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TToAHBIE TEKCT Ha aHTAMICKOM SI3BIKE
VAK 517.98

C*-anrebpanveckasi runore3a CwMmeiisia o cpe/lHeM 3HAYEHUN U
AyaJibHas TUNOTe3a O cpejHeM 3HadeHnu Jlyomnuma-CyraBbl

K.M. Kpuwna*

[ITxonra MaTeMaTUKU U €CTECTBEHHLIX HayK, ['AaBHBIM KaMIlyc YHUBepCUTeTa JaHaKbs,
NH-648, aepeBus Xapanrypy, CeBeprelit okpyr Barranopa, llItar Kaprartaka, 562110, Uapus

Annoranusi. Mbl paspabareiBaeM C*-aarebpavyeckrue aHAAOTM ABYX LEHTPAABHBIX IPOOAEM KOMIIAEKCHOT'O
amanmsa: rumore3sl CMelina O CpeAHEM 3HAYEHUN U AYyaAbHOW TUIIOTE3Hl O CpepHeM 3HadeHuu Aybunuua-Cyrasbl.
Onmpasich Ha KAACCHYECKYIO TEOPeMY O CpepHeM 3HadeHuu CMeiina ¥ ee ABOMCTBEHHYIO (POPMYAMPOBKY, MBI
PacmpoCcTpaHsieM STU THUIIOTE3Bl Ha CAydYail KOMMyTaTWBHEIX C*-aarebp. [IpepnraraeMasti CTPYKTypa OIpPEAEASIET
anrebpaundeckoe AU dDeEPEHIIIPOBAHNE AASI MHOTOYAECHOB Hap C*-aarebpaMu 1 GOPMYAUPYET KaK CTAaHAAPTHEIE, TAK
¥ YCUAEHHEBIE BEPCHU IUIoTe3. MEI Tak>ke BBOAUM OOOOINEHMSI BHICIIMX NOPSIAKOB X AWHAMUYECKUE DPACIINPEHUS,
BKAIOuasi C*-aarebpamyeckuil aHanAOr I'UIIOTE3BI O AuHaMuKe Maiiaza-Aeitrona-Iluaurpuma. Crporoe obocHOBaHME
IPOBEAEHO AASI MHOTOYAEHOB BTOPOM CTEIEHY, YCTAHABAWBASI CIPABEAAWBOCTDH THUIIOTE3 B TOM 6a30BOM CAydUae.
Pe3yAbTaTEl TOAYEPKUBAIOT MAYOOKYIO B3aMMOCBSI3b MEXKAY CTPYKTYPaMU OIEPATOPHBIX aArebp M aHAAUTUYECKAMU
HEepaBEHCTBaM¥, INpeAAarasi HOBBEIE IIEPCIEKTUBBLI Ha AABHO CTOSINUWE NPOBAEMBI TEOpMM MHOIOYAEHOB. Pabota
OTKPBIBAET IIYyTU AASI 0bobieHuM? Ha 6aHaxoBhl X (poH Neumann aarebpbl, NOAYEPKUBAS IIPU 3TOM TPYAHOCTH,
CBSI3aHHBIE C HEKOMMYTATUBHLIMY [IOCTAHOBKAMU.

Karouesvie crosa: C*-anzebpa, meopema o cpeOHem 3HaverHuu Cmetiaa, 2unomesda Cmetna o cpedHem 3HaAUeHUU,
dyaavHas meopema o cpedHem 3naveruu Ayburuna—Cyzasv, dyarvHas 2unomesa o cpeOrem 3Hnaveruu Ayburuna-
CyzasoL.
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1 Introduction

In 1981 Fields Medalist Prof. Steve Smale proved the following result using Koebe
1/4-theorem [1].

Theorem 1.1. (Smale Mean Value Theorem) Let P(z) := ap + ajz + a,z* +
-+ 4+ apnz™ be a polynomual of degree n > 2 over C. If z € C 1s not a critical point
of P (i.e., P'(z) #0), then

P(z) —P(w)
z—w

min
weC, P! (w)=0

‘smwum (1)

Note that Theorem 1.1 can also be stated as follows.

