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Abstract. This paper considers the inverse problem of determining the kernel of the integral term in an
integro-differential pseudoparabolic equation with distributed data over a bounded domain. First, the direct
problem is studied. The direct problem represents the first initial-boundary value problem for this integro-
differential equation. For this direct problem, the inverse problem is studied, which consists of determining
the kernel of the integral under a given additional condition regarding the solution of the direct problem.
Using the semi-inversion method, this problem is replaced by an equivalent system of integral equations for
the unknown functions, and, based on a contraction mapping, the global unique solvability of this inverse
problem in the space of continuous functions with weighted norms is proved.
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Annoranusa. PaccMarpuBaeTcst obpaTHasi 3apada OIPEAEAEHUS sIAPAa MHTETPAABHOTO YAEHa B WMHTErPO-
AuddepeHITNaABHOM [ICEBAOIAPAOOANIECKOM YPaBHEHUM C PACIpPEAEAEHHBIMM AAHHBIMU B OIPaHMYEHHOMN
obnractu. CHavana M3ydaeTcs NpsiMasi 3apada. IIpsMasi 3apada NPeACTaBASIET coboif IEpBYIO HadaAbHO-
KPaeBYIO 3apady AAS 3TOTO MHTErPO-AUPDEPEHIINANABHOTO yPaBHEHNsI. AASI 9TOM IPSIMOI 3aAa49X U3y IaIOTCS
obpaTHast 3apayda, 3aKAOYAIONINECS B OIIPEAESAECHUN SIAPA NHTErPaAad IPU 3a)AaHHOM AOTIOAHUTEABHOM! YCAOBII
OTHOCUTEABHO PeIIeHUsI NPsIMOM 3apadm. VICIoAB3ys MeToa IOAyobpallleHmsi, 3Ta 3apada 3aMEHSIOTCS
SKBUBAAEHTHON CHCTEMOH WHTErPaAbHBIX YPaBHEHUI OTHOCHTEABHO HEM3BECTHBIX (PYHKIMH X Ha OCHOBE
COKIMAIOITETO OTOOPa>keHUsI AOKAa3bIBAE€TCsI TAoDanbHAsT OAHO3HAWHAS PaspelIMMOCTb pPacCMaTpPUBaeMOil
obpaTHOIt 3aaa4y B IIPOCTPAHCTBE HENPEPLIBHLIX (PYHKIMI ¢ BECOBBIMUI HOPMAaMHU.
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Introduction

Inverse problems involve the parameters of differential equations (coefficients, right-
hand sides, conditions, or boundaries) from additional data on the solution of a direct
problem. Their importance stems from a wide range of applications —from geophysics
and mineral exploration to biomedicine and industrial flaw detection—making this area
one of the most relevant in modern mathematic.

The theory of inverse problems for second-order equations is described in detail in
classical monographs [1-9].

Since the late 1980s, the study of inverse problems for integro-differential equations
of hyperbolic type has been developing independently. The introduction of Volterra
convolution operators into mathematical models makes it possible to take into
account the "memory"or delay effects characteristic of the propagation of elastic and
electromagnetic waves in real media. The development of this field is associated with
the names of such researchers as A. L. Bukhgeim [10], Bukhgeim A.L, Kalinina N. I
[11], Lorenzi A. [12-14], Grasselli M., S. I. Kabanikhin [15], J. Yanno [16], Romanov
V.G. [17,18], Romanov V.G., Yamamoto M. [19], Durdiev D.K. [20] and others. Similar
problems for heat equations under various overdetermination regimes are also considered
in detail in [21,22].

In a recently published monograph [20], a new class of inverse problems related to the
determination of the convolution kernel in second-order hyperbolic integro-differential
equations is investigated

Inverse problems of determining the kernel in the integro-differential equation of heat
conductivity under various overdetermination conditions were considered in a number
of works (see [21,22]).

