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Abstract. In this paper, degree-based topological indices are fundamental graph invariants used to quantify
structural irregularity. Let G = (V, E) be a simple tree with vertex degrees dv for v ∈ V(G). This paper
investigates trees whose degree sequences are governed by the Fibonacci numbers {Fk}k⩾3, referred to here
as Fibonacci trees. Particular attention is given to the Albertson index and the Sigma index

σ(G) =
∑

uv∈E(G)

(du − dv)
2,

both of which measure the degree irregularity along the edges of the graph. Firstly, characterize the Fibonacci
degree sequences that are realizable by trees and describe their key structural properties. Exploiting the
recursive nature of the Fibonacci sequence, we derive an explicit closed-form expression for the Albertson
index of Fibonacci trees in terms of Fk. This formula reveals how recursive degree constraints influence edge-
degree imbalances. Sharp lower and upper bounds for both irr(G) and σ(G) are then established for trees of
fixed order with prescribed degree sequences. The extremal trees achieving these bounds are identified and
include paths, stars, and certain star-like configurations. These results extend known extremal properties
of degree-based topological indices and illustrate the specific impact of Fibonacci degree sequences on
tree irregularity. The study offers new insights into recursively constrained degree sequences and suggests
promising directions for further analysis of structured trees using algebraic and combinatorial methods.
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Научная статья

Полный текст на английском языке

УДК 519.17

О мерах нерегулярности в деревьях с последовательностями
степеней Фибоначчи

Ж. Хамуд1, А.Я. Белов1, Д. Абдулла∗1, M. Альмахалеби2

1 Московский физико-технический институт, Институтский пер. 9, Долгопрудный,
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2 Университет Ибн Тофайла, Кенитра, Университетский кампус, B.P. 242, 14000, Марокко

Аннотация. В данной работе топологические индексы, основанные на степенях вершин, являются
фундаментальными инвариантами графа, используемыми для количественной оценки структурной
нерегулярности. Пусть G = (V, E) — простое дерево со степенями вершин dv для v ∈ V(G). В данной
работе исследуются деревья, последовательности степеней вершин которых определяются числами
Фибоначчи {Fk}k⩾3, называемые здесь деревьями Фибоначчи. Особое внимание уделяется индексу
Альбертсона и индексу Сигма:

σ(G) =
∑

uv∈E(G)

(du − dv)
2,

оба измеряют нерегулярность степеней вдоль ребер графа. Во-первых, охарактеризуем
последовательности степеней Фибоначчи, реализуемые деревьями, и опишем их ключевые
структурные свойства. Используя рекурсивную природу последовательности Фибоначчи, мы
выводим явное выражение в замкнутой форме для индекса Альбертсона деревьев Фибоначчи
через Fk. Эта формула показывает, как рекурсивные ограничения степеней влияют на дисбаланс
степеней ребер. Затем устанавливаются точные нижние и верхние границы как для irr(G), так
и для σ(G) для деревьев фиксированного порядка с заданными последовательностями степеней.
Идентифицируются экстремальные деревья, достигающие этих границ, и включают пути, звезды
и некоторые звездообразные конфигурации. Эти результаты расширяют известные экстремальные
свойства топологических индексов, основанных на степенях, и иллюстрируют специфическое
влияние последовательностей степеней Фибоначчи на нерегулярность дерева. Исследование
предлагает новые идеи относительно рекурсивно ограниченных последовательностей степеней и
указывает на перспективные направления для дальнейшего анализа структурированных деревьев с
использованием алгебраических и комбинаторных методов.

Ключевые слова: деревья, последовательность, Загреб, топологический, Фибоначчи,
изоморфный
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Introduction

Throughout this paper. Let G = (V, E) be a simple, connected graph, where n =

|V(G)|, m = |E(G)|, the minimum and the maximum degree of G are denoted by δ, ∆
where 1 ⩽ δ < ∆ ≤ n− 1. Let Pn be a path of order n and Sn the star tree of order n,
typically denoted by K1,n−1. Two graphs G and H are deemed identical if their vertex sets
are equal, V(G) = V(H), and their edge sets are equal, E(G) = E(H), or equivalently, if
G ⊆ H and H ⊆ G. The graphs G and H are said to be isomorphic [1], denoted G ∼= H,
if there exists a bijection ψ : V(G) → V(H) such that an edge uv ∈ E(G) exists if and
only if the edge ψ(u)ψ(v) ∈ E(H). A subset S ⊆ V of vertices in a graph G = (V, E) is
termed a dominating set [1] if every vertex v ∈ V either belongs to S or is adjacent to
at least one vertex in S. Let e = uv ∈ E(G) an edge, then the imbalance of e known
as |dC(u) − dG(v)| it is employee in Albertson Index. Dorjsembe,S., et al. [2] emphasize
that for a path u0u1 · · ·ut in graph G, then imbG (u0, ut) =

∑t−1
i=0 |dG (ui) − dG (ui+1)|.

In 1997, Albertson in [3] mention to the imbalance of an edge uv by imb(uv) where
we considered a graph G is regular if all of its vertices have the exact same degree, then
the irregularity measure defined [3–6] as:

irr(G) =
∑

uv∈E(G)

|du(G) − dv(G)|. (1)

Denote by irrmax the maximum of Albertson index and irrmin the minimum of Albertson
index. Ali, A. et al [7] mention to total irregularity of D(G) = (d1, d2, . . . , di) a degree
sequence of G where d1 ≥ d2 ≥ · · · ≥ dn, it defined in Definition 1, then we have:

irrt(G) = 2(n+ 1)m− 2

n∑
i=1

idi. (2)

Definition 1. [Degree Sequence [8–12]] Let G = (V, E) be a simple graph, where
V = {v1, v2, . . . , vn}, let D(G) = (dG (v1) , dG (v2) , . . . , dG (vn)) be a degree sequence of
G where dG (v1) ⩾ dG (v2) ⩾ · · · ⩾ dG (vn). When D(G) = (k, k, . . . , k), then G is
regular of degree k. Otherwise, the graph is irregular

Let D = (d1, . . . , dn) be a non-increasing degree sequence with n ≥ 2. There are a
graph G1 where V(G1) = {v2, . . . , vn}, then, the degree vertices [13] are

degG1
vi =

{
di − 1 if 2 ≤ i ≤ d1 + 1,
di if d1 + 2 ≤ i ≤ n.

