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Abstract. In this paper, degree-based topological indices are fundamental graph invariants used to quantify
structural irregularity. Let G = (V,E) be a simple tree with vertex degrees d, for v € V(G). This paper
investigates trees whose degree sequences are governed by the Fibonacci numbers {Fy }i>3, referred to here
as Fibonacci trees. Particular attention is given to the Albertson index and the Sigma index

oG = Y (du—dv)?

uvekE(G)

both of which measure the degree irregularity along the edges of the graph. Firstly, characterize the Fibonacci
degree sequences that are realizable by trees and describe their key structural properties. Exploiting the
recursive nature of the Fibonacci sequence, we derive an explicit closed-form expression for the Albertson
index of Fibonacci trees in terms of Fy. This formula reveals how recursive degree constraints influence edge-
degree imbalances. Sharp lower and upper bounds for both irr(G) and o(G) are then established for trees of
fixed order with prescribed degree sequences. The extremal trees achieving these bounds are identified and
include paths, stars, and certain star-like configurations. These results extend known extremal properties
of degree-based topological indices and illustrate the specific impact of Fibonacci degree sequences on
tree irregularity. The study offers new insights into recursively constrained degree sequences and suggests
promising directions for further analysis of structured trees using algebraic and combinatorial methods.
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O Mepax HeperyJsgapHOCTH B JIePEBbIX C IOCJIEeJ0BATEIbLHOCTIAMU

creneHeii PudboHaIYIN

K. Xamyo!, A. 5. Beaos!, /1. A60yara*?, M. Aavmazxanrebu®

! MocKoBcKuit (bU3MKO-TeXHIIECKMit MHCTUTYT, VHCTHTYTCKuit mep. 9, AOATOIPYAHLIIL,

141700 Poccus

2 Vuusepcurer V6n Todaiira, Kerurpa, YHuBepcuTeTcKmit Kammyc, B.P. 242, 14000, Mapokko

Annoranms. B paHHOR paboTe TONOAOTMYECKME MHAEKCHI, OCHOBAHHLBIE HA CTEIIEHSIX BEPLIVH, SBASIOTCS
dyHAAMEHTAABHEIMY WHBapUAHTAMU rpada, UCIOAB3YEMBIMYU AAST KOAWYECTBEHHON OLEHKN CTPYKTYPHOMR
"eperyasprocTu. Ilycts G = (V,E) — mpocToe aepeBo co cremensiMu BepmuH dy aast v € V(G). B panzoi
paboTe MCCAEAYIOTCSI AEPEBbsI, IIOCAEAOBATEABHOCTH CTEIIEHEN BEPINWH KOTOPHIX OIPEAEASIIOTCS YUCAAMY
Pubonawun {Fy}i>3, HasElBaeMEle 3aeCh AepeBbsaMu Pubomawyn. Ocoboe BHUMAHWE YAEASIETCS UHAEKCY
Anpbeprcora u naAeKCYy Curma:

oG = D (du—dv)?

uvekE(G)

oba U3MEPSIOT HEPETyASPHOCTL CTelNeHel BAOABL pebep rpada. DBo-IepBBIX, OXapaKTepusyeM
OCAEAOBaTeAbHOCTH cremeHel PuboHaYYM, peaAW3yeMble AEpPEBbSIMYM, ¥ ONUIIEM §X KAIOYEBEIE
CTPYKTYpPHBIE CBOMCTBa. VICIIOAB3YSI PEKYPCUBHYIO IIPUPOAY I[OCAeAOBaTeAbHOCTH PubOHAYYM, MBI
BLIBOAUM SIBHOE BEIpa’KeHWE B 3aMKHyTOX ¢opMme anst umHAeRca AapbeprcoHa aepeBneB Pubomawum
yepes Fi. OTa dopMyaa IIOKa3bIBAET, KaK PEKYPCUBHEIE OIPAHWYEHUSI CTEIEeHell BAUSIOT Ha AucbanaHc
cremerell pebep. 3aTeM YCTaHABAWBAIOTCS TOYHBIE HIDKHEUE ¥ BEepXHUE TPaHUILI KakK AAs irr(G), Tak
u anst 0(G) AAST AEPEBBEB (PUKCHPOBAHHOI'O IOPSIAKA C 33AAHHBIMU IIOCAEAOBATEABHOCTSIMU CTEIIEHEN.
U peHTROUIUPYIOTCS 3KCTPEMaAbHBEIE AEPEBbs, AOCTUIAIOIINE ITUX TPAHUIl, X BKAIOYAIOT IYTH, 3BE3ABL
U HEKOTOPEHIE 3Be3A000pasHbIe KOHMUIYPAIUUA. DTU PE3YABTATHI PACIIUPSIIOT U3BECTHLIE SKCTPEMAABHEIE
CBOMCTBa TONIOAOTMYECKAX WHAEKCOB, OCHOBAaHHBLIX HA CTENEHSX, W WUAAIOCTPUPYIOT CHenudUIECKOe
BAUSIHUE IIOCAEAOBATEeABHOCTEN cremeHedl PuboHau4M Ha HEPETYyASIPHOCTH AepeBa. VccaepoBamue
IpEeANATaeT HOBBIE UAEM OTHOCHTEABHO PEKYPCHBHO OrPAHWYEHHBIX IIOCAEAOBATEABHOCTEN CTEleHell u
YKa3bIBaeT Ha IIEPCIEKTUBHBIE HAIIPABAEHUSI AAST AAABHEHINEro aHaAu3a CTPYKTYPUPOBAHHBIX AEPEBLEB C
UCIOAB30BaHUEM aATrebpardecKuX U KOMOMHATOPHBLIX METOAOB.
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Introduction