Theorem 1.2. (Smale Mean Value Theorem) Let P(z) := ay + a1z + axz® +
-+ 4+ anz™ be a polynomial of degree n > 2 over C. If z € C 1s not a critical point
of P, then there exists a critical point w € C of P such that

‘P(Z) —P(w)

1= < apa @

Proof of Theorem 1.2 can also be found in book [2] and in the monograph [3].
Inequality (1) led Smale to ask the following problem: what is the best constant 4 >
¢ > 0 such that inequality (1) can be replaced by

P(z) —P(w)

min
weC,P/(w)=0

’ng&W 3)

Smale made the following conjecture with regard to inequality (3), which is open today.

Conjecture 1.1. (Smale Mean Value Conjecture) Let P(z) := ap+ ajz+ a,z* +
-+ a,z™ be a polynomial of degree n > 2 over C. If z € C 1s not a critical point
of P, then

min w‘ < 1|P'(2)]
weC,P/(w)=0 zZ—Ww
or P(z)— P 1 deg(P) — 1
min [PEZP ) R ipyy  d8) 1,
weCP w)=0| z—wW n deg(P)

Conjecture 1.1 also appears as Problem 1 in the Addenda after the list of 18 open
problems (of which 3 are completely solved now, namely Problem 2: Poincaré Conjecture
by Perelman in 2003 [4], Problem 14: Lorenz Attractor by Tucker in 2002 [5], Problem
17: Solving Polynomial Equations by Beltran and Pardo in 2009 [6, 7]) of Smale in
Mathematical Problems for the Next Century [8]; see also [9-12]. Now for a
polynomial P of degree n > 2, define

1 P(z) — P
S(P):= sup - min M‘
zecpi(mz0 [P/ (Z)| weC P wi=0 |  z—w
and
M = sup S(P).

P is a non linear polynomial
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Smale conjecture then asks whether M = 1 or S(P) = dzge;( —17 Tt is known that

Conjecture 1 holds for polynomials of degree 2, 3, 4 [2, 3, 13] Through computer
calculations, Smale conjecture is known to hold for polynomials of degree up to 10 [14].

Usually the study of Smale mean value conjecture goes with the following conjecture,
which is known as normalization equivalence to Conjecture 1.

Conjecture 1.2. (Normalized Smale Mean Value Conjecture) Let P be a
degree n > 2 polynomaal over C which is normalized, .e., P(0) =0 and P'(0) = 1.
Then

) P(w) deg(P) — 1
So(P) == =
o(P) wecr,r}}}(rvlv):o w ‘ deg(P)
or
My = sup So(P) =1.

P isanonlinearpolynomial,P(0)=0,P’(0)=1

In 1996 Andrievskii and Ruscheweyh showed that if critical points of a normalized
polynomial P lie on the unit circle, then So(P) < 1 [15]. In 2009 Hinkkanen and Kayumov
showed that if all critical points of a normalized polynomial P are real, then Sy(P) < %
[16]. In 2010 Hinkkanen and Kayumov proved that if the critical points of normalized
polynomial P lie on the sector {re?® : v > 0,]0]| < 7t/6}, then So(P) < 3 and 1f the critical

points of normalized polynomial P lie in the union of two rays {1 —|— ret® . r > 0} for

each 0 < 0 < 71/2, then So(P) < 3 [17]. In [2] it is shown that if the critical points of
. . deg(P)—2 deg(P)—1 deg(P)

a normalized polynomial are all real, then Sy(P) < Bog(P) {( deg(P)—Z) — Z] and

in [3] it is shown that So(P) < e—2.
In 2002 Beardon, Minda and Ng showed that S( ) < fasrii [18]. In 2006 Fujikawa

and Sugawa proved that S(P) < 41+ degge)g(z);‘deg [19]. In 2007 Conte, Fujikawa and

Lakic showed that S(P) < 43P [20]. In 2007 Crane showed that there exists ny > 2

deg( +1
such that for all n > n,, S(P)gg 4 — \/m [21] (also see [22]). In 2003 Ng proved that
Conjecture 1 holds with M = 2 for all odd polynomials with nonzero linear terms [23].
In 2006 Dubinin proved that if the critical points of a normalized polynomial P have
equal modulus, then Sy(P) < dzgeg [24].

