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Abstract. The generalized hypergeometric function qFp is a power series in which the ratio of successive
terms is a rational function of the summation index. The Gaussian hypergeometric functions 2F1 and 3F2
are most common special cases of the generalized hypergeometric function qFp. The Appell hypergeometric
functions F1 – F4 are product of two hypergeometric functions 2F1 that appear in many areas of mathematical
physics and hypergeometric Appell functions are most common special cases of the Kampé de Fériet
hypergeometric function which is a power double series. As demonstrated by Opps, Saad and Srivastava, in
2005, the double integral integral representation of F2 can be reduced to a single integral that can be easily
evaluated for certain values of the parameters in terms of 2F1 and 3F2. Using many of the reduction formulas
of 2F1 and 3F2 and representation of F2 in terms of a single integral, in 2008, Murley and Saad tabulated
new reduction formulas for F2.The Lauricella hypergeometric function F(3)A is a power triple series which
is a product of the Appell function F2 and the Gaussian hypergeometric function 2F1. Following the work
of Opps, Saad and Srivastava, we establish that the triple integral integral representation of F(3)A can be
reduced to a single integral, under which is the Appell function F2.Applying the known reduction formulas
of 2F1, 3F2 and F2 and the representation of F(3)A in terms of a single integral for the Appell function F2, we

have begun to tabulate new reduction formulas for the Lauricella function F(3)A .
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Таблицы гипергеометрических функций Лауричелла F(3)A
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Аннотация. Обобщенная гипергеометрическая функция qFp – это степенной ряд, в котором
отношение последовательных членов является рациональной функцией индекса суммирования.
Гауссовы гипергеометрические функции 2F1 и 3F2 являются наиболее распространенными частными
случаями обобщенной гипергеометрической функции qFp. Гипергеометрические функции Аппеля F1 –
F4 являются произведением двух гипергеометрических функций 2F1, которые встречаются во многих
областях математической физики и, в свою очередь, гипергеометрические функции Аппеля являются
наиболее распространенными частными случаями гипергеометрической функции Кампе де Ферье,
которая представляет собой двойной степенной ряд произвольного порядка. Как показали Оппс, Саад
и Сривастава в 2005 году, двойное интегральное представление F2 может быть сведено к одинарному
интегралу, который легко вычисляется для определенных значений параметров через 2F1 и 3F2.
Используя многие из формул приведения для 2F1 и 3F2 и представление F2 в виде одинарного интеграла,
в 2008 году Мурли и Саад составили таблицы новых формул приведения для F2 . Гипергеометрическая
функция Лауричелла F

(3)
A представляет собой тройной степенной ряд, являющийся произведением

функции Аппеля F2 и гауссовой гипергеометрической функции 2F1. Следуя работам Оппса, Саада
и Сривастава, мы устанавливаем, что тройное интегральное представление F(3)A может быть сведено к
одинарному интегралу, под которым находится функция Аппеля F2 . Применяя известные формулы
приведения для 2F1, 3F2 и F2 и представление F(3)A в виде одинарного интеграла для функции Аппеля

F2, мы начали составлять новые формулы приведения для функции Лауричелла F(3)A .

Ключевые слова: множественные гипергеометрические функции, функция Лауричелла, ряд
Аппеля, гипергеометрическая функция Гаусса, формулы редукции
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Introduction

It is well known [1, 2] that the solution of a wide variety of problems related to
heat conduction and dynamics, electromagnetic oscillations and aerodynamics, quantum
mechanics, and potential theory leads to special functions. They most often arise when
solving partial differential equations using separation of variables or the Green’s function
method. The diversity of problems leading to special functions has led to a rapid increase
in the number of functions used in applications.

The great success of the theory of hypergeometric series in one variable has
stimulated the development of a corresponding theory in two and more variables.
Appell [3] has defined, in 1880, four double series, which are all analogous to Gauss’
F(a, b; c; x). Following the Appell’s work, Lauricella [4] has defined, in 1893, four
hypergeometric series F(n)A , F(n)B , F(n)C and F(n)D , which are natural generalizations of the
classical Gauss hypergeometric function F and the Appell functions F1 – F4 to the case
of n complex variables and the corresponding complex parameters. In his work [4]
Lauricella introduced 14 complete hypergeometric series in three variables of the second
order. He denoted his triple hypergeometric series by the symbols F1, F2, ..., F14 of which
F1, F2, F5 and F9 correspond, respectively, to the three-variable Lauricella series F(3)A , F(3)B ,
F
(3)
C and F(3)D . Chapter 7 of Part I of the monograph [5] is the primary source for the study

of the four Lauricella functions in n variables. The remaining ten series F3, F4, F6, F7, F8,
F10,..., F14 of Lauricella’s set apparently fell into oblivion [except that there is an isolated
appearance of the triple hypergeometric series F8 in a paper by Mayr [6, p. 265]) who
came across this series while evaluating certain infinite integrals]. Saran [7], in 1954,
initiated a systematic study of these ten triple hypergeometric series of Lauricella’s set.

