon (*”Rn) is a chemical element
of group =zero of the periodic system
of elements with atomic number 86, a
daughter product of the decay of 2°Ra with
a half-life of T = 3.85 days (Fig. ??7). Under
normal conditions, radon is a monatomic
chemically inert gas, highly soluble in water
and other liquids.

Due to its gaseous state, radon is capable
of migrating to the day surface from deep
layers of rocks [36].

Let us consider the main mechanisms
of radon transport in the soil-atmosphere
system [62]. The initial transport process
is emanation, which refers to the release of
radioactive gas (emanation) into the pore

Fig. 1. Uranium series
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space from a solid substance containing radium, which causes the appearance of
radon in the geoenvironment and its subsequent mass transfer in groundwater and
the atmosphere (Fig. 2).

Atmosphere

O
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Earth’s surface
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(V)*®-e oy O P 9|
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@

Fig. 2. Scheme of radon transport with an extended soil region: emanation from a deep
226Ra source into small pores, diffusion with decay along connecting channels,
transfer to large pores and convective rise to the surface, then turbulent diffusion
and convection in the atmosphere.

>*—&---@---@

At the second stage of the process, purely molecular diffusion propagation of radon
occurs with consideration of decay in small soil pores until it enters larger pores,
where convection (advection) can already take place [63]. Convection arises due to
the temperature difference (and consequently air density) between the soil and the
atmosphere. Warm air inside the soil, saturated with radon, rises upward, drawing gas
from depth (chimney effect).

It should be noted here that filtration (advection) due to the atmospheric pressure
gradient also affects radon transport to the earth’s surface. Pressure drops characteristic
of cyclones lead to an increase in pressure in soil pores. Excess soil air is squeezed to
the surface, causing a sharp increase in radon flux (pump effect) [64]. Baric waves:
pressure fluctuations cause the soil to "breathe acting like a piston, which increases
radon’s migration capacity [65].

At the third stage of the radon release process, a diffusion-convective transport
process occurs through large soil pores, ending with its discharge into the atmosphere.
In the atmosphere, radon is transported to the upper layers of the atmosphere during
daytime due to turbulent diffusion and convection, and its concentration sharply
drops to almost zero values. Radon in the surface atmosphere can also be transported
horizontally by wind (horizontal advection). We will not consider the mechanism of
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horizontal radon drift here, although it is important in problems of radon safety of
territories [66].

It should also be mentioned here that the radon transport process in soil can be
accelerated by deformation disturbances, which lead to the formation of microcracks,
increasing the permeability of the medium and radon discharge into the atmosphere [67].
The presence of cracks can also facilitate the capture of radon by other tracer gases and
its rapid transport to the earth’s surface. Such radon transport is studied within the
framework of geogas theory [46,68]. We will not address this transport process in this
review article.

Based on the above, molecular diffusion is responsible for the uniform distribution
of radon in limited layers, but accelerated discharge to the day surface is almost always
associated either with a pressure gradient (wind, temperature differences in buildings,
weather, etc.) or with a sharp increase in the permeability of the geoenvironment (cracks,
drainage, karst, etc.).

Therefore, we will focus on the mechanisms of diffusion and convection (advection)
of radon, which will be taken into account in the mathematical models.

3 Mathematical Models of the Classical Theory of the
Emanation Method

Mathematical models of the classical theory of the emanation method can be studied
in fundamental books [33-36]. The basic equation of such models is the diffusion-
convection equation of radon transport in a homogeneous porous medium. Let us
consider it in more detail.

3.1 Mathematical Model of Diffusion-Convective Radon Transport in
Homogeneous Porous Soil

Consider a semi-infinite homogeneous porous medium (z > 0) in which radon
transport occurs. Let A(z,t) be the volumetric activity of radon (Bq/m?). The process
is described by the diffusion-convection equation with a source (emanation) and sink
due to radioactive decay [36]:

2

P =p22 v A -AL), (1)
where Dg is the true diffusion coefficient (m?/s), vg is the advection velocity (m/s),
A is the radon decay constant (s7'), A, = W is the pore activity of radon in
equilibrium with ?*°Ra, K., is the emanation coefficient, Az, is the specific activity
of °Ra in the rock (Bq/g), pq is the dry soil density (kg/m?), 1 is the porosity. The
relationship between diffusion coefficients: Dg = D¢ = 1°Dm, where Dk is the effective
diffusion coefficient, Dy, is the molecular diffusion coefficient.

It should be noted that in the literature, it is often not specified which type of
diffusion coefficient is used when modeling the mass transfer process, which can lead
to confusion. It is necessary to distinguish three different diffusion coefficients: the
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molecular diffusion coefficient (Dy1), the effective diffusion coefficient (D¢g), and the
true diffusion coefficient (Dg). The molecular diffusion coefficient characterizes radon
diffusion in the pore air of the soil. The effective diffusion coefficient or intermediate
diffusion coefficient describes radon transport through the porous structure, i.e., the
soil, and is related to molecular diffusion by the relation D¢ = Dymn, where 1 is the
soil porosity coefficient. The true diffusion coefficient includes the effects of porosity
and tortuosity of the soil. In the literature, it is often defined as follows: Dg = Dgn =
Dym? = Dym/T, where T is the soil tortuosity.

For equation (1), initial and boundary conditions are set:

A(z,0) = A, A(0,t) =0, ZLimooA(Z,t) = A (2)

Here, the z axis is directed into the soil. The stationary solution (0A/9t = 0) of
problem (1), (2) can be obtained, for example, using the Laplace integral transform [69],
which has the form:

2
VG \Ye A
=Ax | 1— 2 (=) :
Alz) 00 exp | —z 5D \/(ZDG) 5 (3)

It can be seen that according to the stationary solution (3), the volumetric activity of

radon decays exponentially.
The non-stationary solution of problem (1), (2) is expressed in terms of the error
function (erfc) and can be written as:

2
(=) ey ) . v2
1—= f — S 1At
z(e e\ 2/Dat (4DG+ )

N ez(YaGG+ <2\1))Gg>2+D7\G> erfc (2\/ZD_Gt + (& + }\) t))] . (4)

In the case when for equation (1) the impermeability condition (zero flux) is specified

A(Z» t) = Ax

at the day surface (z = 0), due, for example, to its freezing [70]

0A (z,1)

32 =0, lim A (z,t) = A, (5)

Z—00

z=0
and the initial distribution corresponds to the stationary profile (3)
A (z,0) = A (1 — exp (—zm)),
v v 2 A
where m = D5 T (ﬁ) + 5
The analytical solution can be obtained using the integral Laplace transform in the

form
Az, t) = Ax <1 —exp(—zm)+m DGeﬁR) , (6)
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Vg
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R= +

a=vi/(4Dg) +Ab =

also containing exponentials and error integrals.