At the other side, in 2002 Sendov formulated a generalization of Conjecture 1.2 [25].
In 2003 Sendov and Nikolov gave some variations of Conjecture 1.2 [26]. In 2005 Tyson
showed that Tischler’s strong form of Smale mean value conjecture [13,27] fails [28].
Further, it is important to record that one can interpret Conjecture 1.2 in the form of
finite Blaschke products [3,29, 30]. It is also possible to connect Conjecture 1.2 with
electrostatics [31].

In [1] Smale also derived the following higher order mean value theorem.

Theorem 1.3. (Higher Order Smale Mean Value Theorem) Let P(z) := ao +
a1z + az* + - - + a,z" be a polynomial of degree n > 2 over C. If z € C 1s not a
critical point of P, then there exists a critical point w € C of P such that

|P(i!( B ’P(Z)H;(Z()T:)’k_] <4l v2<k<n ®)
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A conjecture regarding the convergence of iterates of critical point satisfying
inequality (2) has been made by Miles—Leighton and Pilgrim in 2012 [32].

Conjecture 1.3. (Miles—Leighton—Pilgrim Dynamics Conjecture) Let P(z) :=
z4 @z? + - + ayz" be a polynomial of degree n > 2 over C. Then there exists a
critical point w € C of P such that

and
P"(w) —0 as m— oo.

Miles-Leighton and Pilgrim succeeded in showing that Conjecture 1.3 holds for
polynomials of degree 2 and 3.

On the other side, in 2009 Dubinin and Sugawa derived the following striking result
which is a dual result for Smale mean value theorem [33] (see also the survey [34]).

Theorem 1.4. (Dubinin—-Sugawa Dual Mean Value Theorem) Let P(z) =
Qo+ a1z + 22 + - - - + apz™ be a polynomial of degree n > 2 over C. If z € C 1s not
a critical point of P, then there exists a critical point w € C of P such that

P'(z)l _ ‘ P(z) —P(w) ' _

n4n zZ—Ww
In other words,
/ —
PR |Plz) —PWw) ' |
n4n weC,P’ (w)=0 zZ—w

Similar to Smale conjecture, Dubinin and Sugawa made the following conjecture in
20009.

Conjecture 1.4. (Dubinin—Sugawa Dual Mean Value Conjecture) Let P(z) :=
Ao+ ajz+ az? + - - - + a.z" be a polynomial of degree n > 2 over C. If z € C 1s not
a critical point of P, then

P/
! (Z)IS max

n weC,P/(w)=0

P(z) —P(w)
z—w ' '

This conjecture is discussed in detail in [34]. Similar to earlier quantities, for a
polynomial P of degree n > 2, define

1
DS(P):= inf a
(P) zE(C,llP’(z)#O |P’(Z)|we€ll”(}v(v):0

P(z) — P(w)
zZ—wW ‘

Similar to Conjecture 1.1, we have the following normalized version of Conjecture 1.4.

Conjecture 1.5. (Normalized Dubinin—Sugawa Dual Mean Value
Conjecture) Let P be a degree n > 2 polynomial over C which is normalized,
t.e., P(0) =0 and P'(0) =1. Then

Pl

1
n  deg(P)

DSy(P) := wecé%?()v(v):o

w
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In 2016 Ng and Zhang showed that if P is a normalized polynomial, then
DSo(P) > zzey [30]. In 2019 Dubinin showed that DS(P) > 1 tan (4dg ) [35]. In
2019 Hinkkanen, Kayumov and Khammatova showed that Conjecture 1.5 holds for
polynomials of degree six [36].