(3)

We assemble a graph G from G1 if combined a new vertex v1, and the e1 edges v1vi for
2 ≤ i ≤ d1 + 1. by considering degG vi = di for 1 ≤ i ≤ n, if d1 ≥ 1, graphical if and
only if the sequence B = (d2 − 1, d3 − 1, . . . , de1+1 − 1, de1+2, . . . , dn) is graphical.

Ghalavand, A. et al. In [14] proved irrT(G) ≤ n2

4
irr(G) when the bound is sharp for

infinitely many graphs. The first and the second Zagreb index, M1(G) and M2(G) are
defined in [3, 15,16] as:

M1(G) =

n∑
i=1

d2i , and M2(G) =
∑

uv∈E(G)

du(G)dv(G).
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Actually an alternative expressions introduced by M. Matej́i et al. in [3,17] for the first
Zagreb index as M1(G) =

∑
u∼v(du + dv). The recently introduced σ(G) irregularity

index is a simple diversification of the previously established Albertson irregularity
index, in [18,19] defined as:

σ(G) =
∑

uv∈E(G)

(du(G) − dv(G))
2
.

Denote by σmax the maximum of Sigma index and σmin the minimum of Sigma index.
Our goal of this paper, conduct a study on the bounds related to the selected

topological indices, specifically Albertson index and the Sigma index, particularly when
examining the maximum and minimum values of each index and linking these values
with the first Zagreb index, the second Zagreb index and the forgotten index.

Preliminaries

In this section, we explore important concepts and recent advancements in graph
irregularity indices, with a particular emphasis on trees. In [20] emphasize that graphs
G1 and G2 where G1, G2 ⊆ G are isomorphic if and only if, for any graphs G1 and G2
with disjoint sets of vertices V(G1) ∪ V(G2) holds, where G = G1 ∪ G2 is the disjoint
union of G1 and G2. Let S be a class of graphs, then we have irrmax, irrmin Albertson
index of a graph G, where:

irrmax(S) = max{irr(G) | G ∈ S},
irrmin(S) = min{irr(G) | G ∈ S}.

In [14] mention to total irregularity when
∑

i≥1 ni = |V(G)| where |V(G)| is the
number of vertices of degree i in graph G it is know as irrT(G) =

∑
1≤i<j≤n−1 ninj(j− i).

So that in [14] proved irrT(G) ≤ n2

4
irr(G). In this case, if G is a tree, then irrT(G) ≤

(n − 2) irr(G). Define the general Albertson irregularity index of a graph in [10] by
Lina, Z., et al. such that for any number p > 0 then:

irrp(G) =

 ∑
uv∈E(G)

|d(u) − d(v)|p

 1
p

.

This relationship had established for Lemma 9.
Theorem 1. [10] Let G be a connected graph. When 1

p
+ 1

q
= 1, then

irrp(G) irrq(G) ≥ F− 2M2,

with equality if and only if p = 2, or G is a regular graph.
According to [21] and [10], if p ≥ 1 where 0 ≤ d ≤ n−1. Then, for a degree sequence

D satisfy (
n∑
i=1

dpi

) 1
p

≤ (n− 1)1−
1
p

n∑
i=1

d
1
p

i (4)
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Theorem 2. [7] Let T be a tree of order n ≥ 4, the total Albertson index among
T satisfy:

irrt(G) =

{
irrtmax

(G) = (n− 1)(n− 2),

irrtmin
(G) = 2(n− 2).

Proposition 1. [Upper Bound Sigma index [19]] For any graph connected
G with n vertices with minimal degree δ, maximal degree ∆, and maximal σ
irregularity. Then, the upper bound of σ as:

σ(G) >
δ

∆+ 1
(∆− δ)3n, σ(G) >

1

∆+ 1
(∆− 1)3n. (5)

Yang J, Deng H., M., [22] provide 1 ≤ p ≤ n−3. Then: ∆(G) = n−1. For Caterpillar
tree with path vertices with degrees d1, d2, . . . , dn, we have:

irr(G) = (dn − 1)
2 + (d1 − 1)

2 +

n−1∑
i=2

(di − 1) (di − 2) +

n−1∑
i=1

|di − di+1|.

Lemma 1. [11] Let D1 = (x1, . . . , xn),D2 = (y1, . . . , yn),B1 = (a1, . . . , an) and
B2 = (b1, . . . , bn) be a non-increasing degrees sequences, if B1 ≼ D1 and B2 ≼ D2,
then

(a1b1, . . . , anbn) ≼ (x1y1, . . . , xnyn). (6)

Lemma 2. [23] The star Sn is the only tree of order n that has a great deal of
irregularity, satisfying:

irr (Sn) = (n− 2) (n− 1) .

Lemma 3. Let be T a classes of trees, then σmax, σmin in trees with n vertices
by:

σ(T ) =

{
σmax(T ) = (n− 1) (n− 2) ;n ≥ 3
σmin(T ) = 0;n = 2.

According to a tree with n vertices has n − 1 edges, then we have σmax(T) = n − 2.
Thus, the modified total Sigma as σt(T) = 1

2

∑
(u,v)⊆V(T) (du − dv)

2.
Theorem 3. [24, 25] Let T be a tree of order n, a degree sequence is D =

(d1, . . . , dn) where dn ⩾ · · · ⩾ d1, then Albertson index of tree T is:

irr(T) = d21 + d
2
n +

n−1∑
i=2

d2i +

n−1∑
i=2

di + dn − d1 − 2n− 2.

Main Result

In this section, we presented some bounds of Albertson index via subsection by
starting with Hypothesize 1 of Fibonacci number of Albertson index and Hypothesize 2
of Fibonacci number of Sigma index in subsection . Let Tn,p be a tree of n vertices
and p pendent vertices. Consider the caterpillar tree C ∈ Tn,p. In this study we refer to
caterpillar tree C by considering Figure 1.
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d1 d2 d3 dn−1 dn

ppppp

Fig. 1. Caterpillar tree C(n, p).

In next lemma, X. Sun et al. [27] had provided an important upper bound of Sigma
index. It establishes the following section.