Note that in the special case when vg = 0, i.e.,, when convective transport is
absent and radon migrates solely due to molecular diffusion, solution (6) reduces to
the well-known solution obtained in works [71,72]. This limiting case is of particular
methodological importance, since it allows one to isolate the contribution of the purely
diffusion mechanism to the total radon flux and to verify the correctness of the more
general diffusion—convection model. The solutions obtained in [71,72] are widely used
in the analysis of radon propagation from a plane source located at a given depth and
in the estimation of radon flux density from the day surface under various boundary
conditions. In particular, in work [72], a field experiment was conducted whose essence
consisted in artificial shielding of the upper soil layer, which made it possible to exclude
the influence of atmospheric factors and to determine the radon flux density from the
earth’s surface under conditions of a blocked free exhalation regime. The comparison of
theoretical calculations with the experimental data obtained in that work showed good
agreement and confirmed the adequacy of the diffusion model for describing radon
transport in homogeneous porous media. It should be emphasised, however, that the
purely diffusion approximation describes only the slow component of radon migration,
whereas the full diffusion—convection model (1) makes it possible to take into account
the additional advective transport mechanism, which, as will be shown below, plays
a decisive role in the formation of anomalously high radon fluxes during periods of
geodynamic activation.

According to solution (6), a family of calculated curves of radon concentration
distribution in soil without advection was constructed (Fig. 3).

For numerical modeling, parameter values were selected for eluvial-deluvial loose
sediments according to work [36].

The values of pore radon activity A,, = 10 kBq/m> were chosen according to
observations at the radon monitoring station network located in the area of the
Petropavlovsk-Kamchatsky geodynamic test site.

At a radon diffusion coefficient value in porous soil of Dg = 5-10~" m? /s, radioactive
equilibrium of radon with parent radium is established within 4-5 days, which is in good
agreement with the results of work [36]. Curves of radon concentration distribution in
porous soil with advection velocity vg = 107° m/s with the same diffusion coefficient
were also constructed (Fig. 3b). In this case, the radon advection velocity significantly
increases the contribution to the intensity of the transport process, and the time for
establishing radioactive equilibrium decreases by a factor of 2 and amounts to 2 days.
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Fig. 3. Family of calculated curves of radon concentration distribution in soil,
constructed at a diffusion coefficient value of Dg = 5- 107" m?/s at various
times: 1-t=0; 2-t=8h; 3-t=1day; 4-t=2days; 5-t=4days; 6-t=11days: a) vg¢ = 0
m/s; b) vg = 10°° m/s.

Therefore, when modeling radon transport in specific geological media and systems, it
is necessary to consider both transport mechanisms: diffusion and advection.

3.2 Algorithm for Estimating Radon Flux Density from the Earth’s Surface

The model equation (1) can be applied to solve the problem of estimating radon flux
density from the earth’s surface [71,72]. It is known that radon flux density is a more
sensitive characteristic of the stress-strain state of the geological environment than its
pore activity [44]. Therefore, an algorithm for calculating radon flux density from the
day surface based on the diffusion-convection equation (1) was proposed [42,43]. Let us
consider it in more detail.

The problem is formulated as follows: for equation (1) and conditions

0A (z,t
AEY A,
oz |, (7)

Az, t) by = AT A= 1,0,M, ] =1,..,N.

1

A(Z>O) = AOO) q (t) = _DGT]

estimate the flux density q (t) from available data on radon volumetric activity A°® at
some point in homogeneous porous soil.
Let q (t) = q., then problem (1), (7) has the solution

(VeNAw —qc)m

Alz,t) =A
(21) = A+

I(m,Tl,Dg,)\, Z)t) )

m—n _
e(m n)z

n DGt) . (8)

I(man)DG)}\az>t) = I] +IZ_I3)I1 =

erfc _z
2v/Dgt
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m+n z z
L, = eM™zerfe [ —— 4+ ny/Dgt ),z =2e "™ Merfc | ——— + m+y/Dgt
2 n 2v/Det ) 2v/Dgt )
2 +4DGA
m = 2\1)3G6>n_ ngG .

Solution (8) describes the process of change in radon volumetric activity values
in soil under the influence of constant flux density q. at times t. If this solution is
differentiated with respect to q., the expression for the sensitivity coefficient ¢(z,t) is
obtained [73]

m
(P(Z»t) :_ml (m»n>DG>7\>Z)t)- (9)

Since the sensitivity coefficient ¢(z,t) does not depend on q(t), the problem of
estimating radon flux density is linear and, consequently, the superposition principle
can be applied to solution (8).

A consequence of the superposition principle for the solution is Duhamel’s theorem;
therefore, it is valid only for linear problems. Duhamel’s theorem can be obtained
using the Laplace transform or the superposition principle [73]. We will rely on
the superposition principle, which allows obtaining the most convenient numerical
approximation. According to Duhamel’s theorem, the values of radon volumetric activity
at some point at some time are determined from individual solution blocks according to
the superposition principle. One such solution, for example ¢(z,t), corresponds to the
change in radon volumetric activity values at point z, which is subjected to constant
radon flux density ..

We will approximate the radon flux density on the earth’s surface as follows. On
time intervals T2, 732, ..., TM-1,2, flux density values are used at times: from 0 to T,
from 17 to T, from Ty to Tm. The radon volumetric activity at the initial time is
taken equal to the volumetric activity at which radon is in radioactive equilibrium with
radium, i.e., Ay.

Using the superposition principle, according to which the radon volumetric activity
values at point z at times ty; are determined by the contribution of individual
components, each corresponding to one or another component of radon flux density
from q; to qm taking into account (9):

M
AM — Aoo + Z an(pM—nv A@M—n = PM-—n+1 — PM-—n-
n=1
If we have | sensors for measuring radon volumetric activity located at different
depths. Then for each observation point we obtain:

Aim = Am| + @nqm,

qm=0

Am = A2M|qM:0 + @21qwm, (10)

Am = A]M‘qmzo + @ dm.-

It is difficult to establish exact agreement between measured and calculated radon
volumetric activity values because the single component of radon flux density is difficult
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to choose so that the equality Ajp = A‘I’f\’,f holds; therefore, agreement must be achieved
in some averaged approximation. Estimate qy taking into account (10) can be done
using the least squares method:

2

(Afﬁs = A gm0 — (pﬂqM) : (11)
1

)
S —

)

We minimize the residual functional (11) with respect to the flux density component
dm. This problem reduces to finding the zeros of the derivatives with respect to the
parameter qy. We replace qym with the estimate:

PR (A?K’f - qdem - Aoo) ?j1
ZL:] P

am = ) (12)
where A(prn = PM—n+1 — PM-n-

The algorithm for estimating radon flux density from the earth’s surface was
implemented in the program "REKSEM"developed by the author [74], which was
subsequently registered in the Industry Fund of Algorithms and Programs (OFAP).
The program was tested at the network of stations for monitoring subsoil radon at the
Petropavlovsk-Kamchatsky geodynamic test site in Kamchatka.