Throughout this paper. Let G = (V,E) be a simple, connected graph, where n =
IV(G)], m = |[E(G)|, the minimum and the maximum degree of G are denoted by &, A
where 1 <8 < A<n—1. Let P, be a path of order n and S,, the star tree of order n,
typically denoted by K; ;,_;. Two graphs G and H are deemed identical if their vertex sets
are equal, V(G) = V(H), and their edge sets are equal, E(G) = E(H), or equivalently, if
G C H and H C G. The graphs G and H are said to be isomorphic [1], denoted G = H,
if there exists a bijection 1V : V(G) — V(H) such that an edge uv € E(G) exists if and
only if the edge P(u)p(v) € E(H). A subset S C V of vertices in a graph G = (V,E) is
termed a dominating set [1] if every vertex v € V either belongs to S or is adjacent to
at least one vertex in S. Let e = uv € E(G) an edge, then the imbalance of e known
as |dc(u) — dg(v)] it is employee in Albertson Index. Dorjsembe,S., et al. [2] emphasize
that for a path uou; - - -, in graph G, then imbg (u, w) = Zf;; ldg (wi) — dg (uig1)].

In 1997, Albertson in [3] mention to the imbalance of an edge uv by imb(uv) where
we considered a graph G is regular if all of its vertices have the exact same degree, then
the irregularity measure defined [3-6] as:

irr(G) = ) |du(G) — du(G)I. (1)
weE(G)
Denote by irry.x the maximum of Albertson index and irry;, the minimum of Albertson
index. Ali, A. et al [7] mention to total irregularity of D(G) = (ds, ds,...,d:) a degree
sequence of G where d; > d, > --- > d,, it defined in Definition 1, then we have:

irr(G) =2(n+1)m—2) id. (2)
i=1
Definition 1. [Degree Sequence [8—12]] Let G = (V,E) be a stmple graph, where
V ={vi,va,...,vn}, let D(G) = (dg (v1),dg (V2),...,dg (V) be a degree sequence of
G where dg (vi) = dg (v2) = -+ = dg (vn). When D(G) = (k,k,...,k), then G 1s
regular of degree k. Otherw:ise, the graph s irregular
Let D = (dy,...,d,) be a non-increasing degree sequence with n > 2. There are a
graph G; where V(G;) ={vy,...,V,}, then, the degree vertices [13] are

di—1 if2<i<di+1
degG]Vi:{ 1 <1<+, (3)

di ifdi+2<i<n.

We assemble a graph G from G; if combined a new vertex v, and the e; edges v;v; for
2 <1< dy+ 1. by considering deg;vi = d; for 1 <1i < m, if d; > 1, graphical if and
only if the sequence B = (d; —1,d3 —1,...,de, 1 — 1,de, 42, .., dn) is graphical.

Ghalavand, A. et al. In [14] proved irrr(G) < “Tz irr(G) when the bound is sharp for
infinitely many graphs. The first and the second Zagreb index, M;(G) and M,(G) are
defined in (3,15, 16] as:

Mi(G)=) di, and My(G)= } du(G)d(G).
i=1

weE(G)

74



On Irregularity Measures ... ISSN 2079-6641

Actually an alternative expressions introduced by M. Mateji et al. in [3,17] for the first
Zagreb index as M;(G) = > (dy + dy). The recently introduced o(G) irregularity
index is a simple diversification of the previously established Albertson irregularity
index, in [18,19] defined as:

wek(G)

Denote by 04, the maximum of Sigma index and 0., the minimum of Sigma index.

Our goal of this paper, conduct a study on the bounds related to the selected
topological indices, specifically Albertson index and the Sigma index, particularly when
examining the maximum and minimum values of each index and linking these values
with the first Zagreb index, the second Zagreb index and the forgotten index.

Preliminaries

In this section, we explore important concepts and recent advancements in graph
irregularity indices, with a particular emphasis on trees. In [20] emphasize that graphs
G; and G; where G, G, C G are isomorphic if and only if, for any graphs G; and G;
with disjoint sets of vertices V(G;) U V(G;) holds, where G = G; U G; is the disjoint
union of G; and G,. Let S be a class of graphs, then we have irr, ., irry;, Albertson
index of a graph G, where:

irrma.(S) = max{irr(G) | G € S},
irrgin (S) = min{irr(G) | G € S}

In [14] mention to total irregularity when } .., ny = |V(G)| where |V(G)| is the
number of vertices of degree i in graph G it is know as irrr(G) = > <icj<n_1 TUTY G—1).
So that in [14] proved irrr(G) < “Tzirr(G). In this case, if G is a tree, then irrf(G) <
(n — 2)irr(G). Define the general Albertson irregularity index of a graph in [10] by

Lina, Z., et al. such that for any number p > 0 then:

irr,(G) = Z ld(u) —d(v)P

uvek(G)

This relationship had established for Lemma 9.
Theorem 1. [10] Let G be a connected graph. When :—)—f— % =1, then

irr, (G) irrg (G) > F — 2M,,

with equality if and only of p =2, or G s a reqular graph.
According to [21] and [10], if p > 1 where 0 < d < n—1. Then, for a degree sequence
D satisfy

(i df>p < (Tl—U];idgl (4)
i=1 i=1
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Theorem 2. [7] Let T be a tree of order n > 4, the total Albertson indexr among

T satisfy:
5, (G) — {mtm(e) —n—1)(n-2),
irr, . (G) =2(n—2).

min (

Proposition 1. [Upper Bound Sigma index [19]] For any graph connected
G with n vertices with minimal degree &, mazrimal degree A, and mazimal o
wrreqularity. Then, the upper bound of ¢ as:

d

G)>——(A—-%8) G)>——(A—1)n. 5
0(G) > == (A=8n, o(G)> 5 (A-T)n (5)

Yang J, Deng H., M., [22] provide 1 < p < n—3. Then: A(G) = n—1. For Caterpillar
tree with path vertices with degrees d;, d,, ..., d,, we have:

—1 n—1
irr(G) = (dn — 1)+ (1 =1+ ) (di—1)(di—2)+ ) _Idi—dil.

i

=

||
)

i=1

Lemma 1. [11] Let Dy = (x1,...,%1),D2 = (y1,..-,yn),B1 = (ai,...,0a,) and
B, = (by,...,b,) be a non-increasing degrees sequences, if By < D; and B, < D,,
then

(a1b1y. .oy anbn) < (X1Y1y e e vy XnYn)- (6)

Lemma 2. [23] The star S, ts the only tree of order n that has a great deal of

irregularity, satisfying:
irr (Sp)=m—2)(n—1).