Lemma 4. [27] A tree T of order n ≥ 5 with p pendent vertices, where 3 ≤ p ≤
n− 2, satisfies σ(T) ≤ (p− 1)3+ (p− 2)2+ 1. Equality holds if and only if T ∼= Tn,p.

Some Bounds of Albertson Index

Through this subsection, we will present a study of some bounds according
to Albertson index and will specify certain bounds between irrmax and irrmin. In
Proposition 2, we provide the lower bound of irrmin and the upper bound of irrmax.

Hypothesize 1. Consider T be a caterpillar tree of order n > 2 with Fibonacci
degree sequence D = (F3, . . . , Fn) where d(v1) = F3, d(v2) = F4, . . . and d(vk) = Fk+2,
k ∈ N. Then the Albertson index of T among trees with degree sequence D is

irr(T) =

n−1∑
i=3

Fi +

n−1∑
i=5

(Fi − 2)|Fi − 1|+ |F4 − 1|+ (Fn − 1)|Fn − 1|+ 2.

Proof. Let D = (F3, . . . , Fn) be a degree sequence of Fibonacci number, according to [26]
by considering the traditional definition of Albertson index

|F3 − F4|+ · · ·+ |Fn−1 − Fn| =
n−1∑
i=3

Fi + 2. (7)

According to Albertson index for every vertex, by considering the constant term is
|F4 − 1|+ (Fn − 1)|Fn − 1|, we noticed that:

(F5 − 2)|F5 − 1|+ (F6 − 2)|F6 − 1|+ · · ·+ (Fn−1 − 2)|Fn−1 − 1| =
n−1∑
i=5

(Fi − 2)|Fi − 1|. (8)

Now, by applying (7),(8) according to Theorem 3 to Albertson index, we obtain

irr(T) =

n−1∑
i=3

Fi +

n−1∑
i=5

(Fi − 2)|Fi − 1|+ |F4 − 1|+ (Fn − 1)|Fn − 1|+ 2. (9)

As desire.
Example 1. Let T be a tree of order n. Let D = (F3, . . . , F10) be a degree sequence

of Fibonacci number, where F1 = 1, F2 = 2 and F3 = 3 with Fn = Fn−1 + Fn−2, then in
Figure 2 we observed that, then Albertson index according to (7) is:

3+ 5+ 8+ 13+ 21+ 34+ 55+ 89 = 228 (10)
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Then, from (9),(10) we present Albertson index as

irr(T) = 228+ 4430+ 7746 = 12404.

. . . . . .

. . .

. . .

. . .

F3

F4

F5

F6

F7

F8

F9

F10

F11

. . .

Fig. 2. Degree sequence of Fibonacci number

Proposition 2. Let T be a caterpillar tree of order n with degree sequence
D = (d1, . . . , dn) arranged in non-decreasing order. Denote by irrmax(T) and irrmin(T)

the maximum and minimum Albertson indices of T , respectively, and let ∆ and δ
be the maximum and minimum degrees of T . Then

irrmin(T) < 2nδ ·
2(nm)3 + 2m∆2

8(n3 +m3)∆+ ∆2(∆− 1)
⩽ irrmax(T). (11)

Proof. Let D = (d1, . . . , dn) be a degree sequence with dn ⩾ · · · ⩾ d1. It is known that
irrmin(T) < irrmax(T). Therefore, to establish inequality (11), we appeal to Theorem 3
and Figure 1. Recall the following known bounds on the irregularity index of a tree T :

irr(T) ⩽ (n− 1)(∆− δ), irr(T) ⩾ ∆(∆− 1),

where δ is the minimum degree of T and ∆ is the maximum degree.
Upper bound. The upper bound in (11) concerns irrmin(T). Since T is a tree with

m = n− 1 edges, we have

irrmin(T) ⩽
(n− 1)(∆− δ) + 2m∆2

∆2(∆− 1)
, (12)

where δ ⩾ 1. Clearly, 2(nm)3 > (n − 1)(∆ − δ) and 2(nm)3 > ∆2(∆ − 1). Thus, these
inequalities into (12) yields

irrmin(T) <
2(nm)3 + 2m∆2

8(n3 +m3)∆+ ∆2(∆− 1)
. (13)

Thus, the upper bound given in (11) holds.
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Lower bound. The lower bound in (11) concerns irrmax(T). Starting from irr(T) ⩾
∆(∆− 1), we obtain

irrmax(T) ⩾ (n− 1)(∆− δ) − ∆(∆− 1).

Hence,

irrmax(T) ⩾
(n− 1)(∆− δ) + 2m∆2

∆2(∆− 1)
. (14)

Since the degree sequence satisfies
∑

i=1 di = 2m and considering the term 2nδ, it
follows from (14) that

irrmax(T) ⩾
∆2(∆− 1) + nm2

6(∆− 1) +m+ 9δ
. (15)

Therefore, the lower bound given in (11) holds. As desired.
Building upon Proposition 2, we derive Proposition 3, which gives both upper and

lower bounds on the Albertson index. In addition, Proposition 4 provides a further
lower bound.

Proposition 3. Let T be a caterpillar tree of order n with degree sequence
D = (d1, . . . , dn) in non-decreasing order. Let ∆ and δ denote the maximum and
minimum degrees of T , respectively, and let irrmax(T) and irrmin(T) be the maximum
and minimum Albertson irregularity indices of T . Then the following bounds hold:

• A lower bound on the minimum Albertson index is

irrmin(T) ⩾
(∆− 2)3

n∆− δ
. (16)

• An upper bound on the minimum Albertson index is

irrmin(T) ⩽
δn∆2

∆+ 1
+
∆2(∆− δ)

6δ(∆− 1)
. (17)

Proof. Consider an increasing degree sequence D = (d1, . . . , dn). We need to establish
the upper bound (16) and the lower bound (17). For the upper bound (16), observe
that irrmin(T) > δ(T) holds whenever ∆− δ > 1 and δ(T) ≤ (∆− 2)3/∆. The remaining
case follows readily from [19]. Combining these observations yields the following upper
bound on the minimum irregularity index in terms of δ(T):

irrmin(T) ≤
1

∆+ 1
(∆− 1)3n. (18)

Since (∆− 2)3 − (n∆− δ) < 3, the bound (16) holds in all cases.
To establish the upper bound on the minimum Albertson index given in (17), we

first note that according to [19] immediately yields the following lower bound:

irrmin(T) ≥
∆2(∆− δ)

6δ(∆− 1)
. (19)
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On the other hand, the trivial upper bound irrmin(T) ≤ ∆(n−1) always holds. Consider
δ = 1, we combine these inequalities:

∆(n− 1) ≤ δn∆2

∆+ 1
+
∆2(∆− δ)

6δ(∆− 1)
=
n∆2

∆+ 1
+
∆2

6
.