For example, the most interesting results were obtained at the radon registration
point "Institute,"which is located near the building of the Institute of Volcanology
and Seismology of the Far Eastern Branch of the Russian Academy of Sciences
(Petropavlovsk-Kamchatsky). Radon volumetric activity registration at this point is
carried out in an underground bunker (8 m?) at two points: 1) in subsoil air at a
depth of one meter from the bunker floor (aeration zone); 2) from the bunker floor
surface. Above the bunker on the earth’s surface, a metal container is installed, and the
underground bunker is ventilated through the container and pipe system due to natural
air convection. Temperature and atmospheric pressure sensors are installed in the above-
ground container and underground bunker. As comparison of meteorological quantities
in the underground bunker and above-ground container showed, in the underground
bunker during summer, due to large temperature variations in the above-ground
container, daily atmospheric pressure fluctuations are clearly traced. Registration of
all parameters is carried out using two ALMEMO 2590-9 measuring instruments with
a sampling frequency of 6.0 hour™' [17].

Fig. 4a shows the dynamics of radon volumetric activity for the period July 20 -
August 29, 2006 at a depth of one meter and from the earth’s surface. On all curves,
daily atmospheric pressure variation is traced, and from August 13 to 22, an increase
in amplitude is observed on all channels. In the aeration zone, the excess is 15%, and
on the surface 30% of the background.

Fig. 4b shows the calculated radon flux density curve according to the above-
proposed methodology. In the calculated radon flux density curves, the amplitude
excess over background for the anomalous period is more than 60%, which confirms the
higher sensitivity of flux density compared to the dynamic parameter—radon volumetric
activity.
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Fig. 4. a - dynamics of radon volumetric activity at sensor depth of 0.1 m (1) and 1.0 m
(2); b — calculated radon flux density. The arrow indicates the earthquake with
M = 6.2, R = 190 km.

According to operational data from the Kamchatka Branch of the Geophysical
Service of the Russian Academy of Sciences, after a two-month seismic lull, on July
17 and 20, earthquakes with local magnitudes of 5.9 and 5.8 occurred off the coast of
Kamchatka, respectively. The foci of these earthquakes were located in the north (55.54°
N) and south (49.6° N) of the Kamchatka Peninsula at a distance of more than 350 km
from the registration point. In the southern Kamchatka region (51.19° N), on August
24 at a distance of 190 km from the PRT point, the strongest earthquake with ML =
6.2 occurred, and on September 1-2, a series of earthquakes occurred in the south of
Kronotsky and Avacha Bays. The epicenter of the strongest shock with magnitude M =
5.6 was located 110 km from the registration point. The activation of seismicity along
the entire length of the northern flank of the Kuril-Kamchatka island arc gives reason
to assume an increase in the movement speed of the Pacific Plate, which could lead
to a restructuring of the regional stress field. Therefore, the anomaly well expressed in
radon flux density can apparently be explained by an increase in advection in radon
transport in the soil.
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It should be noted that the proposed algorithm for solving the inverse problem
of finding radon flux density on the earth’s surface has one drawback—sensitivity to
measurement errors at small time steps (seconds) [73]. However, the registration of
experimental data from the Kamchatka radon monitoring network is carried out with
a sampling interval of 6.0 hour™', so when implementing this algorithm, sensitivity to
measurement errors is not high.

3.3 Mathematical Model of Non-Stationary Diffusion-Convective Radon
Transport in the Soil-Atmosphere System

Let us now consider the mathematical model of radon transport in the soil-
atmosphere system. The model will consist of two diffusion-convection equations (1)
with matching conditions at the medium boundary—equality of fluxes and radon
concentrations [41]:

0A (z,t) D 0%A (z,1) L 0A (z,t)

ot ¢ a2 70z
0A (z,t) . *A(z,t) 0A (z,t)
T =D, 3 — Vg 32 —AA(z,t),z <0,
Dy az’ —VgA(z,t)],_g o = Da a—z) TYeA B 1)

z=04+0 z=0—0

A (Z) t)|2:0+0 =A (Z) t)|Z:o_o)

lim A(z,t) = A, lim A(z,t) =0,A (z,0) = A, forz > 0.

Z—00 Z——00

Here Dy, D, are radon diffusion coefficients in soil and atmosphere, m?/s; Vg, Vo are
radon advection velocities in soil and atmosphere, m/s.

The solution of problem (13) has the form:

2

(Y + iﬁ) eiz\/ng erfc ( \/ZD? — \/ﬂ)

N
2 (y + \/X)
Alzt) = A | 1— (vy—evh) eV e (zVE " \/ﬁ) 2> 0,

Z(Y—\/X)

) =yt .
(1 =& y'evPe erfc (2\/D—gt —l—vﬁ)
Y:—A
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Az, t) = Ag ((1 - EJﬁ) Vs erfc (2\/ZDTt T \/ﬁ) L hz<o
2(v=vA)
(1—¢) yle%ﬂ@tf?\t erfc (2\/‘11370*( +‘Y\/{)

Y:—A

where a = vy — vy, b = —v/Dg, c:—\/D_a—\/D_g. Yy=a/c,&=Db/c.

Note that in the author’s works [37-39], some special cases of model (13) were
studied.

Model (13) represents a two-layer radon transport model, where the first layer is
porous soil and the second is the surface layer of the atmosphere. It should be noted that
the case of soil with a multilayer structure was considered in [75,76]. These papers used
numerical analysis methods. Also worth noting are papers devoted to radon transport
in cellular anisotropic media [77].
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Fig. 5. Curves of radon concentration distribution in soil and atmosphere, constructed
at various times: 1-1000 s; 2-2000 s; 3-3000 s: a) D, = 5-107° m?/s, Dy = 5-10~*
m’/s, v = 10 m/s, vy = 5:10~* m/s; b) D, = 5-10° m?/s, Dy = 5-10~* m?/s,
Ve =0m/s, vy = 51072 m/s

Fig. 5 shows calculated curves of radon concentration distribution in soil and
atmosphere. Fig. 5a shows that radon concentration decreases with time toward the
earth’s surface. Relative volumetric activity values at the interface range from 0.05 to
0.15, which is about 10% of the background radon volumetric activity value in soil. In
the atmosphere, due to diffusion and advection, radon concentration tends to zero.
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Fig. 5b shows calculated radon concentration distribution curves constructed under
the assumption that convection in the atmosphere is absent, i.e., v, = 0 m/s, and the
radon convection velocity in soil takes the value vy = 5:1072 m/s. Here we see that
radon accumulates near the day surface due to high convection velocity, and turbulent
diffusion does not have time to transport radon to the upper layers.