The Appell and Lauricella hypergeometric functions play an important role in
mathematical physics. In particular, solutions to a number of boundary value problems
for singular elliptic equations are given in terms of the Appell hypergeometric function
F2 [8, 9] and the Lauricella hypergemetric function F

(n)
A [10–12]. Under exceptional

circumstances, multiple hypergeometric functions can be expressed in terms of simpler
functions, notably in terms of hypergeometric functions of one variable or, in general,
with fewer variables or in terms of elementary functions. In such cases we speak
of reducible hypergeometric functions and of reduction formulas. Certain trivial
reduction formulas are obvious: for example, if one of the two variables is zero in any of
the double series, the hypergeometric series of two variables can be expressed in terms
of series of one variable: such trivial reductions are disregarded in the sequel.

The monographs [5,13,14] contain a systematic exposition of summation, reduction,
and transformation formulas, as well as various other developments, covering not only
each of the four Appell functions, but also several families of functions of two variables.
Furthermore, the work [15] compiled an extensive table of reduction formulas for the
Appell function F2.

The present work is devoted to compute F(3)A (a, b, 1, 1; c, 2, 2; x, y, z) explicitly for
different values a, b and c of the function parameters using the theorems that we will
prove in the next section. This is mostly done using many of the reduction formulas of
the Appell function F2(a, b, 1; c, 2; x, y) listed in [15].
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Preliminaries and some famous cases of reducibility of
hypergeometric functions

The Gauss hypergeometric function is defined inside the circle |z| < 1 as the sum of
the hypergeometric series [13, p. 109, eq. 2.8(1)]

F(a, b; c; z) ≡ F

[
a, b;

c;
z

]
=

∞∑
n=0

(a)n(b)n
(c)n

zn

n!
, (1)

and for |z| > 1, as its analytic continuation. Here a, b ∈ C and c ∈ C \ Z0;
Z0 := {0,−1,−2, ...}, and the expression (ν)n denotes the Pochhammer symbol: (ν)0 :=
1, (ν)n := ν(ν+ 1)...(ν+n− 1), ν ∈ C, n ∈ N, written through the gamma function
Γ(ν) in the form (ν)n = Γ(ν+ n)/Γ(ν), n ∈ {0} ∪ N; N is the set of natural numbers.

The Appell hypergeometric function F2 has a form [13, p. 224, eq. 5.7(7)]

F2 (a, b, b
′; c, c ′; x, y) ≡ F2

(
a, b, b ′;

c, c ′;
x, y

)
=

∞∑
m,n=0

(a)m+n (b)m (b ′)n
(c)m (c ′)n

xm

m!

yn

n!
,

where |x|+ |y| < 1; a, b, b ′ ∈ C and c, c ′ ∈ C \ Z0.
The Lauricella hypergeometric function F(3)A in three variables has a form [5, p. 114]

F
(3)
A

(
a, b, b ′, b ′′;

c, c ′, c ′′;
x, y, z

)
=

∞∑
m,n,p=0

(a)m+n+p (b)m (b ′)n (b
′′)p

(c)m (c ′)n (c
′′)p

xm

m!

yn

n!

zp

p!
,

where |x|+ |y|+ |z| < 1; a, b, b ′, b ′′ ∈ C, c, c ′, c ′′ ∈ C \ Z0, which can be represented as

F
(3)
A

(
a, b, b ′, b ′′;

c, c ′, c ′′;
x, y, z

)
=

∞∑
p=0

(a)p (b
′′)p

(c ′′)p

zp

p!
F2 (a+ p, b, b ′; c, c ′; x, y) . (2)

Many functions, both elementary and special, can be obtained from the
hypergeometric function F (a, b; c; z) for certain values of the parameters a, b, c or
under an appropriate transformation of the independent variable z.