Inverse problems arise in a wide variety of scientific fields, such as seismology, mineral
exploration, biology, medicine, industrial quality control, and so on, making them among
the most pressing problems in modern mathematics.

Inverse problems for hyperbolic integro-differential equations are a relatively new
field of inverse problem theory, emerging in the late 1980s. Under certain conditions,
Volterra convolution operators are added to the equations of propagation of elastic and
or electromagnetic waves, which describe the phenomena of "delay"or memory.

The study of inverse problems for pseudoparabolic equations began in the 1980s.
The first significant result was obtained in the work of W. Rundel (see [23]), where
the semigroup method was used to study two inverse source determination problems
depending on space and time, respectively. Then, starting in the early 1982s, inverse
problems for pseudoparabolic equations began to be intensively studied by Kyrgyz
mathematicians in various formulations and with various overdetermination conditions.
The results of these studies are reflected in the monographs [24-26] (see also the
references therein).

Inverse problems for third-order equations are studied in the monographs of B.S.
Ablabekov (see [25,26]), A. Asanov, E.R. Atamanov [27]. Inverse problems for integro-
differential pseudo parabolic equations are investigated in the works [24,29-31].
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Problem statement

Let us consider the initial-boundary value problem

t

ut(x,t) _u“xxt(x)t) _u’xx(x»t) = J k(T)U(X,t—T)dT—l—f(X, t)’ (X)t) € QT) (1)
0

LL(X,O) = (p(x), 0<x<1, (2)
W (0,t) = wi(t), u(lt) =pa(t), 0<t<T, (3)

where f(x,t), w(t), u2(t), @(x) are given functions.

Inverse problem: find pairs of functions u(x,t) and k(t), if relative to the solution
of the direct problem (1) — (3), the overdetermination condition at the interior point is
known

I,L(Xo,t) :ll)(t)» O<X0<]’) OStST) (4)

where {(t) is a known function, | and T are arbitrary positive numbers.

The problem of determining the function u(x,t) € C»"(Q+) from conditions (1)—(3)
for given numbers 1, T and sufficiently smooth functions f(x,t), k(t), @(x), i (t), pnz(t)
is called the direct problem.

Definition 1. We call the function u(x,t) € C®V(Q7) a classical solution of
the direct problem (1) — (3) if, in the classical sense, it satisfies equation (1), the
watial condition (2) and the boundary conditions (3).

Definition 2. The solution of the inverse problem (1) — (4) is called a pair of
functions u(x,t), k(t) such that k(t) € C[0,T], u(x,t) € CAY(Qr) N C(Q7), and the
functions u(x,t),k(t) satisfy conditions (1) — (4).

Investigation of the direct problem

Before moving on to the formulation of the inverse problem, let us formulate the
properties of the solution of the direct problem (1)—(3).

Theorem 1. Let ¢(x) € C?[0,1, k(t) € C[0,T], w(t),u2(t) € C'[0,T],
COV(Qr) and satisfy the following approval conditions: @(0) = ui(0), @(1)
and @'(0) = @’(1) =0. Then there exists a unique solution to problem (1)-

f(x

rﬁ

b e
H2(0)
)

Proof. Let’s make a substitution
u(x,t) = v(x,t) +x(x,t), (5)

where x(x,t) = xu(t) + %(ul(t) — wy(t)) is a given function, and v(x,t) is a new
unknown function.
Then the inverse problem (1) - (4) is reduced to the problem

t t

k(s)v(x,t —s)ds + J k(s)x(x,t—s)ds + F(x,t), (x,t) € Qr, (6)