4 Mathematical Models of the Non-Classical Theory of the
Emanation Method

According to the mathematical model of diffusion-convective transport on the surface
of loose sediments, radon volumetric activity can indicate the presence of bodies with
increased content of the parent element radium at depths of several tens of meters. Such
low migration capacity of radon is due to its relatively short half-life (3.82 days) and
high atomic weight (222), which limits the diffusion length. However, using emanation
surveying, radium-containing bodies located at depths up to 500 m are localized in some
cases [36].

One approach to explaining the increase in radon migration is provided by the
"geogas'"theory [46], the essence of which is that in water-saturated fractured rocks,
microbubbles of deep gas (geogas) rise through fluid-filled fractures, significantly
increasing the speed of its migration to the day surface. However, both within the
framework of the classical diffusion-convective model and using the "geogas"theory, it
is difficult to explain the high migration capacity of radon in loose sediments.

In a number of works, it has been shown that the geological environment has fractal
properties. In this case, radon migration due to superdiffusion should proceed much
more intensively. The transport properties of randomly inhomogeneous media within
the framework of fractal representation are studied by percolation theory [78]. It is
known that short-term anomalies in hydrogeochemical fields, which are considered as
precursors of strong earthquakes, can be caused by percolation effects. The essence of
these effects is that the medium where transport occurs is considered as a percolation
cluster, i.e., a system of nodes (pores) and connections between them. The properties of
nodes and connections are closely related to the fractal dimension, which characterizes
the "complexity"of the medium under consideration, and the distribution of pores and
connections obeys a power law with a fractional exponent and, as a rule, has a self-similar
structure. In the classical theory of the emanation method, radon concentration during
migration to the surface decreases exponentially. If the medium has fractal properties
that characterize the process of anomalous diffusion, then radon concentration during
migration to the earth’s surface should decrease according to a power law. Such processes
are studied within the framework of the non-classical theory of the emanation method
[48].
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4.1 Mathematical Model of Stationary Radon Superdiffusion in Porous Soil
with Fractal Properties

In a number of works, it has been shown that the geological environment has fractal
properties, leading to anomalous diffusion (superdiffusion), when the mean square
displacement grows faster than a linear law. To describe such processes, the apparatus
of fractional calculus is used. Consider the stationary radon transport equation with
the Riemann-Liouville fractional derivative of order 1 < & < 2 [51]:

DgDGA (z) —AA (z) + AA,, =0,
lim DL A (z) = Aw (A/Dg)' /%, lim D& A (z) = 0.

Z—00

(14)
The Riemann-Liouville fractional derivative of order 1 < « < 2 [49, 50]:

Dg,A (z) =

1 @ [ A(5)dE
F(Z—oc)d_zzj(z—a)“—"
0

The solution of problem (14) is given in terms of the Mittag-Leffler special function:

A(2) = Aw (14 (/D)2 Eqa (2°A/De) — Eay (2*A/Dg)),  (15)

where Eop (z) = Y 2%/T (ak + B), T'(+) is the gamma function.
k=0
When « = 2, solution (15) transforms into the classical exponential solution (3) at

vg =0,
Alz) = Ao, (1 - e’\/mz> ,

and when & — 1 — into the advective regime.
Fig. 6 shows a comparison with experimental data from article [79] for different
values of «.
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Fig. 6. Experimental data (curve 1) and calculated curves for different o (2 — x =2, 3
—184—16,5—14,6—1.27—1).

In work [79], experimental data on radon registration at depths of 0.8, 5.5, 9, and
11.5 m are presented, which are shown in Fig. 6 (curve 1). The shape of the curve is
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explained by the fact that there may be a distributed source (presence of radon sources
in the medium along the migration path), or there is nonlinear diffusion when Dg is a
function of concentration, with a convective component—filtration flow. The work gives
preference to the second explanation, but with a certain degree of convention, one can
assume the presence of a distributed source and consider the curve of radon volumetric
activity variation with depth according to the considered model (14).

4.2 Mathematical Model of Stationary Radon Superdiffusion and Advection
in Fractal Porous Soil

Model (14) received further development in article [53]. Consider the stationary
model equation of superdiffusion and anomalous advection, which can be written in
terms of the Riemann-Liouville fractional derivative as follows:

DS A(z) + aDf A(z) — b(A(z) — As) =0, (16)

lim D& 'A (z) = C, lim D 2A (z) =0,
Z—00 Z—00

where a:—l;—GG, b:%, 0< B <« C>0isa constant.

Note that the special case 3 = 1 was considered in the author’s article [52].

Aoob e b a(n+1)—1
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e bn-H Zoc(n-H)

ALY TR,

— n! (an+1)+1,x—fp
o T k k
where V¥, Eg:z 23 ] = g%% is the generalized Wright function [50],

K is the solution of the equation p* + ap® — b = 0.
Solution (17) at parameter value & = 2 transforms into the classical solution (3) up
to a factor. Let us show this. Let o« = 2, then the solution of the quadratic equation

vaz+4b
p?> — ap — b = 0 will be the positive root K = k; = %

a—+Vva?+4b
2

CALh  Askikg
ok ki

. Taking into account

that —b = kik,, where k;, = , We obtain:

C = —Aks.

Solution (17) is written as:

o0 anZ(nH)f] (n+ ],])
Al = —Axky ) =¥ [ 2+ 1),1) |
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Rm+n+1,1) | “*
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Note that the generalized Wright function can be expressed through the confluent
hypergeometric Kummer function [80]:

1Y

EZ)l%] ZZ%]F](G, },L,Z). (19)

Therefore, solution (18) using expression (19) transforms to:

Alz) =

= b 2L F (n+1,2(n+ 1), az)
_A. k ) )
> 2% r2m+1))

A i b2 M+ 1,2(n+ 1)+ 1, az)
o0 F2m+1)+1)

n=0

(20)

Applying successively the representation of the Kummer function through the Bessel
function of the first kind of imaginary argument first for the function:

Frm+1,2(n+ 1), az) =T (n+3/2) 22 (az) ™2 e 5 1y 0 (%z> ’

and then for the function:

n —n— az az az
Frm+1,2n+1)+1,az) =T (n+3/2) 22" (az) e (Inwz (7) = T2 <7>)

from solution (20) we proceed to the solution:

an 0 b" 2(n+1)—1r +3 2 22n+1 —n—]/ZIn az
Alz) = ~Ane iy T Tt 3B (e T Tl (5)