So, for example, if a = −α and b = c, then

F (−α, b;b; z) = (1− z)α, |z| < 1,

i.e. in this case, the Gaussian function F (a, b; c; z) represents the binomial series.
Using some properties of the Gauss hypergeometric function F(a, b; c; z), the authors

of the paper [16] proved the following theorem:
Theorem 1. For |x|+ |y| < 1, the Appell hypergeometric function F2 is given by

F2 (a+ 1, b, 1; c, 2; x, y) = −
1

ay
F (a, b; c; x) +

1

ay(1− y)a
F

(
a, b; c;

x

1− y

)
, (3)

where a ̸= 0, b ∈ C, c ∈ C \ Z0 and

F2 (1, b1; c, 2; x, y) = −
ln(1− y)

y

+
b

cy

[
x

1− y
3F2

(
b+ 1, 1, 1;

c+ 1, 2;

x

1− y

)
− x 3F2

(
b+ 1, 1, 1;

c+ 1, 2;
x

)]
, (4)
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where b ∈ C, c ∈ C \Z0; 3F2 is the generalized hypergeometric function [13, Ch. 4]:

3F2

(
b, b ′, b ′′;

c, c ′;
z

)
=

∞∑
n=0

(b)n (b
′)n (b

′′)n
(c)n (c

′)n

zn

n!
, |z| < 1.

The work [15] is devoted to compute F2(a, b, 1; c, 2; x, y) explicitly for different values
a, b, c of the function parameters using (3) and (4).

Reduction formulas for the Lauricella function F(3)A

Applying the representation (2) and the Theorem one can to prove the following
reduction formulas:

F
(3)
A

(
a+ 1, b, b ′, 1;

c, c ′, 2
x, y, z

)

= −
1

az
F2

[
a, b, b ′;

c, c ′;
x, y

]
+

1

az(1− z)a
F2

[
a, b, b ′;

c, c ′;

x

1− z
,
y

1− z

]
, (5)

where a ̸= 0, b, b ′ ∈ C, c, c ′ ∈ C \ Z0;

F
(3)
A

(
1, b, b ′, 1;

c, c ′, 2
x, y, z

)
= −

ln(1− z)

z
−
b ′y

c ′z
3F2

[
b ′ + 1, 1, 1;

c ′ + 1, 2;
y

]

+
b ′y

c ′z(1− z)
3F2

[
b ′ + 1, 1, 1;

c ′ + 1, 2;

y

1− z

]
−
bx

cz
F1:2;10:2;1

[
1 : b+ 1, 1;b ′;

− : c+ 1, 2; c ′;
x, y

]

+
bx

cz(1− z)
F1:2;10:2;1

[
1 : b+ 1, 1;b ′;

− : c+ 1, 2; c ′;

x

1− z
,
y

1− z

]
, (6)

where b, b ′ ∈ C, c, c ′ ∈ C \ Z0, a F1:2;10:2;1 is the Kampé de Fériet function [14, p. 27]:

F1:2;10:2;1

[
a : b, b ′;b ′′;

− : c, c ′; c ′′;
x, y

]
=

∞∑
m,n=0

(a)m+n(b)m(b
′)m(b

′′)n
(c)m(c ′)m(c ′′)n

xm

m!

yn

n!
;

F
(3)
A

(
a+ 2, b, 1, 1;

c, 2, 2
x, y, z

)
=

1

a(a+ 1)yz

[
F (a, b; c; x) −

1

(1− y)a
F

(
a, b; c;

x

1− y

)

−
1

(1− z)a
F

(
a, b; c;

x

1− z

)
+

1

(1− y− z)a
F

(
a, b; c;

x

1− y− z

)]
, (7)

where a ̸= 0,−1; b ∈ C, c ∈ C \ Z0;

F
(3)
A

(
2, b, 1, 1;

c, 2, 2;
x, y, z

)
=
1

yz
ln

(
1+

yz

1− y− z

)

+
b

cyz

[
x 3F2

(
b+ 1, 1, 1;

c+ 1, 2;
x

)
−

x

1− y
3F2

(
b+ 1, 1, 1;

c+ 1, 2;

x

1− y

)

−
x

1− z
3F2

(
b+ 1, 1, 1;

c+ 1, 2;

x

1− z

)
+

x

1− y− z
3F2

(
b+ 1, 1, 1;

c+ 1, 2;

x

1− y− z

)]
, (8)
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F
(3)
A

(
1, b, 1, 1;

c, 2, 2;
x, y, z

)
=
bx

cyz
ln

(
1+

yz

1− y− z

)
+
1

yz
[(1− y− z) ln(1− y− z) − (1− y) ln(1− y) − (1− z) ln(1− z)]