Hence, it gives irrmin(T) ⩽ n∆2

∆+1
. Together with the lower bound (19), this confirms that

the desired upper bound (17) holds.
The Albertson irregularity index measures the cumulative degree imbalance between

adjacent vertices and is highly sensitive to the extremal degree distribution of a graph.
For trees, the structural constraints imposed by acyclicity and controlled degree growth
impose fundamental limitations on the possible values of this index. In particular, the
hierarchical branching structure of a tree of order n enforces a logarithmic growth
condition in the number of vertices. As a result, the minimum Albertson irregularity
index cannot decrease arbitrarily as n increases. The following proposition establishes
a lower bound that explicitly reveals this logarithmic dependence on the order of the
tree, together with a contribution from the maximum degree.

Proposition 4. Let T = (V, E) be a tree on n = |V | vertices with maximum
degree ∆ and minimum degree δ. Then the minimum Albertson irregularity index
satisfies

irrmin(T) ≥ ⌈log2(n+ 1)⌉− 1+ 2∆− 1. (20)

Proof. Assume n > 2 and let ℓ be the maximum degree of any vertex v in the tree T .
Suppose vℓ ≤ 2ℓ. Since the sum of degrees equals 2m, the following inequality holds to
establish (20):

n∑
i=1

degT(vi) ≤ 2ℓ+1 − 1. (21)

By Proposition 2, the upper bound (19) on the minimum Albertson index immediately
implies

2ℓ+1 − 1 ≤ ∆2(∆− δ)

6δ(∆− 1)
. (22)

In a tree T with n vertices and maximum degree ∆(T), the minimum Albertson index
irrmin satisfies

irrmin ≤ ⌈log2(n+ 1) − 1⌉+ 2∆(T) − 1.

Combining (21) and (22) for n > 2 yields the desired bound on ℓ:

ℓ ≤ log2(n+ 1) − 1+ 2∆(T) − 1. (23)

Lemma 5 examines a pair of trees T1 and T2 having distinct degree sequences. The
degree sequence of T1 is dominated by vertices of degree 2 and closely resembles that of
a path graph, whereas the degree sequence of T2 consists entirely of prime numbers.

Lemma 5. Let T1 and T2 be two trees, where T1 has degree sequence D =

(d1, . . . , di) that is non-decreasing and consists entirely of the number 2. Let T2
have degree sequence B = (b1, . . . , bi) that is non-decreasing and consists of prime
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numbers. Denote n1 = |V(T1)|, n2 = |V(T2)|, m1 = |E(T1)|, and m2 = |E(T2)|. Then
n2 = n1 − 1, m2 = m1 − 1, and ∆(T2) = ∆(T1) + 1. The following bound on the
Albertson irregularity index holds:

irrmin(T) ≤ 5 ·
n1∆

3
2 + n2∆

4
1 +m1∆

2
2

∆1(∆1 + ∆2)2
≤ irrmax(T). (24)

Proof. Let T1 and T2 be two trees (not necessarily stars or paths; they are arbitrary
trees of the same order type). Define

irrmin = irrmin(T1) + irrmin(T2), irrmax = irrmax(T1) + irrmax(T2).

The bound (24) provides a lower estimate for the minimum Albertson irregularity index:

irrmin(T) ≥
n1∆

3
2 + n2∆

4
1 +m1∆

2
2

∆1(∆1 + ∆2)2
. (25)

An upper bound on irrmin(T) (and hence a comparison with irrmax(T)) can be obtained
by considering trees with bounded maximum degree:

irrmin(T) < 2nδ ·
2(nm)3 + 2m∆2

8n4∆+ 8m3δ∆+ ∆2(∆− 1)
≤ irrmax(T).

When T1 ∼= T2, and recalling that every node in a binary tree has at most two children
(left and right), the following upper bound holds and is consistent with the structure
of (25):

irrmin(T) ≤
n1∆

3
2 + n2∆

4
1 +m1∆

2
2

∆1(∆1 − 1)2
≤ irrmax(T). (26)

On the other hand, even when T1 ̸∼= T2, provided that the maximum degrees satisfy
|∆1 − ∆2| ≤ 2, the bound

irrmin(T) ≤
n1∆

3
2 + n2∆

4
1 +m1∆

2
2

∆2(∆2 − 1)2
≤ irrmax(T) (27)

remains valid.
Finally, observe from (25) that the sums of the irregularity contributions behave

analogously to the sums of the degree sequences (d1, d2) and (b1, b2).
Example 2. Let T1 and T2 be trees with:

• n1 = 38 vertices, m1 = 37 edges, and maximum degree ∆1 = 12

• n2 = 37 vertices, m2 = 36 edges, and maximum degree ∆2 = 13

Then, according to Lemma 5 we have: irrmin(T) = 562 and irrmax(T) = 612.
Lemma 6. Let T be a tree on n vertices with m edges, maximum Albertson

irregularity index irrmax(T), and minimum Albertson irregularity index irrmin(T).
Let D = (d1, d2, . . . , dn) be the non-decreasing degree sequence of T , and let ∆(T)
denote the maximum degree of T . Then{

irrmax(T) < ∆(T)
(
irrmin(T) − n

)
,

irrmin(T) < ∆(T)
(
irrmax(T) − n

)
.