Lemma 3. Let be T a classes of trees, then Oy, Omin N trees with n vertices

by:

According to a tree with n vertices has n — 1 edges, then we have 0. (T) = n — 2.
Thus, the modified total Sigma as o(T) = %Z(u,V)QV(T) (dy — dv)z.
Theorem 3. [24, 25] Let T be a tree of order n, a degree sequence is D =

(di,...,dn) where d, > --- > d;, then Albertson index of tree T is:
n—1 n—1
irr(T)=di+di+) di+) di+dy—di—2n—2.
i=2 i=2

Main Result

In this section, we presented some bounds of Albertson index via subsection by
starting with Hypothesize 1 of Fibonacci number of Albertson index and Hypothesize 2
of Fibonacci number of Sigma index in subsection . Let 7., be a tree of n vertices
and p pendent vertices. Consider the caterpillar tree C € 7, ,. In this study we refer to
caterpillar tree C by considering Figure 1.
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d d; d; dn1 dn

Fig. 1. Caterpillar tree C(n,p).

In next lemma, X. Sun et al. [27] had provided an important upper bound of Sigma
index. It establishes the following section.

Lemma 4. [27] A tree T of order n > 5 with p pendent vertices, where 3 < p <
n—2, satisfies o(T) < (p—1)°+ (p—2)*+ 1. Equality holds if and only of T = T,,.

Some Bounds of Albertson Index

Through this subsection, we will present a study of some bounds according
to Albertson index and will specify certain bounds between irrn,., and irry;,. In
Proposition 2, we provide the lower bound of irr.;, and the upper bound of irry.,.

Hypothesize 1. Consider T be a caterpillar tree of order n > 2 with Fibonacct
degree sequence D = (Fs,...,F,) where d(vi) = F3, d(v2) = F4, ... and d(vi) = Fi2,
k € N. Then the Albertson index of T among trees with degree sequence D 1s

n—1 n—1
rr(T) =) Fi+ ) (F=2)[F—1[+[F— 1+ (Fa = D[Fa— 1|+ 2.
i= i=5
Proof. Let D = (F3,...,F,) be a degree sequence of Fibonacci number, according to [26]

by considering the traditional definition of Albertson index
n—1
Fs—Fal 4+ [Far —Fu| = ) Fi+2. (7)
i=3

According to Albertson index for every vertex, by considering the constant term is
|F4 — 1| 4+ (Fn — 1)|F, — 1|, we noticed that:

n—1

(Fs —2)[Fs — 1|+ (Fs—2)[Fe — 1| + - + (Fasy = 2)[Fasy — 1| = Y _(Fi—2)|Fi—1]. (8)

i=5

Now, by applying (7),(8) according to Theorem 3 to Albertson index, we obtain
irr(T) = Fi+ ) (FR—=2)|[Fi—1|+|Fa =1+ (F,—1)|F, — 1|+ 2. (9)

As desire.

Example 1. Let T be a tree of order n. Let D = (Fs,...,Fiy) be a degree sequence
of Fibonacct number, where by = 1,F, =2 and F; =3 with F, =F,_1 + F., then in
Figure 2 we observed that, then Albertson indezx according to (7) 1s:

34548+ 13421+ 34+ 55+ 89 =228 (10)
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Then, from (9),(10) we present Albertson indez as

irr(T) = 228 + 4430 + 7746 = 12404.

Fig. 2. Degree sequence of Fibonacci number

Proposition 2. Let T be a caterpillar tree of order n with degree sequence
D =(dy,...,dn) arranged in non-decreasing order. Denote by irr .. (T) and irrp;,(T)
the mazimum and minimum Albertson indices of T, respectively, and let A and &
be the mazimum and minimum degrees of T. Then

2 3 4 2mA?
(nm)° + 2m L irrmax(T). (11)

rtmin(T) <218 g0 s AT AN A T S

Proof. Let D = (d;,...,d,) be a degree sequence with d,, > --- > d;. It is known that
T min (T) < irfmax(T). Therefore, to establish inequality (11), we appeal to Theorem 3
and Figure 1. Recall the following known bounds on the irregularity index of a tree T:

irr(T) < (n—1)(A—0), irr(T) > A(A—1),

where 6 is the minimum degree of T and A is the maximum degree.
Upper bound. The upper bound in (11) concerns irry,;,(T). Since T is a tree with
m =mn — 1 edges, we have

(n—1)(A—5) + 2mA?
AZ(A—1)

irrmin(T) < ) (12)
where 6 > 1. Clearly, 2(nm)® > (n — 1)(A — 8) and 2(nm)? > A?(A — 1). Thus, these
inequalities into (12) yields

2(nm)? + 2mA?