Vi — Vixt — Vxx = J
0

0

V(X,O) = @(X)) 0<x< l) (7)
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Vx(oyt) = Vx(l)t) = O> 0<t< T> (8)
vixo,t) = (1), 0<t<T, (9)
where
Fx, 1) = f(x, 1) = (Xt = Xooxt — Xox)
¢ (x) = @(x) —x(x,0),
Y(t) = (t) —x(xo, t).
Let us introduce the function v(x,t) = e 'w(x,t). Then problem (7) - (8) will take
the form

t t

etsk(s)w(x,t—s)deretJ k(s)x(x,t—s)ds+e'F(x,t), (x,t) € Q,

Wi —Wyxt = W+J
0

0

(10)
W(X»O) :@(X), 0<x<l, (11)
wo(0,8) = wy(Lt) =0, 0<t<T (12)

We replace problem (10)-(12) with an equivalent integral equation. From (10)-(12),
inverting the operator —d?/dx?+I and integrating the resulting relation over the variable
t from O to t, we obtain

t ol
w(x,t) = Fi(x,t) +J J G(x,&)ew(&, 1)dédT+

0Jo

t pl T
+] ] eone | e kishwie, - s)asdzar, (13
0

0J0

where
1 [chxch(l1—§&), 0<x<§,
Glx,£) = — 14
8 shl{cha—x)cha, E<x<l. "
X . t (1
Fixt) = [ 6% H k(s)X(E,t—s)ds} de+plx)+ | | 6lx E)eTF(E dedr,
0 0 0Jo

Since @(x) € C2[0,1], k(t) € C[0, T], wi(t), ma(t) € C'0, T], f(x,t) € COV(Qy), then the
expression F;(x,t) € C®V(Qy), therefore, the expression on the right side of formula
(13) has derivatives of the second order with respect to x and of the first order with
respect to t, i.e. w(x,t) € C>V(Qy).

Using the property of the Green’s G(x, &) function, it is easy to show that the
function w(x,t) satisfies conditions (10)—(12) (see [1]).

Let us prove the existence of a continuous solution to equation (13).

Let us define a sequence of functions w, (x,t), n > 1 by the equalities

t ol
wi(x,t) =J J G(x,&)e"w,_1(&,T)dédT+

0J0

t rl T
+J' J G(x, E)J e" *k(s)wn_1(&, T —s)dsd&dT, (15)
0

0Jo

wo(x,t) = 0.

14
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Let us introduce the notation

Po —ggagl!cp( x)l, Mo = max {(ﬁl&};!m( )\,011<1a<5;!uz( )\,Onglgg};!u]( )\,()Igag!uz( )I},

[l —ggtagglk( ), fo= (nggngf(x,t)l.

To do this, we estimate the function wy(x, t).

Since X
| atxeae=1, (16)
0
we obtain
1 t
Fi(x 0] < LG(x,a) HO K(s)x(&, £ — ) ds} da‘+|cp|+|f(x i+ -

Xt — Xt — Xl < (L4 17) H0\|k||€TT+fo+(po+‘ H+2‘uo M.

Here we used e' < e' and equality (16).
Then
Wi (x,t) —wo(x, )] < [Fi(x, 1) =M

t pl
wa(x, £) —wi (x, £)] < J J Glx, &)W (€, T) — wolE, 7)|dEd T+
0JO

t el T
+J J G(x, a)J e k(s)[lwi (&, T—s) —wo(&, t — s)|dsdEdt < (e —1)M+MHkH2,,
0

t pl
s (x, £) — walx, £)] < J J Glx, £)e*twa(£, T) — wi (&, 7)|dEd T+
0JO

¢ L T (eT —1)2 tt
+| [ 80| e ks)ima( T — ) wile, T - s)dsaede < M MIREY
0Jo 0 : .

Then for an arbitrary n the following estimate holds:

<(e -1
- (n—1)!

From the above estimate (18) it follows that the series

|2 tZT‘L ])

I (18)

|Wn(x> t) — Wn (X) t)| M + M||k|

[e.o]

Z [Wn (X> t) — Wn (X> t)]

n=0

converges in region Q.

