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Abstract. This study develops a mathematical model of cloud particle electrification that integrates fractal
cloud geometry and charge leakage through atmospheric conductivity. Using fractional calculus with the
Gerasimov—Caputo operator of variable order «, related to the fractal dimension by « = 6 —2D¢, the model
captures multiscale memory effects missing in classical approaches. Analytical solutions for hailstones and
shed droplets are obtained via Mittag-Leffler functions. Numerical simulations over a 50-second interval
for « = 0.1,0.3,0.5,0.7,0.9 reveal strong sensitivity of charge dynamics to the fractality parameter: for
« < 0.3 charging is smooth and monotonic, whereas for « > 0.7 it rapidly approaches saturation; the most
probable scenario with « = 0.5 yields accumulation times of 20-40 s, consistent with field observations.
By determining fractal dimension parameters and leakage coefficients, the model predicts thunderstorm
probability and intensity, improves lightning forecasting, supports critical infrastructure protection, and
facilitates the inclusion of atmospheric electricity in climate models under increasing extreme weather
conditions.
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AuHoTaiusi. B pabore mnpeanoskeHA MaTeMaTUYeCKasi MOAEAD DJIAEKTPU3ANUM OOAAYHBIX YACTHII,
YYUTHIBAIOMIAsT (PPaKTaABHYIO I'e€OMETPHIO I'PO30BOrO obaaKa M YTEUKY 3apsipd 3a CUYET aTMOChepHOM
npoBopuMocT. Ha ocHOBe ApoOHOro mcuucaeHust C omeparopoM [epacumoBa — KamnyTo mepeMeHHOTO
TIOpsIAKa (, CBSI3AHHOTO C (PPaKTaABbHON Pa3sMepHOCTBIO CPEABI COOTHOIIeHMeM & = 6 — 2Dy, Mopenb
OIUCHIBaeT MHOroMacmTabube 3pdEKTEI TaMSITHA, OTCYTCTBYIOIIUE B KAACCUIECKUX IOAXOAAX. AAST rpapuH
¥ OTAEASIIOIIUXCS KalleAb IIOAYYeHBl aHAAUTUYECKUE PeIleHusi depe3 pyHKuum Murrar — Neddarepa,;
YICAEHHOEe MOAEAVWPOBaHUE Ha MHTepBane 50 ¢ mpu 3HaveHmsix o = 0.1,0.3,0.5,0.7,0.9 BBIZBMAO BBICOKYIO
YYBCTBUTEABHOCTh AUHAMUKI 3apsiAd K IlapaMeTpy dpakTaarbHOCTH. [Tokasawo, uTo mpu o < 0.3 3apsaka
HOCHUT IIAABHBI MOHOTOHHEIM XapakTep, a mpu « > (.7 OGBICTPO BBIXOAWT Ha HaCHIIeHWE; Haubonee
BEPOSITHOMY CLIEHApHIO COOTBETCTBYeT o ~¢ (.5, Ipu KOTOPOM BpeMeHa HAKOIIAEHUS 3apsiAd COTAACYIOTCS
¢ HaTypHBIME AaHHBIME (20-40 c). OmnpeaeneHue ppakTasbHOR PasMEPHOCTH U KOI(PUIMEHTOB YTEIKY
TIO3BOASIET NIPOrHO3KUPOBATH BEPOSITHOCTD ¥ MHTEHCUBHOCTD I'PO3, YAYUIIATE IPEAYIPEXKAEHNIE MOAHUEBOMR
aKTUBHOCTH, 3aIMUTy KPUTUYECKU Ba>KHOW WHMPPACTPYKTYPHL X YIET aTMOCKEPHOTO 3AEKTPUYECTBA B
KAUMATHYECKAX MOAEASIX B YCAOBUSIX POCTA SKCTPEMAABHBIX ITOTOAHBIX SIBACHUM.