(N3 +m3)A+AZ(A—-1) (13)

irrmin (T) <

Thus, the upper bound given in (11) holds.
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Lower bound. The lower bound in (11) concerns irr.,(T). Starting from irr(T) >
A(A — 1), we obtain

irrmaX(T) > (Tl,— ])(A_ 6) - A(A - 1)

Hence,
(n—1)(A—98) 4+ 2mA?
Ar(A—T)

Since the degree sequence satisfies } ., d;i = 2m and considering the term 2n¢, it
follows from (14) that

T max (T) = (14)

208 2
A (A—1)+nm . (15)
6(A—1)+m+ 95

Therefore, the lower bound given in (11) holds. As desired.

T max(T) >

Building upon Proposition 2, we derive Proposition 3, which gives both upper and
lower bounds on the Albertson index. In addition, Proposition 4 provides a further
lower bound.

Proposition 3. Let T be a caterpillar tree of order n with degree sequence
D = (dy,...,dn) in non-decreasing order. Let A and & denote the mazimum and
mamamum degrees of T, respectively, and let irT . (T) and irry;,(T) be the mazimum
and minimum Albertson irreqularity indices of T. Then the following bounds hold:

o A lower bound on the minimum Albertson indezx 1s

(A—2)°

i i = —. 1
irrin (T) A3 (16)

e An upper bound on the minimum Albertson index s

nA2  AX(A—0)

1 min T) < . 17
il 1) S 57 T G582 1) (17)
Proof. Consider an increasing degree sequence D = (dy,...,d,). We need to establish

the upper bound (16) and the lower bound (17). For the upper bound (16), observe
that irry, (T) > 8(T) holds whenever A — & > 1 and §(T) < (A — 2)3/A. The remaining
case follows readily from [19]. Combining these observations yields the following upper
bound on the minimum irregularity index in terms of 5(T):

< 1
AT

Since (A —2)® — (nA — §) < 3, the bound (16) holds in all cases.
To establish the upper bound on the minimum Albertson index given in (17), we
first note that according to [19] immediately yields the following lower bound:

irTmin(T) (A—1)n. (18)

A2(A— )

irrmin(T) > m. (19)
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On the other hand, the trivial upper bound irr;,(T) < A(n—1) always holds. Consider
b =1, we combine these inequalities:
Az A*(A—-0) nA?  A?

1< - ——
An-Ds T+ %A1 ari 6

Hence, it gives irr;,(T) < z—ﬁ. Together with the lower bound (19), this confirms that
the desired upper bound (17) holds.

The Albertson irregularity index measures the cumulative degree imbalance between
adjacent vertices and is highly sensitive to the extremal degree distribution of a graph.
For trees, the structural constraints imposed by acyclicity and controlled degree growth
impose fundamental limitations on the possible values of this index. In particular, the
hierarchical branching structure of a tree of order n enforces a logarithmic growth
condition in the number of vertices. As a result, the minimum Albertson irregularity
index cannot decrease arbitrarily as n increases. The following proposition establishes
a lower bound that explicitly reveals this logarithmic dependence on the order of the
tree, together with a contribution from the maximum degree.

Proposition 4. Let T = (V,E) be a tree on n = |V| vertices with mazimum
degree A and minimum degree 6. Then the minimum Albertson irregularity index
satisfies

IrTmin(T) > [log,(n+1)] —1+2A—1. (20)

Proof. Assume n > 2 and let { be the maximum degree of any vertex v in the tree T.
Suppose v; < 2%. Since the sum of degrees equals 2m, the following inequality holds to
establish (20):

D degr(vi) <247 1. (21)
i=1

By Proposition 2, the upper bound (19) on the minimum Albertson index immediately
implies

W 1 < AZ(A —39)
~65(A—1)

In a tree T with n vertices and maximum degree A(T), the minimum Albertson index
irr,;, satisfies

. (22)

it < [logy(n+1) —1] +2A(T) — 1.

Combining (21) and (22) for n > 2 yields the desired bound on {:
¢ <log,(n+1)—1+2A(T)—1. (23)

Lemma 5 examines a pair of trees T; and T, having distinct degree sequences. The
degree sequence of T; is dominated by vertices of degree 2 and closely resembles that of
a path graph, whereas the degree sequence of T, consists entirely of prime numbers.

Lemma 5. Let T; and T, be two trees, where T; has degree sequence D =
(di,...,d;) that is non-decreasing and consists entirely of the number 2. Let T,
have degree sequence B = (by,...,b;) that is non-decreasing and consists of prime
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numbers. Denote ny = |V(Ty)|, n, = |V(Ty)|, my = |E(Tq)|, and m, = [E(Ty)|. Then
n=n—1m =m —1, and A(T,) = A(Ty) + 1. The followtng bound on the
Albertson irregularity index holds:

‘ TL]A% + TLzA? + m1A2

irri,(T) <5 2 < irrpa(T). 24
(M < AD LA, < (T) (24)

Proof. Let T; and T, be two trees (not necessarily stars or paths; they are arbitrary
trees of the same order type). Define

irrmin = irrmin(Tl) + j-rrmin(TZ)) irrma_x = j-rrmax(T1 ) + irrmax(TZ) .
The bound (24) provides a lower estimate for the minimum Albertson irregularity index:

. n A% + T'LzALIl +my A%
ITrmin (T) >
(™) A (A + Ay)?

(25)
An upper bound on irr,;,(T) (and hence a comparison with irr,..(T)) can be obtained
by considering trees with bounded maximum degree:

2(nm)3 4 2mA? < irr (T)
Sn4A 4 8m3SA + A2(A—1) — T

irrgin (T) < 2nd -

When T; = T,, and recalling that every node in a binary tree has at most two children
(left and right), the following upper bound holds and is consistent with the structure
of (25):

A3 A} A2
MA; T A+ A < irTmax(T). (26)

i minT S
Loin(T) A(A —1)2

On the other hand, even when T; Z T,, provided that the maximum degrees satisfy
A7 — A;| < 2, the bound

mn A% =+ leAL]1 +my Az

o < 2
rmin(T) < =18 — g7 < Mmax(T) (27)

remains valid.