From estimate (18), it follows that the sequence of functions wy(x, t), continuous in
Q7, uniformly converges to a function w(x,t), continuous in Qy. Passing to the limit
in equality (15) at n — oo, we find that w(x,t) is a solution to equation (13). Thus,
the existence of a continuous solution to equation (13) is proven.
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Let us prove the uniqueness of the solution to equation (13). Let the functions
wy (X, t), wa(x, t) be continuous in Qr and satisfy equation (13). Then for their difference
Z(x,t) = wi(x,t) —wy(x,t) the estimate holds

t pl t pl T
Z(x, )] < J J G(x, E)eTIZ(a,T)IdE,dTJrJ j G(x, e,)J e Ik(s)1Z(E, T — s)ldsdEdr.

0Jo 0Jo 0

We introduce the function V(t) = maxo<x<1|Z(x,t)], 0 <t < T. From the estimate
follows the inequality

t
Vil < | (e ko1 = €V(Dldr, 0<t<T
0
and, therefore, V(t) = 0 for 0 < t < T. Consequently, w;(x,t) = w,(x,t) in Q7. Now,
sequentially, we find the function v(x,t), then, using formula (5), the function u(x, t).
Theorem 1 is proven. [l

Study of the inverse problem

Let us consider instead of the inverse problem (1)—(4) the inverse problem (6)—(9).
Let us rewrite equation (6) in the form

t t

k(s)x(x,t—s)ds+J k(s)v(x,t—s)ds + F(x,t), (x,t) € Qr. (19)

Vi — Vuxt — Vxx = J
0

0

Applying the operator 9/0t to both parts of equation (11), and introducing the
function & = v, from (11) — (14) we obtain

t

By — Dt — Dox = k(B (Px) + x(x, 0)) + J k(D 0, t — T)de+

¢ 0 (20)
+J K(s)9(x,t — s)ds + Fy(x, 1),
0
S(X)O) = 19O(X)» 0<x<1, (21)
9(0,t) =9(,, 1) =0, 0<t<T, (22)
dxo,t) =W'(t), 0<t<T (23)

Here dy(x) is the solution to the boundary value problem
VD (X%,0) +9(x,0) = (x) + F(x,0), 9,(0,0) =9,(1,0) =0,

which has the form .
Blx) = | G0x,E)[(E) + FIE,0ldE
0
where G(x, &) is determined by formula (14). Let us introduce the function d(x,t) =
e '0(x,t). Then the inverse problem (20) - (23) takes the form
t
(—0x +0)e = 0 + e'k(t)p(x) + J k(t)e"™0(x, t — T)dT+
" 0 (24)
—I—e"J k(s)xe(x,t — s)ds + e'Fy(x, 1),
0
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0(x,0) = o(x), (25)
0,(0,t) =0, (L,t) =0, 0<t<T (26)
e(XO)t) = etq_)/(t)) (27)

We replace the inverse problem (24)—(27) with an equivalent system of nonlinear integral
equations. From (24), (26), inverting the operator —d?/dx? + I, we obtain
1

0,(x,t) :J Glx,£) (B(&, ) + e'k(t)o(£)) it

0
1 t
+| 6x,8) | KrletTe(E, t—midrae+ (28)
0 0
L

1 t
+J Glx, a)etj K(s)xe (&, t — 1) dTdE + ¢t j Glx, £)F (£, £)dE,

0 0 0
To obtain an additional condition, we set x = x; in equation (28) and use condition
(27). Then, after simple transformations, we obtain
1

(B (1) + (1) = nlxo)k(t) + etJ G(xo, £)0(E, t)dE+

0
1 t
+ J G(xO,a)j K(t)e0(E, t — T)drdE+ (29)

1

1 t
T j G(xO,a)j k(s)xt(xO,t—s)dsduj Glxo, E)F (£, 1) dE,

0

where )

n(x) :J Glxo, £) 9 (£)dE.