−
bx

cyz

[
3F2

(
b+ 1, 1, 1;

c+ 1, 2;
x

)
− 3F2

(
b+ 1, 1, 1;

c+ 1, 2;

x

1− y

)

−3F2

(
b+ 1, 1, 1;

c+ 1, 2;

x

1− z

)
+ 3F2

(
b+ 1, 1, 1;

c+ 1, 2;

x

1− y− z

)]

+
b(b+ 1)x

c(c+ 1)yz

[
x 3F2

(
b+ 2, 1, 1;

c+ 2, 2;
x

)
−

x

1− y
3F2

(
b+ 2, 1, 1;

c+ 2, 2;

x

1− y

)

−
x

1− z
3F2

(
b+ 2, 1, 1;

c+ 2, 2;

x

1− z

)
+

x

1− y− z
3F2

(
b+ 2, 1, 1;

c+ 2, 2;

x

1− y− z

)]
, (9)

where b ∈ C, c ∈ C \ Z0;

F
(3)
A

(
a+ 3, 1, 1, 1;

2, 2, 2;
x, y, z

)
= −

1

(a)3xyz

[
1−

1

(1− x)a
−

1

(1− y)a
−

1

(1− z)a

+
1

(1− x− y)a
+

1

(1− x− z)a
+

1

(1− y− z)a
−

1

(1− x− y− z)a

]
, (10)

where a ̸= 0,−1,−2;
F
(3)
A (a+ 2, b+ n, 1, 1;b; 2, 2; x, y, z) =

1

(a)2 yz
×

×



(1− x)−a F

(
−n, a;b;

x

1− x

)
−(1− x− y)−a F

(
−n, a;b;

x

1− x− y

)
−(1− x− z)−a F

(
−n, a;b;

x

1− x− z

)
+(1− x− y− z)−a F

(
−n, a;b;

x

1− x− y− z

)


, n = 0, 1, 2, ... . (11)

To prove the reduction formulas (5) – (11), the reasoning used in proving the theorem
is repeated (for details, see [16]).

Special values of the Lauricella hypergeometric functions F(3)A

F
(3)
A

(
3

2
,
1

2
, 1, 1; −

1

2
, 2, 2; x, y, z

)

= −
4

yz

[
(1− x)

1
2 − (1− x− y)

1
2 − (1− x− z)

1
2 + (1− x− y− z)

1
2

]
; (12)

14
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F
(3)
A

(
3

2
,−
1

2
, 1, 1;

1

2
, 2, 2; x, y, z

)
= −

4

yz
×

×

 √
1− x−

√
1− x− y−

√
1− x− z+

√
1− x− y− z+

√
x

(
arcsin

√
x− arcsin

√
x

1− y
− arcsin

√
x

1− z
+ arcsin

√
x

1− y− z

)  ;(13)

F
(3)
A

(
3

2
,
1

2
, 1, 1;

3

2
, 2, 2; x, y, z

)
= −

2

yz
×

×


1√
x

(
arc sin

√
x
)
− (1− y)arc sin

√
x

1− y
− (1− z)arc sin

√
x

1− z

+(1− y− z) arcsin

√
x

1− y− z

+
√
1− x−

√
1− x− y−

√
1− x− z+

√
1− x− y− z

 ; (14)

F
(3)
A

(
3

2
,
1

2
, 1, 1,−

1

2
, 2, 2; x, y, z

)

= −
4

yz

[
1√
1− x

−
1− y√
1− x− y

−
1− z√
1− x− z

+
1− y− z√
1− x− y− z

]
; (15)

F
(3)
A

(
3

2
, 1, 1, 1; 3, 2, 2; x, y, z

)

=
32

15x2yz


1− (1− x)

5
2 − (1− y)

5
2 − (1− z)

5
2 + (1− x− y)

5
2

+(1− x− z)
5
2 + (1− y− z)

5
2 − (1− x− y− z)

5
2

+
5

2
x
{
1− (1− y)

3
2 − (1− z)

3
2 + (1− y− z)

3
2

}
 ; (16)

F
(3)
A

(
3

2
, 1, 1, 1; −

1

2
, 2, 2; x, y, z

)

= −
4

yz

[
1

1− x
−

(1− y)
3
2

1− x− y
−

(1− z)
3
2

1− x− z
+

(1− y− z)
3
2

1− x− y− z

]
; (17)

F
(3)
A

(
3

2
,
3

2
, 1, 1; −

1

2
, 2, 2; x, y, z

)