Karouesvie caosa: mamemamuveckas moleas, OpobHoe ypaerenue, mpouseodxas Iepacumosa —
Kanymo, zpososoe obaaxo, gpaxmanvHas cpeda, zeHepayus 3apAoa.
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Introduction

Cloud electrification is a complex physical process underlying the formation of
atmospheric electricity, including lightning — one of the most hazardous natural
phenomena. Understanding the mechanisms of charge separation and accumulation in
clouds is of key importance for weather forecasting, ensuring aviation and infrastructure
safety, and analyzing climate change [1-6]. However, accurate modeling of these
processes is remains challenging due to the complex cloud structure and multiple factors
that influence charge dynamics and are overlooked in classical models of atmospheric
processes. Therefore, the relevance of this work stems from the need to overcome the
limitations of classical models, which fail to account for the fractal nature of the cloud
environment. Contemporary challenges, such as the rising frequency of extreme weather
events and the advancement of high-tech industries, necessitate the development of more
precise mathematical models that incorporate the multiscale fractal nature of clouds and
memory-dependent processes.

A crucial aspect frequently overlooked in classical models is the cloud environment’s
fractal nature. Clouds exhibit a fractal dimension of D; — 2.3-2.7, associated with
turbulence and vapor condensation [7]. Clouds, specifically cumulonimbus formations,
manifest a self-similar structural topology across a wide range of spatial scales, consistent
with fractal properties. Such topology influences the dynamics and interaction of
intra-cloud particles, thereby altering collision probabilities, charge exchange, and
electric field distribution. Accounting for fractal properties enables a more precise
description for environmental chaotic behavior, particle concentration inhomogeneity,
and their trajectories, which is critically important for understanding charge generation
mechanisms.

Furthermore, a prevailing deficiency in many current models is the omission of charge
leakage induced by ambient conductivity. The fractal topology amplifies localized fields,
consistent with empirical observations of cumulonimbus electrification [8,9]. Conversely,
elevated conductivity (e.g., due to the presence of ions) counteracts this effect, inhibiting
electrical breakdown [10]. Atmospheric conductivity induced by ions and free electrons,
as well as the surface conductivity of hydrometeors, facilitates charge dissipation over
time. This process can substantially influence the kinetics of electrification, decelerating
charge accumulation or inhibiting the attainment of thresholds necessary for discharge
initiation. The incorporation of conductivity effects into the model brings theoretical
predictions closer to actual atmospheric conditions, wherein charge leakage plays a vital
role.

The objective of this study is the development of a cloud particle electrification
model incorporating both environmental fractality and conductivity-driven charge
leakage.

The remainder of the paper is organized as follows. Section 2 formulates the
mathematical model of charge dynamics for hailstones and shed droplets in a fractal
cloud medium, introduces the Gerasimov—Caputo fractional derivative with variable
order, and derives analytical solutions in terms of the Mittag-Lefller function. Section 3
describes the numerical implementation, presents simulation results for different values
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of the fractality parameter «, and discusses their physical implications in comparison
with observational data. Finally, Section 4 summarises the main findings and outlines
directions for future research, including a more detailed treatment of charge sign
separation and quantitative validation against field measurements.

Problem Formulation and Solution Method

A sphere of radius R is considered, assuming that it is filled with hailstones of uniform
radius r; at a constant concentration n. Based on [11], the charge of the sphere over a
given time interval, incorporating charge leakage due to conductivity d—ffti—", 1s determined
as follows:

Qi _4 dQu

T
ral 3T[R3TLATizviE — wr—jQi BT (1)

where 1 is the hailstone radius; r4 is the droplet radius; v, v4 is the terminal fall velocity
of the hailstone and droplet; A is a constant [12]; R is the cloud sphere radius; t € [0, T]
is the shedding frequency of droplets from the hailstone; t € [0, T] is time; T > 0 is the
simulation time; and n is the hailstone concentration (const).