0
Since @(xo) # 0, then according to the theorem on the mean value of the integral, and

also considering (17), we have 1(x,) # 0. From relation (29) we obtain

k(t) =ko(t) —

1
j G (xo, £)6(E, 1) dE—

n(xo) Jo

] 1 t
ixa] J G (xo, E,)J k(t)e "0(&,t — t)dTdé— (30)

0 0

1 t t
TN L G(x0, &) L k(s)xt(xo, t —s)dsd§,

where X

1./ T./ _L
o (B0 8(0) — = | Gl EIF(E, .

On the other hand, integrating relation (28) with respect to the variable t from 0 to
t, we obtain

ko(t) =

t prl
0(x,t) = Bo(x, 1) + L JO Glx, €) (O(£, ) + k()P (£)) dEdrt

ok () els)
+J J G(x, E)J k(s)e™0(&, T — s)dsd&dt+ (31)

0

i j f G, | Kls)lg L sldsdid,

0

17



ISSN 2079-6641 Ablabekov B.S., Matanova K. B.

where

t ol
0o (x,t) :J eTJ F. (&, t)dédt + do(x).

o Jo
System (30), (31) is a system of nonlinear integral equations of the second kind with
respect to functions 0(x, t), k(t).
To do this, we write this system of equations as an operator equation

z = Az, (32)
where z is a vector function of variables x,t with components z;, z,, and
A (X) t) = e(X, t)) ZZ(Xa t) = ZZ(t) = k(t)>

and the operator A is defined on the set of functions z € C(Q+) and, in accordance with
equalities (30), (31), has the form A = (A4, A;):

t pl
Arz = 8o(x, 1) +j J Glx, &) (z1(&, ) + €22 (1) (£)) dEdT+

0Jo
T

t ol
—l—J J G(x, E)J z(s)e*z1 (&, T — s)dsdédt+ (33)
0 T
+J J e"G(x, E)J 25(s)xt(&, t — s)dsdédr;
0 Jo 0

1
n(§ 0)
E) | za(t)e"z1(&,t —1)dTdé— (34)

Azz(t) = Ko(t) —

] 1
g
1 1
n(xO)J G(xo, &)J Xt(&,t — s)zy(s)dsdE.

0
Let C, be the family of Banach spaces of continuous functions equipped with a family

1
J Glxo, £)z1 (£, £)dEm

+O

of weighted norms

Izlle = max{ sup |z(x, t)e”"'|, sup !zz(t)e_“tl} = max{||z1|q, ||22]lc}, ©>0.
(x,t)eQT te[o,T]
It is obvious that at o = 0 this space coincides with the space of continuous functions
with the usual norm ||z||.
Consider in the space C, the set Sy(zo,7) = {z: ||z — z0||¢ < 7} — a ball of radius r
with center at the point z, of the weight space C,(Qr).
Note that for z(x,t) € S;(zo, ) the following estimate is valid:

“ZHG < ||ZO||U +1r < 2r.

Note that for each t € (0, T] the weighted norm | - ||, is equivalent to the ordinary
norm || - ||
ezl < llzlls < llzf, o=0.

The number o will be chosen later.
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Note that the convolution operator is commutative and invariant under

multiplication by et

(g1 % g2)(t) = (g2 * g1)(1),
e (g1 * g2)(t) = (e "gi(t)) * (e *ga(t))
lg1 % g2lle < llg1loll 92l
Let z(x,t) € S5(zo, ) and we will show that with the appropriate choice the operator

A maps the ball S;(z¢, 1) into itself, i.e. Az € S;(zo,T).
Indeed, from (33), (34), composing the norm of differences for (x,t) € Qr, we find