= −
4

yz

[
1

(1− x)
3
2

−
(1− y)2

(1− x− y)
3
2

−
(1− z)2

(1− x− z)
3
2

+
(1− y− z)2

(1− x− y− z)
3
2

]
; (18)

F
(4)
A

(
3

2
,
3

2
, 1, 1;

1

2
, 2, 2; x, y, z

)

= −
4

yz

[
1− 2x√
1− x

−
1− 2x− y√
1− x− y

−
1− 2x− z√
1− x− z

+
1− 2x− y− z√
1− x− y− z

]
; (19)

15
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F
(3)
A

(
3

2
,
3

2
, 1, 1;

5

2
, 2, 2; x, y, z

)
= −

3

2xyz
×

×

 arcsin
√
x− (1− y)2 arcsin

√
x
1−y

+(1− z)2 arcsin
√

x
1−z

− (1− y− z)2 arcsin
√

x
1−y−z


−
[
(1− 2x)

√
1− x+ (1− y− 2x)

√
1− x− y

+
(1− 2x− z)

√
1− x− z√

1− z
−

(1− 2x− y− z)
√
1− x− y− z

(1− z)
3
2

]
; (20)

F
(3)
A

(
3

2
,
3

2
, 1, 1;

1

2
, 2, 2; x, y, z

)
= −

4

yz
×

×
[
1− 2x√
1− x

−
1− y− 2x√
1− x− y

−
1− z− 2x√
1− x− z

+
1− z− y− 2x√
1− x− y− z

]
; (21)

F
(3)
A

(
3

2
,
5

2
, 1, 1;

3

2
, 2, 2; x, y, z

)

= −
4

3yz

[
3− 4x√
1− x

−
3− 4x− 3y√
1− x− y

−
3− 4x− 3z√
1− x− z

+
3− 4x− 3y− 3z√
1− x− y− z

]
; (22)

F
(3)
A

(
3

2
,
5

2
, 1, 1;

3

2
, 2, 2; x, y, z

)
= −

4

3yz
×

×
[
3− 4x√
1− x

−
3− 3y− 4x√
1− y− x

−
3− 3z− 4x√
1− x− z

+
3− 3z− 3y− 4x√
1− x− y− z

]
; (23)

F
(3)
A

(
3

2
,
7

2
, 1, 1;

5

2
, 2, 2; x, y, z

)

= −
4

5yz

[
5− 6x√
1− x

−
5− 6x− 5y√
1− x− y

−
5− 6x− 5z√
1− x− z

+
5− 6x− 5y− 5z√
1− x− y− z

]
; (24)

F
(3)
A

(
3

2
, 2, 1, 1; −

1

2
, 2, 2; x, y, z

)

= −
4

yz

[
(1− x)−2 − (1− y)

5
2 (1− x− y)−2

−(1− x− z)−2 (1− z)
5
2 + (1− y− z)

5
2 (1− x− y− z)−2

]
; (25)

F
(3)
A

(
3

2
, 2, 1, 1; 3, 2, 2; x, y, z

)

= −
16

15x2yz


2
(
1− (1− y)

5
2

)
− (2+ 3x) (1− x)

3
2

+(2− 2y+ 3x) (1− x− y)
3
2 − 2

(
(1− z)

5
2 − (1− y− z)

5
2

)
−(2+ 3x− 2z) (1− x− z)

3
2 + (2+ 3x− 2y− 2z) (1− x− y− z)

3
2

 ;(26)

16
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F
(3)
A

(
3

2
, 2, 1, 1; 4, 2, 2; x, y, z

)

=
32

35x3yz


4
(
1− (1− y)

7
2

)
− 7x

(
1− (1− y)

5
2

)
−(4+ 3x) (1− x)

5
2 + (4− 4y+ 3x) (1− x− y)

5
2

−4
(
(1− z)

7
2 − (1− y− z)

7
2

)
+ 7x

(
(1− z)

5
2 − (1− y− z)

5
2

)
+(4+ 3x− 4z) (1− x− z)

5
2 − (4+ 3x− 4y− 4z) (1− x− y)

5
2

 ; (27)

F
(3)
A

(
3

2
,
5

2
, 1, 1;

7

2
, 2, 2; x, y, z

)