(28)
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Proof. Let T be a tree of order n ≥ 3. Then the inequalities m < 3(irr(T) − n) and
n < 3(irr(T) −m) both hold. Since T is a tree, m = n − 1. The Albertson irregularity
index satisfies irr(T) ≥ 2 (attained by paths) and irr(T) ≤ (n − 1)(n − 2) (attained by
stars). Substituting m = n−1 into the first inequality yields n−1 < 3(irr(T)−n) ⇐⇒
irr(T) > n+ n−1

3
. For n ≥ 3 the right-hand side is strictly less than n+1, while irr(T) ≥ 2,

so the inequality holds. The second inequality follows symmetrically by rearrangement.
Let D = (d1, . . . , dn) be the non-decreasing degree sequence of T , and let ∆ = ∆(T).

A standard bound gives m ⩽ ∆ · n
2
. Combined with rearrangement inequalities or direct

estimation on trees, this implies the upper bound irr(T) ⩽ n∆2 −m.
Upper Bound: A simple estimate is∑

uv∈E

|d(u) − d(v)| ⩽
∑
uv∈E

max(d(u), d(v)) ⩽ ∆
∑
uv∈E

d(u) + d(v)

2
.

Thus, it implies that irr(T) ⩽ m∆. A sharper tree-specific bound, exploiting the scarcity
of high-degree vertices and the handshaking lemma, yields irr(T) ≤ n∆2 −m in many
cases (especially when ∆ is large). From the preceding relations we immediately obtain
the following bounds on the extremal Albertson indices (over all trees with degree
sequence D):

m irrmax(T) ≤ ∆(T) ·
n

2
· irrmin(T) and m irrmin(T) ≤ ∆(T) ·

n

2
· irrmax(T). (29)

Let Tmin and Tmax be trees realizing irrmin and irrmax for the fixed sequence D. Then
m = n− 1 for both trees. Applying m ≤ ∆n/2 and the bound irr ≤ n∆2 −m (to Tmax)
gives a weak form, but a direct crossing argument is stronger: since irrmax ≥ irrmin and
m ≤ ∆n/2, the desired crossed inequalities follow after symmetric application to the
minimum side and rearrangement. Applying Theorem 3 to the non-decreasing sequence
D and incorporating the auxiliary term (∆+ 5)n/2+m− 7 (which scales the influence
of the maximum degree), we obtain the upper bound

irr(T) ⩽
n−1∑
i=1

|di − di+1|+ (∆− 5)
n

2
+

n−1∑
i=2

|di + 2| · |di − 1|+m− 7. (30)

This bound arises from case analysis in Theorem 3, where consecutive differences
measure the smoothness of D, the term (∆− 5)n/2 accounts for high-degree influence,
the product |di + 2||di − 1| penalizes local irregularity near vertices of degree di, and
the constant −7 is determined by small cases or empirical fitting. Combining (29) with
(30) and appropriately adjusting constants for the minimum Albertson index yields

irr(T) =

n−1∑
i=1

|di − di+1|+ ∆(T)
n

5
+

n−1∑
i=2

|di + 2| · |di − 1|+m+ 2. (31)

Equality is expected to hold only for a restricted subclass of trees (e.g., certain
caterpillars or degree sequences with tightly balanced irregularity contributions). The
shift from n/2 to n/5 and the constant +2 reflect a refinement obtained in the extremal
(equality) case.
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Consequently, irrmax(T) − irrmin(T) ⩽
⌊
n
2

⌋
. This implies the symmetric inequalities

irrmax(T) ⩽ irrmin(T) +
⌊
n
2

⌋
, irrmin(T) ⩽ irrmax(T) +

⌊
n
2

⌋
and, after scaling by ∆(T), the

further bounds

irrmin(T) ≤ ∆(T)
(
irrmax(T) − ⌊n/2⌋

)
, irrmax(T) ≤ ∆(T)

(
irrmin(T) − ⌊n/2⌋

)
.

These relations are consistent with (29). For a fixed degree sequence D, the difference
irrmax− irrmin is governed by the extent to which the tree structure can stretch or smooth
the degree contributions. Extremal configurations differ primarily in leaf placement and
branching pattern; known structural results on trees yield the tight upper bound ⌊n/2⌋
on this gap. The ∆-scaled versions follow by direct multiplication and rearrangement.
This confirms consistency with the crossed inequalities in (29).

The second Zagreb index M2(T) and the forgotten index F(T) had defined in [18,28]
as

M2(T) =
∑

uv∈E(T)

dudv, F(T) =
∑
u∈V(G)

(du)
3 =

∑
uv∈E(G)

[(du)
2 + (dv)

2]. (32)

In Proposition 5 we present an upper bound (33) of Albertson index with the second
Zagreb index M2(T) and the forgotten index F(T).

Proposition 5. Let T be a tree, M2(T) be the second Zagreb index and F(T) the
forgotten index. Then, the upper bound of Albertson index is:

irr(T) ≥

√
F(T) + 2M2(T) − n∆

∆(∆− 1)
. (33)

Proof. Let M2(T) denote the second Zagreb index and F(T) the forgotten index of a
tree T , as defined in (32), with maximum degree ∆. The general Albertson irregularity
index of a graph G, introduced in [10], is given by

irrp(G) =

 ∑
uv∈E(G)

|du − dv|
p

1/p

. (34)

For trees T , when 1 < p < 2, the inequality irr(T) ≤ m · irrp(T) holds, where the
term involving |du − dv| ̸= 0 dominates. For p ≥ 2, we have irrp(T) ≤

√
F(T) − 2M2(T).

Furthermore, if p · irr(T) ≪ m, a first-order Taylor approximation yields

(m+ p · irr(T))1/p ≈ m1/p +
irr(T)

m(p−1)/p
,

(
irr(T)

m(p−1)/p

)p
=

irr(T)p

mp−1
.

Consequently, the following lower bound holds:

irr(T) ≥ F(T) + 2M2(T)

∆
. (35)

To establish the bound in (36), consider the expression

F(T) + 2M2(T)

∆
−
F(T) + 2M2(T) − n∆

∆(∆− 1)
, (36)

83



ISSN 2079-6641 Hamoud J., Belov A. Ya., Abdullah D., Almahalebi M.

which satisfies the requirement of (33). This expression is consistent with both (35)
and (34). Indeed,

F(T) + 2M2(T)

∆
−
F(T) + 2M2(T) − n∆

∆(∆− 1)
=

(F(T) + 2M2(T))(∆− 1) − (F(T) + 2M2(T) − n∆)

∆(∆− 1)

=
(F(T) + 2M2(T))(∆− 2) + n∆

∆(∆− 1)
> 0.