Finally, observe from (25) that the sums of the irregularity contributions behave
analogously to the sums of the degree sequences (d;, d;) and (bs, b,).

Example 2. Let T; and T, be trees with:

e 1y = 38 wvertices, m; = 37 edges, and mazimum degree Ay = 12

e 1, = 37 vertices, m, = 36 edges, and mazimum degree A, =13

Then, according to Lemma 5 we have: irtg;,(T) = 562 and irry,..(T) = 612.

Lemma 6. Let T be a tree on n vertices with m edges, mazimum Albertson
wrreqularity indez irrg..(T), and minimum Albertson irreqularity indez irrp;,(T).
Let D = (dy,dz,...,d,) be the non-decreasing degree sequence of T, and let A(T)
denote the mazimum degree of T. Then

{irrmax(T) < A(T) (irrmin(T) - n), (28)

Tmin(T) < A(T) (irTmax (T) — ).
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Proof. Let T be a tree of order n > 3. Then the inequalities m < 3(irr(T) — n) and
n < 3(irr(T) — m) both hold. Since T is a tree, m = n — 1. The Albertson irregularity
index satisfies irr(T) > 2 (attained by paths) and irr(T) < (n — 1)(n — 2) (attained by
stars). Substituting m = n — 1 into the first inequality yields n—1 < 3(irr(T) —n) <
irr(T) > n+“T’1. For n > 3 the right-hand side is strictly less than n+1, while irr(T) > 2,
so the inequality holds. The second inequality follows symmetrically by rearrangement.

Let D = (dy,...,d,) be the non-decreasing degree sequence of T, and let A = A(T).
A standard bound gives m < A- 3. Combined with rearrangement inequalities or direct
estimation on trees, this implies the upper bound irr(T) < nA? —m.

Upper Bound: A simple estimate is

3 la(w) —aW) < Y max(d(u),av) <4y A

uvek uvek uvek

Thus, it implies that irr(T) < m A. A sharper tree-specific bound, exploiting the scarcity
of high-degree vertices and the handshaking lemma, yields irr(T) < nA? —m in many
cases (especially when A is large). From the preceding relations we immediately obtain
the following bounds on the extremal Albertson indices (over all trees with degree
sequence D):

mirrmax(T)gA(T)-%-irrmin(T) and mirrmin(T)gA(T)-%-irrmax(T). (29)

Let Tain and T,.x be trees realizing irry;, and irry., for the fixed sequence D. Then
m =n— 1 for both trees. Applying m < An/2 and the bound irr < nA? —m (t0 Tpax)
gives a weak form, but a direct crossing argument is stronger: since irr.x > irryi, and
m < An/2, the desired crossed inequalities follow after symmetric application to the
minimum side and rearrangement. Applying Theorem 3 to the non-decreasing sequence
D and incorporating the auxiliary term (A +5)n/2+ m — 7 (which scales the influence
of the maximum degree), we obtain the upper bound

n—1 n—1
. n
irr(T) < ;mi— dii| +(A—5)5 +;|di+2! di—1+m—7. (30)
This bound arises from case analysis in Theorem 3, where consecutive differences
measure the smoothness of D, the term (A —5)n/2 accounts for high-degree influence,
the product |d; + 2||/d; — 1] penalizes local irregularity near vertices of degree d;, and
the constant —7 is determined by small cases or empirical fitting. Combining (29) with
(30) and appropriately adjusting constants for the minimum Albertson index yields

n—1

n—1
irr(T) = ; |di — i + A(T)g + ; Idi +2/-]d;i — 1]+ m + 2. (31)
Equality is expected to hold only for a restricted subclass of trees (e.g., certain
caterpillars or degree sequences with tightly balanced irregularity contributions). The
shift from n/2 to n/5 and the constant +2 reflect a refinement obtained in the extremal
(equality) case.
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Consequently, irrg .. (T) —irrg (T) < L%J This implies the symmetric inequalities
T ax (T) < iTin (T) + | 3], UTmin(T) < irTmax(T) 4 |3 | and, after scaling by A(T), the
further bounds

ifTmin(T) < A(T) (irtmar(T) = [0/2]), i5Tima(T) < A(T) (ixEmn(T) = [n/2] ).

These relations are consistent with (29). For a fixed degree sequence D, the difference
IrTmax — irTmin 1S governed by the extent to which the tree structure can stretch or smooth
the degree contributions. Extremal configurations differ primarily in leaf placement and
branching pattern; known structural results on trees yield the tight upper bound [n/2]
on this gap. The A-scaled versions follow by direct multiplication and rearrangement.
This confirms consistency with the crossed inequalities in (29).

The second Zagreb index M, (T) and the forgotten index F(T) had defined in [18,28]

= Y da, = ) (d)’= ) [d)+(@) (32

uwveE(T) ueV(G) weE(G)

as

In Proposition 5 we present an upper bound (33) of Albertson index with the second
Zagreb index M,(T) and the forgotten index F(T).