Considering that the leakage current from hailstones is defined as follows:

dQi
— I\ Q;
at Qo
where A/; denotes the effective conductivity, we rewrite Equation (1) in the following
form:
dQ;
= Kit — K2 Q4 2
dt 1 ZQ ) ( )

where Ky = $7R* nAT{vE; Ky = Wik + Ty

Since a thundercloud represents a self-affine fractal, its characteristics undergo
temporal variations [13]. Therefore, the rate of change of the sphere’s charge over time
dt, incorporating the fractal properties of the cloud medium and charge leakage due to
conductivity, is assumed to obey the following law:

00:Qi (1) + Qi (t) =fi, O<x <1, (3)

where g; = Kp0% 1, fi = K10%7'. The fractional derivative operator is defined in the
Gerasimov-Caputo sense [14, 15]:

06t Qi (t) =

1 JtQi(T)dT O<a<l, (4)

ri—o) ), t—0F

where I' (+) is Euler’s gamma function.
To establish a direct physical link between the fractional order o« and the cloud’s
fractal geometry, we use the empirically derived relation

0626—2Df,
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where Dy is the time-dependent fractal dimension of the cloud medium. For typical
cumulonimbus clouds, Dy ranges from 2.3 to 2.7 [7,13], which yields o between 0.6
and 1.4. After normalisation to the interval (0,1) for the fractional derivative, this
relation ensures that the memory effects correctly reflect the evolving self-similarity
of the turbulent cloud structure. The specific form « = 6 — 2Dy is motivated by our
analysis of experimental data and is consistent with known fractal models of atmospheric
turbulence.

The fractional derivative of variable order (4) in model equation (3) emerges formally
by analogy with [16], wherein the integer derivative is replaced by the following

relationship:
d T ..

g don
where 0 — is a parameter possessing the dimension of time and characterizing a specific
intrinsic process time within the fractal structure of the thundercloud. We can also say
that 0 characterises the typical lifetime of large-scale eddies in the cloud; it can be
associated with the correlation time of the turbulent velocity field, which for convective
clouds lies in the range of 10-100 s. In our numerical simulations we set 6 = 1 s for
simplicity, but the model allows for a direct estimate from in-situ measurements of
turbulence spectra.

It should be noted that at @ = 1, model equation (3) reduces to equation (1) of the
classical hailstone charge dynamics model, which accounts for charge dissipation via
conductivity, and the following initial condition holds for it:

Qi (0) = Quo- (5)
This equation is analyzed in [17], wherein a general solution for problem (3)—(5)
under the conditions g; = —g; = const and « (t) = const is derived in the following

form: N
=) Qult—a" " Eyjan (—91 (M t—a*; n—k+ 1) +
1

t

wsign(a—t) | (@)l —a™ By (o (01— £ aft)) de.

a

In our case, using a formula of the form:

Fi Q. (6)

athi (t) = Dthi (t) — Z I
k=1

The general form of Equation (3) is rewritten as follows:
tk a—1

Pt ;W—a K (0) + giQu (1) = fu. (7)

From (7), we find:

n

Qi (t) =Fx t“_]Ea,a (_git“) + Z akt“_kEoc, a—k+1 (_git“) -
k=1
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n X —
tkoc]

:fi t(xi]Efx(X - it(x (k=1) O e
1 By o (—g )+;Q O i a

# 1 Eg o (—git%), (8)

where Eq o (—git*) = 3 1 (r_(git:i? represents the Mittag-Leffler function.
When Q;(t) pertains to the absolutely continuous class, the condition

%irr& D3 'Q; (t) = a; = 0 must be added, whereby (8) assumes the following form:
—

Qi (t) = fit"Eq o1 (—0i (t) t°) + QioEq, 1 (—git™) . (9)

Expression (9) describes the hailstone charging dynamics in cumulonimbus clouds,
incorporating charge dissipation driven by conductivity.