- r2m+1))
— Ane? i b 22N +3/2)22 (az) ™ V2 (T2 (F) — sz (%))
— r2m+1))
o Fn+3/2)22"  yr T(n+3/2)22% =
taking into account that M2m+1) nl’ r2m+n)  2m+1) and

representations [80]:
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n=0 n! E’
and
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nZ_o s /mE ch (\/a n ZtE,)
we obtain:

Va2 _ZY)GG+ “‘)'#G%—i_% =
Alz) = A (1 —e a*‘””‘/z) =Ao|1—¢

This solution coincides up to a factor with the classical solution (3).
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4.3 Mathematical Model of Radon Superdiffusion and Superadvection in
Fractal Porous Soil with Sink into the Surface Atmosphere Layer

Continuing the development of model (14), consider stationary radon transport
in the superdiffusion regime with a sink into the surface atmosphere layer without
a convective component [54]:

D¢DgA (z) —AA (z) + AA =0,z > 0,
d’A (z)
¢ dz?
For thecase T<a<?2
lim Dg *A (z) = A (2) o0,

z— 0+ (21)
dA
Dy lim DY A (z) = Dad—iZ)|Z—00)

z—0+0

—AA (z) =0,z2<0,

For thecase 0 < a <1

: o—1 _
ZE%IJIFO DOz A (Z) =A (Z) |z:0703 )

lim A(z) = Ay, lim A (z) =0.

Z—00 Z——00

For the case 1 < o < 2 (superdiffusion), the solution has the form:

Alz) =

N (1 (0 B (12%) + 2% PR (12°)

u]/cx + o - E(X,] (HZ“)> )Z > O)

_ Asn!V*exp (z/14)

Alz) = Tt o ,z < 0.
(22)
For the case 0 < o < 1 (superadvection), the solution is written as:
A(z) = A (1+ 12 Eg o (12%) — Eqt (12%)) ,2 > 0 (23)

A (Z) = Aooiﬂi]/(x €Xp (Z/la) yZ < O)

lo = /Da/A,u=2A/Dg, 0 = Aly/Dy.

In the case of superdiffusion (1 < « < 2), near the interface, the radon distributions
are located between the curves for « = 2 and 1 (Fig. 7).

The first of them corresponds to ordinary diffusion (x = 2), and the second to the
limiting advective regime (o« = 1). However, deeper into the medium, the lines are
rearranged in reverse order, and with decreasing «, the calculated curves stretch, which
means that the effective diffusion length increases and radon penetrates more easily
through porous soil. This non-monotonic behavior of the concentration profiles is a
characteristic feature of anomalous diffusion in media with fractal properties. Physically,
it reflects the fact that in such media the transport process is no longer governed by
a single characteristic scale: near the surface, the concentration gradient is determined
mainly by the boundary conditions and the sink into the atmosphere, while at greater
depths the long-range correlations inherent in the fractal structure begin to dominate,
leading to a slower decay of the concentration with depth compared with the exponential
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law characteristic of classical diffusion. As a result, even at significant distances from
the surface, the volumetric activity of radon remains relatively high, which increases
the probability of detecting deep radium sources and extends the effective depth of the
emanation method.

Z,m

Atmosphere

Ground

Fig. 7. Profiles of radon volumetric activity during superdiffusion (1 < « < 2): 1 -
x=2,2-183-164-14,5-12 6- 1.

Calculations show that in the case of superadvection (0 < « < 1), radon is
transported out of the fractal medium even more intensively than during superdiffusion
and accumulates near the boundary with the atmosphere (Fig. 8).

This accumulation of radon concentration is a consequence of the anisotropy of the
geoenvironment. The anisotropy of the geoenvironment is associated with decompaction
(dilatancy) of rocks, which occurs as a result of their destruction. This means that
superadvection can explain radon emissions during periods of strong deformation
disturbances.

Superadvection, as noted above, can be explained by transport accompanied by the
release of radon from pore fractal structures into the pore space. However, what are the
properties of these structures, how do they depend on the state of the medium, and
how is the fractal dimension related to the fractional exponent of the derivative in the
transport equation—these questions require separate studies.
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Fig. 8. Profiles of radon volumetric activity during superadvection (0 < o« < 1): 1 —
x=1,2-08,3-06,4-04,5-0.2.

Note that Fig. 8 is similar to Fig. bb, which describes classical non-stationary
diffusion-convective radon transport with a high convection velocity value. Therefore,
one can speak here in some sense about the equivalence of models (20) for 0 < & < 1
and (13).

Model (21) received further development in works [55-58]. Here we will focus on a
more general non-stationary fractional model of diffusion-convective radon transport in
the soil-atmosphere system proposed in article [58].

4-4 Fractional Mathematical Model of Non-Stationary Radon Diffusion-
Convection in the Soil-Atmosphere System

It is necessary to find the solution A(z,t) in the domain (t > 0,—0c0 < z < 00):

lim A (z,t) =0,

Z—00

0A(z,t) 0?A (z,t) 0A (z,1)
T =D, azz) +vq az, —AA (z,t), z>0 (24)
ZE%I} D?o ‘A (z,t) = A (z, t)’z:0+0 y
_ 0A (z,t
lim DyD% A (z,t) +vyDETA (2,1)| = Daa(—z’) . +va A (2, t)],_g105
z=0-+
0YA(z, 1)

s = DeDIA (2,0 + vgDBA (z,1) — (AA (2,1) — Aw), 2 < 0,
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lim A (z,t) = A.

Z——00

where D2, DP are Riemann-Liouville fractional differentiation operators (1 < o <
2,0<p <)

0
N 1 d’> (A (y,t) dy
DA (z,t) = F(Z——oc)d_zzj(z—)T’

z

DEOA (z,t) =

1 quA y,t) dy
r1—p)dz

where I' () is the gamma function and 0}, is the operator in the sense of Gerasimov-
Caputo [81,82]:

oty (1 —vy)

z

0
A (z,1) ] A} (z,0) do
1
[ gy o<y

D,, Dy are the diffusion coefficients of matter in the atmosphere and loose sediments,
m?/s, m*/s; A is the decay constant of matter, 1/s; A, is the volumetric activity of
matter in radioactive equilibrium with the emanation source at a given depth, Bq/m?;
A(z,t) — volumetric activity of the substance in loose sediments, Bq/m?, A, =KAump(1-
n)/n, where K — substance emanation coefficient, rel. units; Ay — specific activity of
the emanation source, Bq/kg; p — density of solid particles of loose sediments, kg/m?;
1 — porosity of loose sediments.

The boundary value problem (24) describes non-local and non-stationary diffusion-
convective transfer of radioactive substance in the lithosphere-atmosphere system. We
will not discuss the derivation of model equations (24) here. We will say that the
introduction of fractional derivatives with respect to time and space to describe the
diffusion-convective transfer in the soil indicates the non-locality of this medium. The
non-locality of the medium in our case is associated with its permeability, which is
responsible for the intensity of the transfer process.