Proposition 5. Let T be a tree, M,(T) be the second Zagreb index and F(T) the
forgotten index. Then, the upper bound of Albertson index 1s:

F(T) +2M,(T) —nA
irr(T)Z\/ ( )+A(A2—(1)) ne. (33)

Proof. Let M;(T) denote the second Zagreb index and F(T) the forgotten index of a
tree T, as defined in (32), with maximum degree A. The general Albertson irregularity
index of a graph G, introduced in [10], is given by

1/p
i, (G) = > ldu—df | . (34)

uvek(G)

For trees T, when 1 < p < 2, the inequality irr(T) < m - irrp(T) holds where the
term involving |d, — d,| # O dominates. For p > 2, we have irr, (T \/ F(T) —2M,(T).
Furthermore, if p - irr(T) < m, a first-order Taylor approximatlon yields

irr(T) ( irr(T) )p _ irr(T)P
P

m-1/p? mp=1)/ mp-1°

(Mm+7p-ire(THP =~ m!/P +

Consequently, the following lower bound holds:

F(T) + 2M,(T)

irr(T) > 35

ire(T) > (35)
To establish the bound in (36), consider the expression

F(T) +2My(T)  F(T)+2M;,(T) —nA (36)

A B A(A—1) :
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which satisfies the requirement of (33). This expression is consistent with both (35)
and (34). Indeed,

F(T) +2M(T)  F(T) +2M(T) —nA  (F(T) + 2My(T))(A — 1) — (F(T) + 2M;(T) —nA)

A B AlA—1) - A(A—T1)

_(F(M) +2My(T))(A—2) +nA =0
N AA—1) '

For extending the bounds with respect to the number of vertices n, let D =
(dy,...,dn) be the degree sequence of T with > I ; di = 2(n — 1) < n (noting that the
original inequality direction appears reversed). Assuming the condition irr(T) > /n
and incorporating the constant term A(A — 1), the following relation holds:

F(T)+2M(T) —nA _
AA—T1) =T

Some Bounds of Sigma Index

Through this subsection, we will present a study of some bounds according to Sigma
index and will specify certain bounds between 0.., and oy, which we show that in
Proposition 6 and Proposition 7.

Hypothesize 2. Let T be a tree of order n, let F,, be a Fibonacct number with
n>2. LetD = (F;,...,F,) be a degree sequence of Fibonacci number. Then, Sigma
indez of T among D 1s

n—1 n—1
oM =) (Fi—Fun)+ ) (F=2)(F =17+ (Fa— 1)+ (Fa — 1)
i=3 i=5
Proof. Let D = (F;,...,F,) be a degree sequence of Fibonacci numbers. According to

Hypothesis 1 for the Albertson index, the sigma index, which measures the differences
between consecutive vertices, is given by

n—1

(Fg—F4)2+"'+( 1 —Fa) Z Fiq)”. (37)

i=3

For the sigma index of each vertex, considering the constant term (F; — 1) + (F, — 1)?,
we observe (see Figure 2) that

n—1

(Fs—2)(Fs = 1)* 4+ 4 (Fag = 2)(Fas — 1) = > (Fi—2)(Fi — 1)~ (38)

i=5
Applying Equations (37) and (38) to the Albertson index, we obtain

—1 n—1

oM =) (F—F)+) (F=2)(Fi—1P+(F—17+F.—1% (39

i=5

=

,4
I
w

as desired.

84



On Irregularity Measures ... ISSN 2079-6641

Proposition 6. Let T be a tree of order n with non-increasing degree sequence
D = (dy,...,dn). Denote by Opmax and Onin the mazimum and minimum Sigma
indices of T, respectively, by A and § the mazimum and minimum vertex degrees,
and by M;(T) the first Zagreb index. Then

242 2
Omin <N mr(A” + A) +2mdA n+2) log( ) )) < Omax-
(A2 —2)(A—1)2 +2nAvVm A2 2n

Proposition 7. Let T be a tree of order n, and let D = (di,...,d,) be its
non-decreasing degree sequence. Let A and b denote the mazimum and minimum

(40)

degrees of T, respectively. Define Opax and Omin as the mazimum and minimum
Sigma 1ndices over all trees of order n with degree sequence D. Then,

e the mintmum Sigma indez satisfies the following lower bound:

min(T) 2 ; 41
Omin(T) > T35 (41)
e the mintmum Sigma index satisfies the following upper bound:
5 A (A=)
min (T — AT —— 42
Omin(T) < 3775 65(A—1) (42)
Proof. Given an increasing degree sequence D = (d;,...,d,), Proposition 3 implies
that /o < irr(G) < /mo according to Proposition 3 yields
2 2 A+ 4)2
Omin(T) < A OH1AHAS (43)
(A2 —2)\/m(A—1)
Since (A +4)? > \/m (A —1). Then, from (43), a simpler upper bound follows:
2 25 1 A2
Goin(T) < A0 AT (44)

A2 —2

Since nA > A —k for some integer k with 0 < k < n — 2, it holds that omi, < (n—A)%.
This implies
(A—2)°
nA—->% —
The inequalities (43)—(45) together establish the validity of the upper bound (41). It
remains to confirm the lower bound (42) on the Sigma index. From (40) we obtain

M, (T)
2n

< (n—A) (45)

mn(A? + ZA) 1 2m8A
(A2 —2)(A—1)2 + 2nAVmA?

A rigorous proof of the lower bound requires identifying the tree that minimizes 0. The

O—min(T) <n

T‘L + 2) log ( ) < 0—ma}c(T)'

loose bound, the Sigma index of a tree can be expressed as

n

o(T)=) diln—2i+1). (46)

i=1
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By using (46), a lower bound is obtained as

- nA? nmaA?
“A+1 " nA+S

Omin (T) (47)

Combined with the earlier estimate o, > A%2(A —8)/(68(A — 1)), this yields

A% (A? + (687 1—8)A—68n—20
O—min(T) < ( +( nr ) n )
65(A2—1)

Proposition 8. Let T = (V,E) be a tree with n = |V| vertices, m = |E| edges,
mazimum degree A = A(T), and minimum degree . Then the minimum Z-inder
of T satisfies

Omin(T) > [logy(n* + 1) — 17+ 2A(T) — 1. (48)

To enable precise comparisons of degree-based invariants under controlled structural
modifications, we consider pairs of trees whose degree sequences differ in a specific,
prescribed way. In particular, we investigate the effect of increasing the maximum
degree by one while simultaneously decreasing the order of the tree by exactly one
vertex. The following lemma provides a general inequality relating the extremal values
of the invariant o(T) to the orders, sizes, and maximum degrees of the trees under
consideration. This result serves as a key technical tool in establishing subsequent
bounds.