Following the scheme described above, the charge of droplets shedding from
hailstones Q4 within the studied fractal region Ris given by the following expression [11]:

0:Qa (t) + 9aQa (t) =fq, 0 < <1, (10)

with the initial condition:
Qa (0) = Qao, (11)

where gq = Kg0% !, fg = K071, Kgy = wrr—f‘vv—;RzE; Ka = wid 3% + 7y, pasen under
the condition that the leakage currents from droplets and hailstones are proportional
to their aggregate charges, while the total discharge current through the sphere equals:

05Qin (t) + 03, Qan (t) = TAREO* .

Equation (10) and initial condition (11) constitute a Cauchy problem for the
fractional equation governing the charging dynamics of droplets in the considered model.
The solution to the thundercloud fractal model (10)—(11) is given by:

Qa (t) = fat*Ee a1 (—gat™) + QaoEa,1 (—gat®) . (12)
When « (t) represents a piecewise constant function:

o, t e [0,t1],
t t, t
oc(t) _ X2, 6( Ty 2]’ (13)
“k)te (tkfhtk])

where k is the number of subintervals of the time interval t € [0, T]; in the simplest
case, relationship (13) determines the self-affinity property of the fractal thundercloud,
and the fractional derivative order can be linked to the medium'’s fractal dimension [18].
Based on the foregoing, the fractional derivative order can be a function of time, for
instance, according to (13).

Subsequently, the values of the fractional derivative order are assumed to be
increasing: o; < &y < ... < . Obtaining an analytical solution for the thundercloud
fractal models (3), (5) and (10), (11) incorporating the Caputo derivative with
an « (t)-dependence represents an exceptionally challenging problem owing to the
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non-linear parameter behavior. For this purpose, the corresponding Cauchy problem
must be solved with varying parameter values oy, ¢;,, fi,at each time subinterval k.
Consequently, this yields a complex analytical expression formulated in terms of the
special Mittag-LefHler function [17] as follows [12]:

Qi (t) = Qi (tke) By (—A (t—tiy)™ ) +

— i {7 s)(9—s)” %t o — o
+1i {f—Zf_f i Sl s | (£ 9) T Eaya, (<A (E—9)™) a9,

(14)

which remains highly challenging to implement computationally for visualization
purposes. Visualization of the derived solutions for problems (3), (5) and (10), (11)
is carried out using the Python programming language.

Results and Discussion

The proposed integrated visualization model enables monitoring the charging
dynamics of cloud droplets and hailstones, incorporating charge dissipation due to
conductivity as a function of temporal parameters and medium properties. Herein, the
calculations incorporate the following values from the table [11,19].

Table. Model Parameters.

Parameters Magnitudes
w, s~ 2

Tq, M 2-10°°
T, M 2.5-1073
Vi, ms~' 15

Vg, ms| 7

Qio, Kl 1.2-1071°
Quao, Kl 1.2-107"
E, Vm™! 1.5-10%
ng, m3 5

ng, m> 5-10°
Aig,S/m 10713

The numerical simulation results are depicted in Fig. 1 at different values of «, which
are defined throughout the entire time interval t € [0,50].

The main graphical plot of Fig. 1 displays the temporal evolution of the hailstone
charge. The plot displays five trajectories that correspond to various values of the
fractality parameter o (0.1, 0.3, 0.5, 0.7, 0.9). A distinct relationship emerges: for
x<0.3, the process is characterized by a smooth monotonic charge increment, while
for «>0.7, an exponential growth with swift approach to saturation occurs. The
prevailing trajectory (o« = 0.5) represents the most probable scenario under ambient
conditions. The black curve 6 (the principal trajectory) displays the actual process
dynamics, wherein o varies smoothly with time in accordance with scheme (14),
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Fig. 1. Calculated curves of the parameter effect on the hailstone charge within a
thundercloud

transitioning between consecutive values. This more realistic model is assumed to reflect
real atmospheric processes, wherein conditions do not remain static.

The curves in Fig. 1 align with the findings of, wherein the collision of ice
particles,specifically between hailstones (spherical ice particles) and fine supercooled
droplets or ice crystals, represents the dominant charge separation mechanism.