External boundary conditions indicate that at some depth in the soil there is a
source of radioactive substance, and in the atmosphere with height due to turbulent
diffusion there is a sharp decrease in its concentration. Internal boundary conditions —
equality of concentrations and flows at the boundary of the media provide the necessary
condition for gluing solutions.

It should be noted that the paper [41] considered the boundary value problem (24)
for radioactive radon gas under the condition o = 2, 3 =y = 1. The analytical solution
to the problem was obtained using the Laplace integral equation in terms of integral
error functions. The paper [55] considered the stationary case of the problem (24), when
the partial derivatives with respect to time on the right-hand side are equal to zero.

Let us introduce at the characteristic time t, both the scale zy and the corresponding
dimensionless coordinates T = t/to, & = z/z,. Then the equation (24) will be written in
dimensionless coordinates as:

QALE,T) _ g PAET) AL

= o7 Vo —MIET), £>0 (25)
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A _ _
# = DyDHA (£,7) + 9,DYA (&,1) — (AA (&,T) —A), &<0

I, D§:*A (&,7) = A (&,T)le_o0,

) . _ _ - 0A (&, T _
lim [DgDaO]A(E, T) +ngEO1A(E, T)| = Daa(—a) o + VoA (& T)ls—0:0>
=0+

£—0—0
Transfer parameters in the soil and in the atmosphere will also be dimensionless
quantities.

We will seek a solution to equation (25) in the form of a traveling wave with a velocity

of V. We will make a replacement in (25): A(§,t) = f(x),x = & — V1, W, =V — 7,
s = —Vt. Then equation (25) will become the equation:

_ d’f (x) df (x)

Da dx? T We dx

dvf(x)

dxy
limO D% 2f(x) = f (x|

—M((x)=0, x>s (26)

DyD&f(x) + VD2 f (x) + VY —(Af(x) —Ax) =0, x<s

Maroud x=s+0")
) _ 3 _ 3 - df (x) _
oa—1 1
XLHSIEO [DQDXS f (X) + VQDES f (X” = Da dx 510 + \)af (X)’x:s+0 :

The solution of the first equation (26) for the atmosphere is known, it can be written
as follows:

—T1 4+ /17 + 41,

2

(n + /17 +4r2)
_X >

f(x) =Ce ( ) + Cae ) (27)

where 11 = W, /Dg, 12 = A/D,.

From physical considerations, at x — oo the solution of equation (27) tends to
zero. Indeed, the radon concentration decreases toward the earth’s surface, and in the
atmosphere it is close to zero. Therefore, the constant C;=0 and then the boundary
conditions at the soil-atmosphere boundary are rewritten as follows:

lim D% f(x) = RiCa,

x—s—0

lim [DgD'f (x) + vgDEf (x)] = Ry Co,

x—s—0

R; = exp (—s(ﬁ + \/1‘%+4r2)/2) ,Ry = —R;(Dg(r1 + \/r%+4r2)/2+\7a)

Let us consider the second equation (26) in more detail. Applying the integral
Laplace transform to it, we obtain the following equation:
CszP + p2C2R1 — 7\Aoo

f(p) = —— —. 28
(p) 5 (Dep™ + VPp? —5,pb — %) (28)

Let us separately consider the expression: 1/(Dyp®+ V¥pY —v4pf —A). Here the
following cases are possible: v < 3,y = 3,y > p The case when y = 3 leads us to the
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solution obtained in [83], but with slightly different coefficients. Let v > 3 , then we
can write

1/(p*—op” —up? —b) =p¥/[(p* — o) (1 — (up? Y + bp ™)/ (p* ¥ — 0))],
6= —V'/Dy, w=v,/D, b=x/D,.

Taking into account the condition {(upﬁ_”’ +bp )/ (p¥ Y + 0){ < 1 it can be written
as follows [50]:

— p— Y\ / (0 n+1 - nlp™t (y—B)m o n+1
 p Y (upf Y +bp ) /(P o) =) Y P (P + o)™
n=0 n=0 l+m=n e

According to the work [50], the inverse Laplace transform of this expression for the
first term of the equation (28) gives:

a—y)n+o—2+1+(y—p)m

C R n!lumbx!
- ZZ Z miu F1y

9 n=0 l4+m=n

m+1,1)

=¥ eyt a1 414 (v — BImyx— )

(GX“V)] )

where 1W; (x) is the generalized Wright function [50]. Similarly for the second and third
terms of the equation (28):

a—y)n+o—1+1+(y—p)m

C R nlumb'x!
: ]Z Z miu F,

9 n=0 l4+m=n

(m+1,1)

=¥ ymt b L (= B)ma—v)

o]

(a—yIn+atl+(y—B)m

1
f3 (x) = —A bZ y b — Fs,

n=0 l+m=n

(m+1,1) -
F;=V ox*Y
P (vt a1+ 1+ (y—B)m, a—7v) (ox*)
The solution in this case is a superposition:
f(x) =11 (x)+f2(x)+f3(x). (29)

Let’s find the constant C;. To do this, we use the method proposed in [55]. We write
the equation (28) as follows:

F(p) = CoRy (p? + Ro/Rip — Ab/(RiCa))
Dgp p*—upf—op"—b

(30)
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2 2

Dgp p*—upP —opY—b
R =Ry/R;.

[p_ (—R+ \/R2+4Aoob/(R1C2)>] [p_ (—R— \/R2+4Aoob/(R1C2)>
. CzR]

)

Since the denominator of the equation (30) p* — up? — op¥ — b is an infinitely
increasing function, and its values are in the right half-plane, then the equation has a
positive root. Let us denote this root as K, then the denominator of the equation (29)
can be expanded in powers of p — K:

p*—pupP —op'—b=) ci(p—K) (31)
i=0

Substituting (30) into (29) we obtain:

- (R— \/R2+42Aoob/(R1C1))] [p+ <R+ \/R2+42Aoob/(R1C1)>]
flp) = 2 A
Dyp (p=K) L eilp—K)™

(32)

In order for f (p) to be analytic in the right half-plane, it is necessary to choose the

constant C; in such a way that the first bracket in the numerator is canceled with the
bracket in the denominator. This is achieved when

Axb

Cp= o
7 (KZ+ RK)R,

(33)

Then the solution (32) according to (33) will be written as follows:

vy )(n + /13 +4r2>
_(i—Vr 3
A be
R,0; + R0
A =Ab | = —0 <0
(E»)T) |:Dg (K2R1 +KR2) 0:| )é
00 mpl (E . VT)(ocfy)n+cx72+i+l+(Y*ﬁ)m

m+1,1)
((c—yn+ax—24+i+1+(y—RF)m,x—7vy)

Ry = exp (VT<r1 +4/71 —|—4r2) /2> yRy = —Ri(Daq(r1 + /77 +4Tz)/2+\7a)a

K is the solution of the equation y* — oy” —pyP —b=0,i=1,2,3.
Similar considerations can be used for the case y < 3. The parameters in (34) will
be redefined.