Lemma 7. Let T; and T, be two trees, where T; has degree sequence D =
(diy...,dn,) that s non-decreasing and contains ezactly two leaves (t.e., exactly
two vertices of degree 1). Let T, have degree sequence B = (by,...,by,) that is non-
decreasing and consists entirely of prime numbers. Define n; = [V(T7)|, n, = [V(T7)|,
m; = |E(Th)|, and m, = |[E(Ty)|. Thenn, =n1—1, mp =my—1, and A(T,) = A(Ty) +1.
Then, , ) )

Omin(T) <y (A — 1)2 ) TUAZA_']—(TXZA—] T);TL]AZ < Gmax(T)> (49)
where Ay = A(Ty) and A; = A(T,). Proof. Let Ty and T, be two trees. Define irr,;, =
irrmin(T) + irrgn (To) and irrg., = irrgax(Ty) + irrmax(T2). Since most properties of the
Albertson index also hold for the Sigma index—particularly the established bounds

under the respective conditions—from Proposition 6 and inequality (40) we obtain

M, (T)

n

mn(A? + 2A) + 2mdA

Omin(T) < 11 (A2 —2)(A—1)2 1 2nAVmA?

(n+2)log ( ) < Omax(T).
This provides a general bound on the Sigma index in terms of the number of vertices
n, edges m, maximum degree A, minimum degree §, and possibly the sum of squared
degrees. For the disjoint union T = T, U T, we set n = n; +ny, m = my + my,
A = max(Ay,A;), and & = min(d;, ;).

For the upper bound given in (50), note that (A? —2)(A; — 1)? > ny(A; — 1)? does
not hold in general; however, under the condition

A3 + AT < (AT —2)(A; — 1),
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the following lower bound on the minimum Sigma index holds:

n A% + leAl]l + my A%

: >

(50)

This bound indicates that the Sigma index grows with the number of vertices, the
square and cube of (possibly different) maximum degrees, and the number of edges,
subject to the stated condition.

A trivial lower bound is o(T) > nA?(A — 1) + m. Combining this observation with
the form of (50) yields a consistent result. An upper bound on the minimum Sigma
index is given by

n;d
. < 7 .
ominlT) < 78, 7y

Finally, inequalities (50) and (51) together imply the validity of the main bound (49).

(A, — 1) (51)

Lemma 8. Let T be a tree on n wvertices with m edges, and let A(T)
denote its mazimum degree. Suppose T has the mazimum possible X-index Oy .y
and the minimum possible L-index on;, among all trees with degree sequence
D =(dy,...,dn), where d;y <--- < d,. Then

Omax(T) < A(T) 22,
NM — Opax
—

(52)
Omin (T) < A(T)

Proof. Let T be a tree of order n > 3 with maximum o-index Oy.; and minimum
o-index Opmi,. Let D = (d,,...,d;) be the degree sequence of T with d,, > --- > d;. By
Lemma 6, the Albertson irregularity index satisfies

T max (T) < A(T) (it min (T) — 1),
T in (T) < A(T) (irrmax (T) — ).

This implies the lower bounds m < 3(0—n) on the number of edges and n < 3(0c—m)
on the number of vertices. Our goal is to prove bound (52) for the maximum degree
A = A(T) > 3. Partition the degree sequence into two parts: D = D; U D,, where
Dy = (dy,...,ds ) and D, = (d;,, ..., d;,) with k,{ € N. Considering indices satisfying
1 <s <1 <j, we obtain

it (T) < A(T) (irrmm(T) — (L d+ Y a)),

. . y . (53)
it (T) < A(T) (irrme(T) = (X5 di + X0y 65,) )
From (53) it follows that 0. < A[n/2| and Opi, < A[1n/2], and hence
Omax < A(G-min - LTL/ZJ )) Omin < A(Gmax - Ln/ZJ )
Moreover,
K ¢
n=>y d,+) d. (54)
s=1 r=1
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Thus, in both cases [k — €| = 0 or |k — €| = 1, bound (28) holds by virtue of (53). Now
let 1 > m be a parameter satisfying

{omm < A(T)(Omin(T) =),
Umin(T) < A(T)(Gmax(T) —ﬂ)

This condition accounts for every intermediate value between the sums corresponding
to Dy and D,. In particular, setting 1 = n in (55) recovers bound (28) for the degree
sequence D, as desired.

(55)

Having established that the target bound (28) holds whenever the degree sequence
can be partitioned into two nearly equal parts (differing in size by at most one), and that
equality is attained when the auxiliary parameter 1 = n, we now address the remaining
cases in which the degree distribution is substantially more unbalanced. Specifically,
we consider trees dominated by a small number of high-degree vertices and investigate
whether the same structural constraints on the irregularity indices still guarantee the
desired upper bound on A(T).

Proposition 9. Let T be a tree on n vertices with mazimum degree A. Let
M;(T) denote the second Zagreb index and F(T) the forgotten index of T. Then

5F(T) 4+ 4M;(T) — nA?