In this paper we formulate C*-algebraic versions of Conjectures 1.1 and 1.4. We
show that they are valid for degree 2 C*-algebraic polynomials. We also formulate C*-
algebraic version of Conjecture 1.3 and Conjecture 1.4.

2 C*-algebraic Smale Mean Value Conjecture

Let A be a C*-algebra. For P(z) := (z— ay)(z— az)---(z — a,) for all z € A with
ap, az,...,a, € A, we define

Zz—m z/—\aj) (z—a,), Vzed

j=1

where the term with cap is missing. We are not considering Fréchet or Gateaux
differentiability. Instead, it is a derivative strictly in the algebraic sense—that is, a
derivative considered for polynomials over any ring.

We state the C*-algebraic version of Conjecture 1.1 as follows.

Conjecture 2.1. (C*-algebraic Smale Mean Value Conjecture) Let A be a
commutative C*-algebra. Let P(z) := (z— a;)---(z — an) be a polynomual of degree
n>2 over A, aiy...,a, € A. If z € A is not a critical point of P (i.e., P'(z) #0),
then there exists a critical point w € A of P such that

[P(z) — P(W]]]

< TP’
Iz —wll

or
[P(z) — P(w)]]

Iz —w]|

deg(P
deg

1
1P = 2B Lz

We can formulate a stronger conjecture than ConJecture 2.1 as follows.

Conjecture 2.2. (C*-algebraic Smale Mean Value Conjecture — strong
form) Let A be a commutative C*-algebra. Let P(z) := (z—a1)---(z— a,) be a
polynomaual of degree n > 2 over A, aj,...,a, € A. If z € A s not a critical point

of P, then there exists a critical point w € A of P such that
(P(z) = PW))(P(z) = P(W))" < (z—=w)P'(2)P"(2)"(z — w)" ()

or
. 2
(P(z) — P(w))(P(2) — P(w))" < (“—]> (z—WP(P(2) (z—w).  (6)

n

Proposition 2.1. Conjecture 2.2 implies Conjecture 2.1.

Proof. Taking norm in inequality (5) we get
IP(2z) — P(W) > = [|(P(2) — P(W))(P(z) — P(W))*|| < [[(z—wW)P'(2)P’(2)"(z — w)*| =
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=lz—=w)P'(2)|* < llz — wlP*|[P’(2)]|*.

Similarly, by taking norm in inequality (6) we get the second inequality in Conjecture
2.1. 01

Theorem 2.1. Conjecture 2.1 holds for degree 2 C*-algebraic polynomauals over
commutative C*-algebras.

Proof. We prove that Conjecture 2.2 holds and hence Conjecture 2.1 holds. Let A
be a commutative C*-algebra and let P(z) := (z— a)(z —b), a,b € A. Then P'(z) =
2z — (a+Db) for all z € A. Let z € A be such that P'(z) # 0. Note that P’ has only one
zero, namely ¢ := %b. To show inequality (6), we need to show that

(P(z) = P(c))(P(z) = P(c))" < - (z—c)P'(2)P'(2)"(z — c)".

FNg—-

Define x :=z—a and y:=z—Db. Then
at+tb z—a+z—b x+y

zoc=z——5— = 5 =5 P'lz)=z—a+z—b=x+uy,
_[a+b a+b _ —(b—a) —(x—y)?
P(c)—( > —a)( 5 —b)— 1 = 4 )
and
(P(z) — PLeN(Plz) — P(e))” = (xy + X_y)z) C _”)2) et yl b 4y
4 4 16
Therefore
;1(2— c)P'(z)P'(z)"(z—¢)" — (P(z) — P(c))(P(z) — P(c))" =
1
= 7 (x4 Y (" +y7) = (x + )" (" +y)) =0
[l

Based on Theorem 1.3 we formulate the following higher order conjecture.