A1z —zoi]lo = sup [(Aiz—zo)e | <
(x,t)eQr

t pl
< sup le | | Glx,E) (1(6,7) + €nlt)p(&) dedr| +
(xt)edT 0Jo
t pl T
+ sup e“tJ J G(x, i)J ez, (s)z1 (&, T — s)dsd&dT| +
(x,t)edt 0Jo 0
t pl T
+ sup e_‘ﬁj J e"G(x, E)J 2(8)xt(&, T —s)dsdédrt| <
(x,t)EQT 0Jo 0
t ol
< sup HG( 8) [21(6,7) + €22 ()p(E)] e e dede| +
(x,t) EQT 0
+ sup J e J (x, &) (J (T= S)egszz(s)m(é,”c—s)e"“”ds) dédr| +
(x,t) EQT 0 0
t T
+ sup J (x,&)J e %2,(s)e "y, (&, T — s)dsd&dt|;
(x,t)eQr 1J0 0
t ol
b= sup || | G(x&) a6 + Enlmp(E]e e o Vdedr| <
xt)edr 1Jo Jo
< (J|zollo + 1) + (J|zo]ls + T)eTlol] < UzeletD (1 4 eTp);
t 1 T
I = sup J e“’(t_T)J' G(x, &) <J e(T_S)e_“Szz(s)m(&,T—s)e“’“_s)ds) dédr| <
xtedr [Jo 0 0
v el —1 zolls 4+ 1)%eT
< sup || e e Dlzalozodr| < € =)zl + 72 < Uzlle 1€,
0<t<T |Jo o o
t pl T
13 = sup J J e"G(x, &)J e "zy(s)e " Ix (&, T — s)dsdEdT| <
0<t<T [Jo Jo 0
< <||Zo|(|ya+T> (1 _|_12)(6T_ N < HZol(l;rH(] +12)€TLL0.
This means,
o+ o+ 1)’ o+
Az =zl < Lele T gy rgyy y Wzelo brle | Hoolle 7 payery

o

If we choose o as follows

T
> —
=T zolle £ 1) (T + e o + (Jzofle +1)e™ + (1 + B)eTho)’
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Then ||A1z — zp1||le < 1, i.e., the first condition of contractive mapping for A; is
satisfied. Now let’s evaluate ||A,z — zp2||o:

l
1Az —zooflo = sup [(Azz—zea)e™™| < sup J G(xo, &)e %21 (&, t)dE| +
(ot)eQT n(xo) (xt)edy 1Jo
l t
5y SUP J G(XO,é)J e““lz(T)e‘Tz](E,t—r)drdg' +
(X)t)EQT 0 0
1 t
+Tﬁ sup J G (xo, £)J ety (&, — s)zz(s)dsd£’ < Iy + 1+ I
0<t<T [Jo 0
1 l T+ 20|l
Iy = sup J G(xo, &) z1 (&, t dg' H e < 1zl :
N(xo0) (vyear 1o n(xo)
1 t ]
Ip = n(l) sup J G(xo, E)J e "z, (T)e Te Uz (8t — )de&' < Izallollz1 |6 <
L pssT o : ()
< [tz
= nlx)
l ' T+ |20l
I3 = sup J G(Xo,i)J thXt(E,,t—S)Zz(S)deE,’ < M“ + 1)
n(xo) 0<t<T |Jo 0 on(xo)

Accordingly, we obtain

r+zolle | (r+llzollo)? | (r+1zollo)
n(xo) n(xo) on(xo)

|A2z — 226 < (14 1%) o

Now we can choose r, 0 such that there hold the inequalities:

(14|20l

It follows that if

then A; € S(zo, 7).
So, if the inequality
r > 11 = max{o, ) (35)

and o > «; hold, then the operator A, maps S(zy, r) into itself, i.e., A, € S(zo,T).
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As a result, we conclude that if o, p satisfy the conditions o > max{oy, 02}, p > p1 =
max{x, &}, then operator A maps S(zy, r) into itself, i.e., A € S(zo, 7). Now let z,z; be
any two elements from the set S(zy, ). Then, using auxiliary inequalities of the form