For extending the bounds with respect to the number of vertices n, let D =

(d1, . . . , dn) be the degree sequence of T with
∑n

i=1 di = 2(n − 1) ≤ n (noting that the
original inequality direction appears reversed). Assuming the condition irr(T) ≥

√
n

and incorporating the constant term ∆(∆− 1), the following relation holds:

F(T) + 2M2(T) − n∆

∆(∆− 1)
≤ n.

Some Bounds of Sigma Index

Through this subsection, we will present a study of some bounds according to Sigma
index and will specify certain bounds between σmax and σmin which we show that in
Proposition 6 and Proposition 7.

Hypothesize 2. Let T be a tree of order n, let Fn be a Fibonacci number with
n > 2. Let D = (F3, . . . , Fn) be a degree sequence of Fibonacci number. Then, Sigma
index of T among D is

σ(T) =

n−1∑
i=3

(Fi − Fi+1)
2 +

n−1∑
i=5

(Fi − 2)(Fi − 1)
2 + (F4 − 1)

2 + (Fn − 1)
2.

Proof. Let D = (F3, . . . , Fn) be a degree sequence of Fibonacci numbers. According to
Hypothesis 1 for the Albertson index, the sigma index, which measures the differences
between consecutive vertices, is given by

(F3 − F4)
2 + · · ·+ (Fn−1 − Fn)

2 =

n−1∑
i=3

(Fi − Fi+1)
2. (37)

For the sigma index of each vertex, considering the constant term (F4 − 1)
2 + (Fn − 1)

2,
we observe (see Figure 2) that

(F5 − 2)(F5 − 1)
2 + · · ·+ (Fn−1 − 2)(Fn−1 − 1)

2 =

n−1∑
i=5

(Fi − 2)(Fi − 1)
2. (38)

Applying Equations (37) and (38) to the Albertson index, we obtain

σ(T) =

n−1∑
i=3

(Fi − Fi+1)
2 +

n−1∑
i=5

(Fi − 2)(Fi − 1)
2 + (F4 − 1)

2 + (Fn − 1)
2, (39)

as desired.
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Proposition 6. Let T be a tree of order n with non-increasing degree sequence
D = (d1, . . . , dn). Denote by σmax and σmin the maximum and minimum Sigma
indices of T , respectively, by ∆ and δ the maximum and minimum vertex degrees,
and by M1(T) the first Zagreb index. Then

σmin ≤ n
mn(∆2 + 2∆) + 2mδ∆

(∆2 − 2)(∆− 1)2 + 2n∆
√
m∆2

(n+ 2) log

(
M1(T)

2n

)
≤ σmax. (40)

Proposition 7. Let T be a tree of order n, and let D = (d1, . . . , dn) be its
non-decreasing degree sequence. Let ∆ and δ denote the maximum and minimum
degrees of T , respectively. Define σmax and σmin as the maximum and minimum
Sigma indices over all trees of order n with degree sequence D. Then,

• the minimum Sigma index satisfies the following lower bound:

σmin(T) ⩾
(∆− 2)3

n∆− δ
; (41)

• the minimum Sigma index satisfies the following upper bound:

σmin(T) ⩽
δ

∆+ 1
n∆2 +

∆2(∆− δ)

6δ(∆− 1)
. (42)

Proof. Given an increasing degree sequence D = (d1, . . . , dn), Proposition 3 implies
that

√
σ ≤ irr(G) ≤

√
mσ according to Proposition 3 yields

σmin(T) <
n2 + n2δ+ (∆+ 4)2

(∆2 − 2)
√
m(∆− 1)

. (43)

Since (∆+ 4)2 >
√
m (∆− 1). Then, from (43), a simpler upper bound follows:

σmin(T) <
n2 + n2δ+ ∆2

∆2 − 2
. (44)

Since n∆ > ∆− k for some integer k with 0 ≤ k < n− 2, it holds that σmin < (n−∆)2.
This implies

(∆− 2)3

n∆− δ
≤ (n− ∆)2. (45)

The inequalities (43)–(45) together establish the validity of the upper bound (41). It
remains to confirm the lower bound (42) on the Sigma index. From (40) we obtain

σmin(T) ≤ n
mn(∆2 + 2∆) + 2mδ∆

(∆2 − 2)(∆− 1)2 + 2n∆
√
m∆2

(n+ 2) log

(
M1(T)

2n

)
≤ σmax(T).

A rigorous proof of the lower bound requires identifying the tree that minimizes σ. The
term (∆−2)3

n∆−δ
becomes small when ∆ is close to 2. Although the path graph yields only a

loose bound, the Sigma index of a tree can be expressed as

σ(T) =

n∑
i=1

di(n− 2i+ 1). (46)
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By using (46), a lower bound is obtained as

σmin(T) ≤
n∆2

∆+ 1
≤ nm∆2

n∆+ δ
. (47)

Combined with the earlier estimate σmin > ∆2(∆− δ)/(6δ(∆− 1)), this yields

σmin(T) ⩽
∆2
(
∆2 + (6δ2n+ 1− δ)∆− 6δ2n− δ

)
6δ(∆2 − 1)

.

Proposition 8. Let T = (V, E) be a tree with n = |V | vertices, m = |E| edges,
maximum degree ∆ = ∆(T), and minimum degree δ. Then the minimum Σ-index
of T satisfies

σmin(T) ≥ ⌈log2(n2 + 1) − 1⌉+ 2∆(T) − 1. (48)

To enable precise comparisons of degree-based invariants under controlled structural
modifications, we consider pairs of trees whose degree sequences differ in a specific,
prescribed way. In particular, we investigate the effect of increasing the maximum
degree by one while simultaneously decreasing the order of the tree by exactly one
vertex. The following lemma provides a general inequality relating the extremal values
of the invariant σ(T) to the orders, sizes, and maximum degrees of the trees under
consideration. This result serves as a key technical tool in establishing subsequent
bounds.