Conjecture 2.3. (Higher Order C*-algebraic Smale Mean Value
Conjecture) Let A be a commutative C*-algebra. Let P(z) :=(z—a;)--- (z—an) be
a polynomaal of degree n > 2 over A, ai,...,a, € A. Ifz € A 1s not a critical point
of P, then there exists a critical point w € A of P such that

P (]| [[P(z) — P(w)[*"
k! [P(2)][*

<41 W2 <k<n.

Theorem 2.2. Conjecture 2.8 holds for degree 2 C*-algebraic polynomaials.

Proof. We continue from the proof of Theorem 2.1. Let z € A be not a zero of P'.
We have P”(z) = 2. Hence

IP'@I =2, [P = Ix+yl,
IP2) — Ple)| = (P(2) — P(e))(Pla) — Pe))"]| = 2l (x +u)2(x + 7)) =
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]
= [l x+v) ||2_16H><+yH4
Therefore
P2 ) IP(z) — Py _ 2 (M ><”"‘+y”2 y=a
R = S el S ThroP =3
O

We state Conjecture 1.3 for C*-algebraic polynomials as follows.

Conjecture 2.4. (C*-algebraic Miles—Leighton—Pilgrim Dynamics
Conjecture) Let A be a commutative C*-algebra. Let P(z) == (z— a;) - (z — ay)
be a polynomial of degree n > 2 over A, ai,...,a, € A. If P(0) =0 and P'(0) =1,
then there exists a critical point w € A of P such that

and
P"(w) —0 as m — oo.

3 C*-algebraic Dubinin—Sugawa Dual Mean Value Conjecture

We state the C*-algebraic version of Conjecture 1.4 as follows.

Conjecture 3.1. (C*-algebraic Dubinin—-Sugawa Dual Mean Value
Conjecture) Let A be a commutative C*-algebra. Let P(z) :=(z—a;)---(z—an) be
a polynomaal of degree n > 2 over A, aj,...,a, € A. Ifz € A 1s not a critical point
of P, then there exists a critical point w € A of P such that

P _ [P (2)] _ [[P(z) = P(w)]]
deg(P) no = fz=w|

Similar to the strong form of Conjecture 2.1, we have the following strong form of
Conjecture 3.1.

Conjecture 3.2. (C*-algebraic Dubinin—-Sugawa Dual Mean Value
Conjecture — strong form) Let A be a commutative C*-algebra. Let P(z) :=
(z—aj)---(z—an) be a polynomaal of degree n > 2 over A, a;,...,a, € A. Ifze A
1s not a critical point of P, then there exists a critical point w € A of P such that

(z—=wW)P'(2)P(2)" (z—wW)" _ (z—wW)P'(2)P'(2)*(z — w)*
(deg(P))? B n? -

Theorem 3.1. Conjecture 3.1 holds for degree 2 C*-algebraic polynomaials.

Proof. We prove Conjecture 3.2 holds. We continue from the proof of Theorem 2.1.

Consider
(z—c)P'(2)P'(z)*(z — c)*

(P(z) = P(c))(P(z) = P(c))" — >
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_ APy T ey Yt

16 4 4 0.

O

Remark. Conjectures 2.1, 2.3, 2.4 and 3.1 can be stated for Banach algebras. The
author believes that Conjectures 2.2 and 3.2 hold at least for von Neumann algebras.

Even though we formulated conjectures for arbitrary C*-algebras, we used
commutativity in all the proofs of the theorems in this paper. Thus, the techniques
will not carry over to noncommutative C*-algebras.

Conclusion

For 45 years, Smale’s mean value conjecture has remained an important problem
in the theory of polynomials. The Dubinin—-Sugawa dual mean value conjecture has
been an important problem for 17 years. In this article, we formulated a far-reaching
general formulation of both conjectures and verified them for degree 2 polynomials over
commutative C*-algebras.

Acknowledgments. The author thanks the anonymous reviewer for his/her several
suggestions, which improved the article.
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