12}z} — 23zl = || (23 — 23)z] + (2] — 2)z3 |, +

36
12012 — 22 max(||2 o, [122ll0) < 2(]zollo + 712" — 2o (36)

we will receive

t ol
(A2 = A2) ||, < sup le| | 6lx &) (12}~ (e ) + e¥zh — B Dp(E) dedr| +
(X,t)EQT 0Jo
t T
+ sup e"tJ J G(x, E,)J e (2)(s)z1 (&, T — ) — 23(s)z7 (&, T —§)) dsd&dT| +
(xt)ehr 0 Jo 0
t rl T
+ sup e“tJ J e"G(x, é)J (z3(s) —z5(s)) xe(&, t — s)dsd&dt| < Ijy + Ljz + L.
(xt)ehr 0 Jo 0
B t (1
Iy = sup J J G(x,&)e " Pe " ((z] — z7) (&, T) + €"(z) — 23) (T) P (&)) dédr| <
(xt)edr [Jo Jo
] ] (T+e"|])
< _ 1_20_‘[‘ _1_20_T—<— _ o
< 2lied — 2T+ Llizd — el < 1P 2~z
To estimate the second integral, we use the estimate (36).
Then
t T
T, = sup e*‘”[ int})G(x,é)J' el (z3(s)z] (&, T —s) — 23(s)z3 (&, T — 5)) dsdédt| =
(x,t)eQr 0 0
t pl T
= sup J J e *(t-TG(x, a)J e o(Tmslelmslem0s (2] (s)z] (§,T — ) — z3(s)z5 (&, T — 5)) dsd&dt| <
(x,t)edr [Jo Jo 0

2 T
< (”ZOHU +T') (e )”Z] 7Z2||0-;

(o}
Analogically
_ t rl T
;3= sup thJ J eTG(x,é)J (z)(s) — z3(8)) X<(&,t — s)dsd&dt| =
(x,t) €T 0Jo 0
t el T
= sup J J e"G(x, E)J e " (2)(s) — 23(s)) X«(&,t — s)dsd&dt| <
et 1Jo Jo 0
el —1)(3L+1?
< ( )( )uon —zlle.
o
Therefore

|(Az' —AZ),||. < ((T+ i”@“) + 2(||Z°||“+(:)(6T_ D, (1= 1)(?“2)%) [

If we choose o as follows

T
~(THe|o]D) + 2([lzollo + T)e" + eT(3L+ 1)y’

0> 03
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then -
I(Az' = AZ), ||, < llz1 = zllo

i.e., the second condition of contractive mapping for A; is satisfied.
The second component of A can be estimated in the following form:

1
[ 6o 00e @He 0 —2He ) da\ i

(A2 —Az),), < L sup
0

o~ n(xo) (x,t)eQT

1 t
J Glxo, E) J e (2)(s)2} (6,7 — s) — 2()Z2(E, T — ) dma’ +

0 0

+ sup

n(xo) (x,t)eOt

1 t
J G(xo, &) J e "X (& t—s) (z5(s) — z3(s)) deE' =Ly + Ly + Ls;
0 0

+ sup

M(xo) o<t<T

Let’s perform estimates separately for each L1, Iy, I3. The estimate for I is:

Iy = sup

X0) (x,t)eQT

1 1 1
L G(xo, £)e™" (21 (&, 1) — 27 (&, 1)) dﬁ‘ < m”ll—zﬂ\o = MHm—hH&

Again applying equality (36), we obtain

In= sup

n(xo) (x,t)elt

1 ¢
J G(xo, &) J e Te e (2)(s)z] (&, T — s) — z3(s)Z] (&, T — 3)) de&‘ <
0 0

1 t
[ 608 | e @it e, m— o) - Borze T ) ava| -

0 0

1
= sup
n(xo) (x,t)eOr

2
< (HZOHG"‘T)HZ] _Zz”cﬂ
on(xo)

_ 1 t

I3 = sup J G(XO,E)J e " (&t — ) (z3(s) — Z3(s)) dsdci’ <
. ﬂ(xo% 0<t<T |Jo To ,
e (1+1)uo, ; e (14 19)uo