Within specific temperature ranges (-10 °C =+ -20 °C), steady charge separation
occurs, wherein the hailstone acquires a negative charge, as in the present study, while
the bouncing particles (droplets) acquire a positive charge. This process, recognized as

riming electrification, results in spatial charge separation and possesses the potential to
trigger lightning.
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A wider discrepancy prolongs the charging process. Consequently, meteorologists are
able not only to forecast the thunderstorm itself but also to assess its nature, varying
from swift and severe to gradual and extended.

Fig. 2 illustrates the cloud droplet charging dynamics versus time for various
values of the medium fractality parameter «. The plots exhibit a family of curves
demonstrating the non-linear behavior of the charge over time. The curves are
characterized by an abrupt exponential growth during the initial stage, subsequently
reaching a saturation plateau.

08

Q4(t)*1071° (KT)

=1
=)

0.4

02

00

i (s)

Fig. 2. Simulated cloud droplet charge curves for different « values

Consequently, curve analysis demonstrates the substantial impact of the parameter
« on the process kinetics: smaller « values result in a more gradual charge increment
with a prolonged timescale for achieving saturation, while increasing « accelerates the
charging process and shortens the relaxation time of the system.

The numerical modeling results clearly illustrate that the charge dynamics of both
hailstones and cloud droplets exhibit high sensitivity to variations in the non-linearity
parameter «, which must be taken into account when constructing predictive models
of thundercloud electrodynamics.

To assess the practical relevance of our model, we compare the predicted charging
times with typical electric field evolution in convective clouds. According to in-situ
measurements [1, 6], the charge separation in a growing cumulonimbus reaches a
significant fraction of its maximum value within 20-40 s. Our calculations for « ~ 0.5
(which corresponds to D¢ ~ 2.75) show a similar time scale (see Fig. 1, curve 5). This
qualitative agreement supports the validity of our approach, although a quantitative
validation with specific field campaigns is planned for future studies.
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The numerical modeling results clearly illustrate that the charge dynamics of both
hailstones and cloud droplets exhibit high sensitivity to variations in the non-linearity
parameter «, which must be taken into account when constructing predictive models
of thundercloud electrodynamics.

It is important to emphasise that all simulations presented here describe the absolute
value (magnitude) of the charge on the particles. The sign of the charge (positive or
negative) is not considered in this study because our main goal is to analyse how the
fractal parameter o« affects the charging kinetics. In real thunderclouds, the riming
process typically charges hailstones negatively and droplets positively [20,21]. The
inclusion of sign-dependent terms will be addressed in future work, as it is essential
for predicting lightning polarity.

The characteristic charge accumulation times observed in real thunderstorms —
typically on the order of tens of seconds — agree well with our predictions for
« =~ 0.5. This qualitative correspondence supports the validity of the model. However,
a rigorous quantitative validation against direct field data (for instance, from electric
field soundings) will be addressed in a subsequent study.

Conclusion

In conclusion, this work focuses on developing a mathematical model for the
fractal charge dynamics of cloud particles, incorporating conductivity-driven charge
dissipation. To attain this goal, the fractal medium is characterized via self-similar
structure generation algorithms that replicate cloud particle distribution, while
the charging dynamics during particle collisions are simulated by accounting for
stochastic processes and non-uniformities induced by the fractal topology of the cloud
environment.

The scientific novelty of this study resides in the integration of two pivotal factors,
namely the fractal medium topology and charge leakage dynamics, which are previously
analyzed separately. This enables obtaining new data on how the intricate cloud
topology and environmental conductive properties affect charge separation efficiency
and lightning initiation probability. The practical relevance resides in the enhancement
of lightning activity predictions, which is critical for aviation safety, the energy sector,
and climate studies.

Consequently, the proposed model extends conventional approaches by providing a
more realistic description of cloud electrification, thereby opening up avenues for future
investigations into atmospheric electricity and the non-linear dynamics of atmospheric
processes. anekTpu3anuu. Subsequent studies aim to include conductivity mechanisms
governing the charge leakage rate and to analyze their impact on stationary and transient
electrification modes.
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