Fi =¥ G(Q—VT)CX_Y

b
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It can be shown using the methodology of the works [55], that in the case when
o = 2, = vy = 1 solution (34) goes over to the classical solution obtained in the
article [41].

From solution (34), it can be seen that its structure is complex, and constructing its
graph is a separate independent task that has important significance.

Next, we will consider a single-point mathematical model of radon transfer at a
certain point in a fractal geoenvironment.

5 Mathematical Model of Radon Transport in Inhomogeneous
Geoenvironment with Variable Memory and Its Application
to Seismic Activity Monitoring in Kamchatka

In work [84], a generalized equation of radioactive decay of matter in a fractal
medium was presented
00N (1) = —AN(t), (35)

N(t) is the number of radon particles that have not decayed by time t, recorded by the
detector, A; is the decay constant, the differentiation operator of order 0 < « < 1 on the

) . 1 tN’'(n)d
right-hand side is d§N(t) = | ()dn
r—o)p (t—m)®
derivative, o is a parameter related to the fractal properties (permeability: measure of

tortuosity and dead-end pores) of the geoenvironment.

is the Gerasimov-Caputo fractional

Law (35) can be interpreted as follows: the ensemble-average rate of radioactive
decay of matter in a medium with memory, i.e., the number of particles decaying
in a fractal geological medium per unit time, is proportional to the number of
undecayed particles in the medium. The proportionality coefficient A; has the meaning
of the decay constant. Note that the authors of article [84] associate the order of the
fractional derivative with the nuclear structure, while in our model, it serves as an
effective parameter characterizing the degree of heterogeneity and memory effects in the
geological medium, specifically linked to the heavy-tailed distribution of radon residence
times in a hierarchically organized pore network.

Let the parameter « vary with time t. This physically means that the fractal
properties of the medium change with time. In relation to geophysics, the stress-
strain state of the earth’s crust changes. It is important to emphasize the physical
mechanism linking the micro-geometry of the medium and the order of the fractional
derivative « in equation (35). The complex, fractal structure of pores (the presence of
dead-end branches, caverns) gives rise to a broad, often power-law, spectrum of delay
(trapping) times for radon atoms in the medium on their way to the detector. From
the perspective of continuous-time random walk (CTRW) theory, such a distribution
of waiting times leads to non-Markovian kinetics and effective macroscopic equations
with fractional time derivatives. The parameter « in such an equation is the exponent
in the asymptotic behavior of this distribution. When the pore structure is simple and
well-connected (« — 1), delays are minimal, and the kinetics of the registration process
follows a classical exponential pattern. Conversely, a highly fractalized medium (o < 1)
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is characterized by an anomalously slow, non-exponential "release"of radon from traps
and its subsequent decay, which is precisely reflected in the equation with a fractional-
order derivative.

Let there be a radon source with parameter A, at some point in the fractal geological
medium, then the generalized law of radioactive decay is written as follows:

OXIN(t) = —AIN(t) 4+ A;N(0). (36)

The value of parameter A, can be determined using experimental data. In the work,
we assume it is known.

The radon registration sensor makes measurements in units of volumetric activity
(Bg/m?), so multiplying the equation by A; and assuming A(t) = A/N(t), we write
equation (36) in the form

OSIA(L) = —MA(L) 4+ AA(0), (37)

A(0) is the initial radon distribution.

In equation (37), the unknown functions are A(t) and «(t). It is known that at some
point in the fractal geological medium, radon volumetric activity values are recorded. We
arrive at the following problem: find functions A(t) and «(t) satisfying the conditions:

A(tk) :(p(tk)) k:O>]>2>°°-)n> (38)

where @(ty) = @y are experimental data.

Let us approximate the fractional differentiation operator on the right-hand side of
equation (37).

To do this, we represent the operator as:

VAWM = 35 LA () — A(0)] = DEVIA(L) — A(0)] =

dt
B D“(t]A(t) B A(O)t—a(t) (39)
o M1 —o(t))
t
Dg‘t(t)A(t) = ; d m is the Riemann-Liouville operator.

T —a(t)dty (t—n)

Since at each time step, due to the "frozen"order approximation, « is considered
constant, the relationship between the Gerasimov-Caputo and Riemann-Liouville
derivatives retains its classical form.

On the other hand, introduce a uniform time grid with step T = t/n, tx = kr,
Alty) =Ax, k=1,2,...,n.

Due to the low rate of change of the stress-strain state of the medium compared
to the characteristic decay time of radon emanation memory, we use the adiabatic
approximation of "frozen"fractional order. At each time step k, the integral operator is
approximated assuming o(t) ~ «(ty) = o for all t € [0, t;]. This approach, also known
as the step-by-step constant order technique, allows reducing the nonlinear inverse
problem to a sequence of one-dimensional optimizations and is standard in applied
geophysical calculations.
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We obtain
A(0)t W 1 Y A’(m)dn
DA (1) = ~
oo AN = T o) TR = 0] y =)o
A(0)(kT)~* 1 Jt Al(t—y)
M- | T—o) )y yo Y
_ A[0) (k) 1 C A — A J(H”T dy _ (40)
M1 — o) M1 — o) _—” T oo Y
k—1

_ A(0)(kT) ™ T % . .1
T —o) T2 — ) “ B

Substituting (40) into expression (39), we obtain the following result:

.

OB[EAM) ~ r5 5 Z (G + 1)1 =) Ak — Ajr). (41)

j=0

Substituting expression (41) into equation (37), we obtain the following expression

=~

—1

T % o
[G+ 1) =% (Ary — Arjo1) = —MAx + AA. (42)

M2 — o) j

I
[

Let us find the solution Ay of equation (42) as a function of the unknown values o.

Adlo) A1 — Z}:ﬂ [G+ 1) — 37 (A — Axjor) + Al (2 — o) T A (43)
AR T4 (2 — o)At '

Condition (39) for solution (43) is written as:

Axlot) = Q. (44)

To identify the parameter oy, we form the residual according to (44) ny(ow) =
¢@r — Ax(ay ), which we minimize using the one-dimensional optimization method. As a
result, we obtain a series of values oy, which we will subsequently investigate for the
purpose of studying seismic activity in Southern Kamchatka [59,60].