< —— "z — 2|l = ———||z1 — 22][6-

O‘T](Xo) H 2 ZH Gn(XO) || 1 2||

Having summed up the obtained estimates for I,;, I,s, 1,3, we obtain

[0+ 2 (Jlzoll +7) + (€7 = 1) (L + 1) o]

om(xo) ex =221l

H(Ai —AZ2)2||(T <Iy+Inp+I3<

Now we choose numbers o, p so that the expression at ||z; — z,||, becomes less than
1, i.e., the inequality

[0+ 2 (||zoll6 + 1) + €"(3 + 1P o]

o(x0) <

is fulfilled. This inequality is valid if numbers o, r will be chosen from conditions

n(xo) 3’

2 (Jlzofle + 1) < -
on(xe) O 3’
e"(l+ 1)y 1
o
. on(xo) 3

22



Global solvability of the inverse problem. .. ISSN 2079-6641

Solving these inequalities with respect to o, r we obtain

3 <T](Xo)>
12r
03 =— < 0,
e
e
o, = Ve
n(xo)

From these estimates it is clear that if o, are chosen from the condition
0= maX{G]) 02, 03, 0-4})

then the operator A in the set S is a contraction mapping.

According to the contraction principle, the operator A, therefore, if 0,1 are taken
from the condition o > max{oy, 0;}, v < 11, then the operator A in the set S(zy,r) has
a unique fixed point.

The following theorem holds

Theorem 2. Let @(x) € C[0,1, (f(x,t),fi(x,t)) € C(Qr), P(t) € C0,T],
wi(t), w/(t) € C'[0,Tl, i = 1,2, and satisfy the following compatibility conditions:
@(0) = w(0), o(1) = u2(0) and @(xo) = W(0) # 0. Then the operator equation (32)
has a unique solution in domain C(Qrt) for arbitrary 1 >0 and T > 0 has a unique
solution that continuously depends on the data.

Consequently, the inverse problem (1)—(4) for an arbitrary and has a unique solution
that continuously depends on the data.

It follows that

1T a2 0 w2
|AZ" —AZ| < e pey | A

and the operator A performs a contracted mapping of the ball S(zy, r) onto itself. Then,
according to S. Banach’s theorem, equation (32) has a unique solution belonging to this
ball.

Consequently, by solving the system of equations (33), (34) by the method of
successive approximations, we uniquely construct in the domain Q+ for arbitrary 1 > 0
and T > 0 the functions w(x, t), k(t) in the class C?V(Qy) x C([0, T]). Thus, we uniquely
determine the function k(t) on the interval [0, T]. Next, we sequentially find v(x, t), and
then u(x,t). Theorem 2 is proven.

Theorem 3. Let fi(x,t), @i(x), wi(t), ni(t), $yi(t), i = 1,2 be the data of the
tnverse problem (1)—(4). Then, for the corresponding solutions ki(t),k;(t), the
estimate holds:

k1 (1) — ka2 (8) [l co,my < CllIbr — Wallezqoy + 11 — Fallconay) + 101 — @2l 20,0+
I — vl cromy + [k — H%HO([O,T])])

where the constant C depends only on the mnorms of the functions
wy, uy, f1, f2, @1, @2, k1, k2, and the parameters T, 1.

The proof of Theorem 3 can be obtained directly from the system of integral
equations (33), (34).
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Conclusion

This study analyzes the inverse problem of identifying the temporal kernel K(t)

in a third-order linear integro-differential pseudoparabolic equation. The mathematical

formulation incorporates an initial distribution, Neumann boundary conditions, and
an additional overdetermination condition at an interior point of the spatial domain.
Sufficient conditions on the input data are established to ensure the existence and
uniqueness of a global solution to the original problem over the time interval.
Additionally, a theorem is proved regarding the stability of the solution with respect to
small perturbations of the initial and boundary data.
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