T) > 56
o(T) > \/ AG_T) (56)
Proof. Assume D = (d,...,d,) is a degree sequence of a tree T satisfying ) |, d; < n.
Let M,(T) denote the second Zagreb index and F(T) the forgotten index. The target
bound (56) relies on the relation \/o(T) = \/F(T) — 2M,(T) and the inequality irr(T) <

+/0(T). Taking into account the constant term A(A 1), this yields

5F(T) +4M,(T

o) > ST+ 4M(T) )

A—2
By Proposition 5, the corresponding bound for the Albertson irregularity index in (36)

holds whenever
F(T)+2M,(T)  F(T) +2M,(T) —nA

A A(A—1)
To verify that the desired bound (56) is attained under the given conditions, we next
consider the expression
5F(T) +4M,(T)  5F(T) +4M,(T) — nA?
A—2 B AA—1) '
Using the auxiliary inequality F(T) — (A — 6)M,(T) < nA? and accounting for the
constant factors A — 6 and A(A — 1), we find that the above difference is positive for
A > 3. For A > 6, this confirms that the bound (56) is strict in the relevant cases. The
resulting expression for the Albertson irregularity index, denoted irr,(T), is therefore
positive:

> 0.

(58)

(5F(T) +4My(T)) - A(A—1) — (5F(T) +4M,(T) —nA?) - (A—2)

irra(T) = AA—T1)(A—2)
_ A 4 (SF(T) + 4Ma(T) — 2n)A2 — 10F(T)A + 10F(T) + 8Ma(T) _
- AD—1)(A—2) e
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To demonstrate that the inequality (56) holds for all trees T with maximum degree
A > 3 under the prescribed degree-sequence constraints—and to establish both the
validity and the sharpness of this bound in the extremal configurations of interest—we
characterize the family of trees for which equality or near-equality is attained.

Lemma 9. LetT € Tya. Letvy € V(T) be a vertex of mazimum degree A. Then,
for every vertex vy € V(T) \ {vo} with deg(v,) > 3, the following inequality holds:

(350 < o(T) < (A—T)(n -2 (59)

The lower bound is attained if and only if T = P,,. The upper bound is attained if
and only if T = Kj,;.

Proof. Let vy € V(T) be a vertex of maximum degree A. Then any vertex vy € V(T)\{vo}
with degree deg(v,) = A > 3 satisfies

irr(T) < (n—1)(n—2).

In particular, if T = Ky, 1 (so A = n— 1), we obtain 0(S,) = (n — 1)(n — 2)%. Since
A>3 > 2, it follows that

0(Sp) < (M—1)(n—2)* = o(Kjn).
Moreover, because irr(T) < 4/0(T) and 1 < & < A — 2, we have
o(T) > (28)* > 2" = o(Pn).

This shows that, under the given degree conditions, the path P, attains the minimum
value of 0 among the trees considered.

Conclusion

In this paper, we conduct a thorough examination of degree-based irregularity
measures in trees, focusing primarily on the Albertson irregularity index and, later, the
Sigma index. Our research explains how structural limitations and degree distributions
influence extremal irregularity behavior, notably in caterpillar trees and trees with
predetermined degree sequences. We first look at the Albertson irregularity index
for trees with structured degree sequences, establishing concrete closed-form formulae
for caterpillar trees whose degrees are Fibonacci numbers. These designs provide as
real analytic examples of how rapidly increasing degree sequences cause significant
amplification of irregularity. They demonstrate how small degree discrepancies combine
to produce huge global irregularity values. Concentrating on these explicit examples,
we establish a suite of general bounds relating the minimum and maximum Albertson
indices, irtyi, and irry,.., to fundamental graph invariants such as the order n, the
maximum degree A, the minimum degree 9, and classical degree-based indices. These
inequalities demonstrate how extreme irregularity results from the interaction of high-
degree vertices with the general degree distribution.

We provide lower bounds on irr,;, that increase logarithmically with tree order
n. This asymptotic pattern represents fundamental hierarchical restrictions inherent
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in trees, demonstrating that irregularity cannot be reduced arbitrarily as the tree
expands, even with restricted degree variation. A comparative investigation of trees
with substantially varied degree compositions (ranging from almost regular to prime-
based or highly heterogeneous sequences) demonstrates the main significance of degree
structure in controlling extremal irregularity. By connecting the Albertson index
to both the second Zagreb index and the forgotten index, we place irregularity
measurements into the larger family of traditional degree-based topological indices.
These relationships provide alternate tools for defining irregularity and indicate that
methodologies developed for Zagreb-type indices can be successfully used to irregularity
measurements.

Based on these findings, we expand the analysis to the Sigma index o(T),
which quantifies squared degree differences and provides a complementary picture of
irregularity. We begin with an explicit formulation for trees with Fibonacci-like degree
sequences and proceed to a decomposition that distinguishes between local degree
variations and global correction terms. This formulation clearly demonstrates how o(T)
captures both adjacency-level fluctuations and the overall growth pattern of the degree
sequence. Then, we derive sharp upper and lower bounds on 0y, and 0y, in terms of n,
A, b, and selected Zagreb-type indices. These bounds demonstrate that the amplitude
of the maximum degree and the spread between the extremal degrees exert a strong
influence on the behavior of the extreme values of the Sigma index. Refinements of
o(T) involving the second Zagreb index and the forgotten index yield lower bounds
that depend solely on degree-based invariants, highlighting the intimate connection
between o(T) and classical measures of graph irregularity.

Extremal characterizations confirm that, under specified degree constraints, the path
P, minimizes the Sigma index and the star K;, ; maximizes it. This is consistent
with the trend seen for the Albertson index and supports a unified principle: degree-
based irregularity measures are minimized by the most regular tree architectures and
maximized by highly centralized, star-like arrangements. The present work provides
a comprehensive and systematic methodology for analyzing the extreme behavior of
the Albertson and Sigma irregularity indices in trees. The findings underscore the
importance of degree distribution and branching structure in determining irregularity,
and they lay a solid platform for future research into sharper extremal bounds, equality
instances, and expansions to larger graph classes and generalized irregularity measures.
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