In the radon volumetric activity values before the event with M = 5.6 that occurred
on August 4, 2004, at points LVCh and IKIR, bay-shaped anomalies with a lead time
of about one day stand out (Fig. 9).
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Fig. 9. Curves of radon volumetric activity and reconstructed « values: a) Levaia Avacha
station; b) IKIR station. The arrow indicates the earthquake of August 4, 2004,
M=5.6, R=115 km.

These anomalies, based on their in-phase appearance at three points—IKIR,
LVCh, PRT—are associated with a geodeformation wave that arose at the final
stage of earthquake preparation as a result of quasi-plastic low of geomaterial. At a
geodeformation wave propagation speed of 30 km/day, the wave emerged four days
before the event [14].

At the LVCh point, synchronous behavior of curves for both parameters is observed
(Fig. 9a), and for the INS point, the precursor anomaly in the exponent values looks
quite convincing (Fig. 9b), reaching a stationary level on August 13. This indicates that
the porous properties of loose sediments change when a geodeformation wave passes, and
the fractional exponent can serve as another parameter for identifying and formalizing
precursor anomalies.

Fig. 10 shows radon volumetric activity values and fractional exponent « values for
the period 2005-2010 according to PRT point data.
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Fig. 10. Seismic activity of Southern Kamchatka in the period 2005-2010 according to
PRT point data

Circles mark earthquakes in Southern Kamchatka with M>5.5. In 2005, on July
7, an earthquake with M=5.8 occurred in Avacha Bay (52.87 N, 160.10 E). In 20086,
seismic activity mainly manifested in July-August. A strong earthquake during this
period occurred on August 24 with M=6.5 off the southern coast of Kamchatka (51.15
N, 157.52 E). In 2007, a strong earthquake occurred on May 30 on the territory of
the Kamchatka Peninsula (52.14 N, 157.29 E) with M=6.4. In 2008, seismic activity
increased: three events with M>5.5 occurred. On March 6 (51.52 N, 156.55 E) M=5.5,
July 24 (50.97 N, 157.58 E) M=6.2, September 18 (51.94 N, 158.36 E) M=5.9. In 2009,
there were no earthquakes with M>5.5, but on January 14, an earthquake with M=5.4
occurred (52.27 N, 159.29 E). In 2010, seismic activity intensified in July; on July 30,
an earthquake with M=6.3 occurred in the Avacha Bay area (52.50 N, 159.84 E).

In Fig. 10, it can be seen that the times of the above-mentioned earthquakes coincide
with either an increase or a decrease in the values of the fractional exponent «. Given
that this exponent is related to the fractal dimension of the medium, it reflects the
structural change in the geoenvironment under the influence of deformations. The
opposite polarity of anomalies indicates that the deformation structure of the medium
is mosaic and fractal.

As shown in work [85], sharp changes, including short-term ones, in the stress-
strain state of the contact between rock blocks lead to interblock displacements. These,
in turn, manifest as "quasi-viscous"flow of the earth’s crust material. Apparently,
the creep process due to quasi-viscous flow of rock masses generates "geodeformation
waves'"caused by the interaction of individual blocks of the geological environment.
Geodeformation waves change the structure of loose sediments, which is reflected in
changes in the exponent « and radon volumetric activity. Depending on the location of
registration points relative to block boundaries, anomalies have different shapes (bay-
shaped, stepwise) and different polarity depending on the geological-tectonic conditions
of a given registration point relative to the earthquake focus.
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6 Conclusion

In this review article, dedicated to the systematization of the results of many years
of research by the author on mathematical modeling of radon transport in geological
media, the evolution of models from classical ones based on the diffusion-convection
equation with constant coefficients to non-classical ones taking into account fractal
properties of the geoenvironment and memory effects using the apparatus of fractional
differentiation has been considered.

Let us briefly formulate the main results presented in the work.

1. Within the framework of the classical theory of the emanation method, the basic
model of non-stationary diffusion-convective radon transport in homogeneous porous
soil has been analyzed, for which an exact analytical solution in terms of error integrals
has been obtained. It has been shown that taking advection into account significantly
reduces the time for establishing radioactive equilibrium and increases the contribution
to the intensity of the transport process compared to the purely diffusion mechanism.

2. Based on the classical model, an algorithm for estimating radon flux density
from the earth’s surface has been developed and tested on real data. The application
of the algorithm to data from the radon monitoring network at the Petropavlovsk-
Kamchatsky geodynamic test site confirmed that flux density is a more sensitive
indicator of deformation disturbances in the geoenvironment than radon volumetric
activity. This result is important for improving the efficiency of monitoring geodynamic
processes and searching for earthquake precursors.

3. A non-stationary two-layer model of diffusion-convective radon transport in the
"soil-atmosphere"system has been proposed and investigated, for which an analytical
solution has also been found. This model allows correctly describing radon discharge
into the surface atmosphere layer and taking into account the difference in transport
parameters in two media, which is necessary for a comprehensive study of geophysical
and ecological processes.

4. To explain the anomalously high migration capacity of radon observed in some
cases, models of stationary superdiffusion (for 1 < « < 2) and superadvection (for
0 < a < 1) in a porous medium with a fractal structure have been constructed and
studied. The obtained analytical solutions in terms of special functions (Mittag-Leffler,
Wright) demonstrate the power-law nature of radon concentration profiles, which agrees
better with some experimental data than the classical exponential model. It has been
established that in the superadvection regime, intensive radon accumulation occurs near
the interface, which can serve as an explanation for sharp preseismic emissions.

5. The non-classical theory of the emanation method has been generalized to a
model with a time-varying order of the fractional derivative. Based on this approach, a
methodology for identifying the dynamics of the fractal parameter «(t) from time series
of radon volumetric activity has been developed. The application of the methodology to
monitoring data in Southern Kamchatka for the period 2005-2010 showed the presence
of anomalies in the behavior of the parameter « correlating with strong seismic events.
This confirms the hypothesis that the order of the fractional derivative can serve
as a quantitative measure of changes in the permeability (fractal structure) of the
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geoenvironment under the influence of deformation disturbances and can be useful in
developing earthquake prediction systems.

In general, the results obtained contribute to the development of the theory of the
emanation method and demonstrate the effectiveness of applying classical and fractional
mathematical models for solving fundamental and applied problems of geophysics. The
developed models and algorithms can be used not only in the field of seismic activity
monitoring but also in solving a wide range of problems, such as mineral exploration,
assessment of radon hazard in territories, and study of the ecological state of the
environment.

Further development of the topic is seen in the transition to more complex models
taking into account the multiscale heterogeneity of the geoenvironment, the mutual
influence of hydrogeological and geothermal fields, as well as in the development and
verification of models based on fractional derivatives of variable order in space for
describing nonlocal transport processes in the "lithosphere-atmosphere"system.
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