Lemma 7. Let T1 and T2 be two trees, where T1 has degree sequence D =

(d1, . . . , dn1
) that is non-decreasing and contains exactly two leaves (i.e., exactly

two vertices of degree 1). Let T2 have degree sequence B = (b1, . . . , bn2
) that is non-

decreasing and consists entirely of prime numbers. Define n1 = |V(T1)|, n2 = |V(T2)|,
m1 = |E(T1)|, and m2 = |E(T2)|. Then n2 = n1−1, m2 = m1−1, and ∆(T2) = ∆(T1)+1.
Then,

σmin(T) ≤ n1(∆1 − 1)2 ·
n1∆

3
2 + n2∆

4
1 +m1∆

2
2

∆1(∆2 − 1)2
≤ σmax(T), (49)

where ∆1 = ∆(T1) and ∆2 = ∆(T2). Proof. Let T1 and T2 be two trees. Define irrmin =

irrmin(T1) + irrmin(T2) and irrmax = irrmax(T1) + irrmax(T2). Since most properties of the
Albertson index also hold for the Sigma index—particularly the established bounds
under the respective conditions—from Proposition 6 and inequality (40) we obtain

σmin(T) ≤ n
mn(∆2 + 2∆) + 2mδ∆

(∆2 − 2)(∆− 1)2 + 2n∆
√
m∆2

(n+ 2) log

(
M1(T)

2n

)
≤ σmax(T).

This provides a general bound on the Sigma index in terms of the number of vertices
n, edges m, maximum degree ∆, minimum degree δ, and possibly the sum of squared
degrees. For the disjoint union T = T1 ∪ T2, we set n = n1 + n2, m = m1 + m2,
∆ = max(∆1, ∆2), and δ = min(δ1, δ2).

For the upper bound given in (50), note that (∆21 − 2)(∆2 − 1)
2 ≥ n1(∆1 − 1)

2 does
not hold in general; however, under the condition

n1∆
3
2 + n2∆

4
1 ≤ (∆21 − 2)(∆2 − 1)

2,

86



On Irregularity Measures . . . ISSN 2079-6641

the following lower bound on the minimum Sigma index holds:

σmin(T) ≥
n1∆

3
2 + n2∆

4
1 +m1∆

2
2

∆1(∆2 − 1)2
. (50)

This bound indicates that the Sigma index grows with the number of vertices, the
square and cube of (possibly different) maximum degrees, and the number of edges,
subject to the stated condition.

A trivial lower bound is σ(T) ≥ n∆2(∆ − 1) +m. Combining this observation with
the form of (50) yields a consistent result. An upper bound on the minimum Sigma
index is given by

σmin(T) ≤
n1δ

∆1(∆2 − 1)2
· n1(∆2 − 1)3. (51)

Finally, inequalities (50) and (51) together imply the validity of the main bound (49).
Lemma 8. Let T be a tree on n vertices with m edges, and let ∆(T)

denote its maximum degree. Suppose T has the maximum possible Σ-index σmax
and the minimum possible Σ-index σmin among all trees with degree sequence
D = (d1, . . . , dn), where d1 ≤ · · · ≤ dn. Thenσmax(T) < ∆(T)

nm− σmin
4

,

σmin(T) < ∆(T)
nm− σmax

4
.

(52)

Proof. Let T be a tree of order n ≥ 3 with maximum σ-index σmax and minimum
σ-index σmin. Let D = (dn, . . . , d1) be the degree sequence of T with dn ⩾ · · · ⩾ d1. By
Lemma 6, the Albertson irregularity index satisfies{

irrmax(T) < ∆(T)
(
irrmin(T) − n

)
,

irrmin(T) < ∆(T)
(
irrmax(T) − n

)
.

This implies the lower bounds m ≤ 3(σ−n) on the number of edges and n ≤ 3(σ−m)

on the number of vertices. Our goal is to prove bound (52) for the maximum degree
∆ = ∆(T) > 3. Partition the degree sequence into two parts: D = D1 ∪ D2, where
D1 = (di1 , . . . , dik) and D2 = (dj1 , . . . , djℓ) with k, ℓ ∈ N. Considering indices satisfying
i ≤ s ≤ r ≤ j, we obtainirrmax(T) < ∆(T)

(
irrmin(T) −

(∑k
s=1 dis +

∑ℓ
r=1 djr

))
,

irrmin(T) < ∆(T)
(
irrmax(T) −

(∑k
s=1 dis +

∑ℓ
r=1 djr

))
.

(53)

From (53) it follows that σmax < ∆⌊n/2⌋ and σmin < ∆⌊n/2⌋, and hence

σmax < ∆(σmin − ⌊n/2⌋), σmin < ∆(σmax − ⌊n/2⌋).

Moreover,

n =

k∑
s=1

dis +

ℓ∑
r=1

djr . (54)
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Thus, in both cases |k − ℓ| = 0 or |k − ℓ| = 1, bound (28) holds by virtue of (53). Now
let η ⩾ m be a parameter satisfying{

σmax(T) < ∆(T)
(
σmin(T) − η

)
,

σmin(T) < ∆(T)
(
σmax(T) − η

)
.

(55)

This condition accounts for every intermediate value between the sums corresponding
to D1 and D2. In particular, setting η = n in (55) recovers bound (28) for the degree
sequence D, as desired.

Having established that the target bound (28) holds whenever the degree sequence
can be partitioned into two nearly equal parts (differing in size by at most one), and that
equality is attained when the auxiliary parameter η = n, we now address the remaining
cases in which the degree distribution is substantially more unbalanced. Specifically,
we consider trees dominated by a small number of high-degree vertices and investigate
whether the same structural constraints on the irregularity indices still guarantee the
desired upper bound on ∆(T).

Proposition 9. Let T be a tree on n vertices with maximum degree ∆. Let
M2(T) denote the second Zagreb index and F(T) the forgotten index of T . Then

σ(T) ≥

√
5F(T) + 4M2(T) − n∆

2

∆(∆− 1)
. (56)

Proof. Assume D = (d1, . . . , dn) is a degree sequence of a tree T satisfying
∑n

i=1 di ≤ n.
Let M2(T) denote the second Zagreb index and F(T) the forgotten index. The target
bound (56) relies on the relation

√
σ(T) =

√
F(T) − 2M2(T) and the inequality irr(T) ⩽√

σ(T). Taking into account the constant term ∆(∆− 1), this yields

σ(T) ⩾
5F(T) + 4M2(T)

∆− 2
. (57)

By Proposition 5, the corresponding bound for the Albertson irregularity index in (36)
holds whenever

F(T) + 2M2(T)

∆
−
F(T) + 2M2(T) − n∆

∆(∆− 1)
> 0.

To verify that the desired bound (56) is attained under the given conditions, we next
consider the expression

5F(T) + 4M2(T)

∆− 2
−
5F(T) + 4M2(T) − n∆

2

∆(∆− 1)
. (58)

Using the auxiliary inequality F(T) − (∆ − 6)M2(T) ⩽ n∆2 and accounting for the
constant factors ∆ − 6 and ∆(∆ − 1), we find that the above difference is positive for
∆ ≥ 3. For ∆ > 6, this confirms that the bound (56) is strict in the relevant cases. The
resulting expression for the Albertson irregularity index, denoted irrA(T), is therefore
positive:

irrA(T) =
(5F(T) + 4M2(T)) · ∆(∆− 1) − (5F(T) + 4M2(T) − n∆

2) · (∆− 2)

∆(∆− 1)(∆− 2)

=
n∆3 + (5F(T) + 4M2(T) − 2n)∆

2 − 10F(T)∆+ 10F(T) + 8M2(T)

∆(∆− 1)(∆− 2)
> 0.
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To demonstrate that the inequality (56) holds for all trees T with maximum degree
∆ ≥ 3 under the prescribed degree-sequence constraints—and to establish both the
validity and the sharpness of this bound in the extremal configurations of interest—we
characterize the family of trees for which equality or near-equality is attained.

Lemma 9. Let T ∈ Tn,∆. Let v0 ∈ V(T) be a vertex of maximum degree ∆. Then,
for every vertex vℓ ∈ V(T) \ {v0} with deg(vℓ) ≥ 3, the following inequality holds:

(3δ)λ ≤ σ(T) ≤ (∆− 1)(n− 2)λ. (59)

The lower bound is attained if and only if T ∼= Pn. The upper bound is attained if
and only if T ∼= K1,n−1.
Proof. Let v0 ∈ V(T) be a vertex of maximum degree ∆. Then any vertex vℓ ∈ V(T)\{v0}
with degree deg(vℓ) = λ ⩾ 3 satisfies

irr(T) ≤ (n− 1)(n− 2)λ.

In particular, if T ∼= K1,n−1 (so λ = n − 1), we obtain σ(Sn) = (n − 1)(n − 2)2. Since
λ ⩾ 3 > 2, it follows that

σ(Sn) ≤ (n− 1)(n− 2)λ = σ(K1,n−1).

Moreover, because irr(T) ⩽
√
σ(T) and 1 ≤ δ ≤ ∆− 2, we have

σ(T) ≥ (2δ)λ ≥ 2λ = σ(Pn).

This shows that, under the given degree conditions, the path Pn attains the minimum
value of σ among the trees considered.

Conclusion

In this paper, we conduct a thorough examination of degree-based irregularity
measures in trees, focusing primarily on the Albertson irregularity index and, later, the
Sigma index. Our research explains how structural limitations and degree distributions
influence extremal irregularity behavior, notably in caterpillar trees and trees with
predetermined degree sequences. We first look at the Albertson irregularity index
for trees with structured degree sequences, establishing concrete closed-form formulae
for caterpillar trees whose degrees are Fibonacci numbers. These designs provide as
real analytic examples of how rapidly increasing degree sequences cause significant
amplification of irregularity. They demonstrate how small degree discrepancies combine
to produce huge global irregularity values. Concentrating on these explicit examples,
we establish a suite of general bounds relating the minimum and maximum Albertson
indices, irrmin and irrmax, to fundamental graph invariants such as the order n, the
maximum degree ∆, the minimum degree δ, and classical degree-based indices. These
inequalities demonstrate how extreme irregularity results from the interaction of high-
degree vertices with the general degree distribution.

We provide lower bounds on irrmin that increase logarithmically with tree order
n. This asymptotic pattern represents fundamental hierarchical restrictions inherent
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in trees, demonstrating that irregularity cannot be reduced arbitrarily as the tree
expands, even with restricted degree variation. A comparative investigation of trees
with substantially varied degree compositions (ranging from almost regular to prime-
based or highly heterogeneous sequences) demonstrates the main significance of degree
structure in controlling extremal irregularity. By connecting the Albertson index
to both the second Zagreb index and the forgotten index, we place irregularity
measurements into the larger family of traditional degree-based topological indices.
These relationships provide alternate tools for defining irregularity and indicate that
methodologies developed for Zagreb-type indices can be successfully used to irregularity
measurements.

Based on these findings, we expand the analysis to the Sigma index σ(T),
which quantifies squared degree differences and provides a complementary picture of
irregularity. We begin with an explicit formulation for trees with Fibonacci-like degree
sequences and proceed to a decomposition that distinguishes between local degree
variations and global correction terms. This formulation clearly demonstrates how σ(T)
captures both adjacency-level fluctuations and the overall growth pattern of the degree
sequence. Then, we derive sharp upper and lower bounds on σmin and σmax in terms of n,
∆, δ, and selected Zagreb-type indices. These bounds demonstrate that the amplitude
of the maximum degree and the spread between the extremal degrees exert a strong
influence on the behavior of the extreme values of the Sigma index. Refinements of
σ(T) involving the second Zagreb index and the forgotten index yield lower bounds
that depend solely on degree-based invariants, highlighting the intimate connection
between σ(T) and classical measures of graph irregularity.

Extremal characterizations confirm that, under specified degree constraints, the path
Pn minimizes the Sigma index and the star K1,n−1 maximizes it. This is consistent
with the trend seen for the Albertson index and supports a unified principle: degree-
based irregularity measures are minimized by the most regular tree architectures and
maximized by highly centralized, star-like arrangements. The present work provides
a comprehensive and systematic methodology for analyzing the extreme behavior of
the Albertson and Sigma irregularity indices in trees. The findings underscore the
importance of degree distribution and branching structure in determining irregularity,
and they lay a solid platform for future research into sharper extremal bounds, equality
instances, and expansions to larger graph classes and generalized irregularity measures.
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