= −
5

12x2yz



3 (1− y)3 − x (1− y)2 − 10x2 (1− y) + 8x3√
1− x− y

−
3− x− 10x2 + 8x3√

1− x
−

3

(
(1− y)3 arcsin

√
x

1− y
− arcsin

√
x

)
√
x

−
3 (1− y− z)3 − x (1− y− z)2 − 10x2 (1− y− z) + 8x3√

1− x− y− z

+
3 (1− z) − x− 10x2 + 8x3√

1− x− z

+

3

(
(1− y− z)3 arcsin

√
x

1− y− z
− arcsin

√
x

1− z

)
√
x



; (28)

F
(3)
A

(
3

2
, 3, 1, 1; −

1

2
, 2, 2; x, y, z

)

= −
4

yz

[
(1− x)−3 − (1− y)

7
2 (1− x− y)−3

−(1− x− z)−3 (1− z)
7
2 + (1− y− z)

7
2 (1− x− y− z)−3

]
; (29)

F
(3)
A

(
3

2
, 3, 1, 1; 1, 1, 2; x, y, z

)
= −

1

2yz
×

×


8− 24x+ 15x2

(1− x)
3
2

−
8 (1− y)2 − 24x (1− y) + 15x2

(1− y− x)
3
2

−
8 (1− z)2 − 24x (1− z) + 15x2

(1− x− z)
3
2

−
8 (1− y− z)2 − 24x (1− y− z) + 15x2

(1− x− y− z)
3
2

 ; (30)

F
(3)
A

(
2,
1

2
, 1, 1; −

1

2
, 2, 2; x, y, z

)

= −
1

yz

 ln
(1− x) (1− x− y− z)

(1− x− y) (1− x− z)
−

2xy

(1− x) (1− x− y)

+
2xy

(1− x− z) (1− x− y− z)

 ; (31)

17



ISSN 2079-6641 Abbasova M.O., Ergashev T. G.

F
(3)
A

(
2,
1

2
, 1, 1; 1, 2, 2; x, y, z

)

= −
2

yz
ln

(
1+

√
1− x

) (√
1− y− z+

√
1− x− y− z

)(√
1− y+

√
1− x− y

) (√
1− z+

√
1− x− z

) ; (32)

F
(3)
A (2, 1, 1, 1; 2, 2, 2; x, y, z)

=
1

xyz
[(1− x) ln(1− x) + (1− y) ln(1− y)

+(1− z) ln(1− z) − (1− x− y) ln(1− x− y) − (1− y− z) ln(1− y− z)

−(1− x− z) ln(1− x− z) + (1− x− y− z) ln(1− x− y− z)] ; (33)

F
(3)
A

(
2, 1, 1, 1;

7

2
, 2, 2; x, y, z

)
= −

5

2x2yz
×

×


(1− x− y)

3
2 arcsin

√
x

1− y
− (1− x)

3
2 arcsin

√
x

√
x

−

(1− x− y)
3
2 arcsin

√
x

1− y− z
− (1− x− z)

3
2 arcsin

√
x

1− z
√
x

 ; (34)

F
(3)
A

(
9

4
, 1, 1, 1;

5

4
, 2, 2; x, y, z

)
=

4

5 4
√
xyz

×

×


ln

(1+ 4
√
x)
(

4
√
1− y− 4

√
x
) (

4
√
1− z− 4

√
x
) (

4
√
1− y− z+ 4

√
x
)

(1− 4
√
x)
(

4
√
1− y+ 4

√
x
) (

4
√
1− z+ 4

√
x
) (

4
√
1− y− z− 4

√
x
)

+2

(
arctan 4

√
x− arctan 4

√
x

1− y
− arctan 4

√
x
1−z

+ arctan 4

√
x

1− y− z

)
 ; (35)

F
(3)
A

(
5

2
,−
1

2
, 1, 1;

3

2
, 2, 2; x, y, z

)

=
2

3yz

[√
1− x−

√
1− x− y

1− y
−

√
1− x− z

1− z
−

√
1− x− y− z

1− y− z

]
−

2

3yz
√
x

[
arcsin

√
x− arcsin

√
x

1− y
− arcsin

√
x

1− z
+ arcsin

√
x

1− y− z

]
; (36)

F
(3)
A

(
5

2
,
1

2
, 1, 1;

3

2
, 2, 2; x, y, z

)
=

4

3z
√
xy

×

×

arcsin√x− arcsin

√
x

1− y
+

arcsin

√
x

1− y− z
√
1− z

−

arcsin

√
x

1− z√
1− z

 ; (37)

18



Tables of the Lauricella hypergeometric functions F(3)A ISSN 2079-6641

F
(3)
A

(
3,−

1

2
, 1, 1; 2, 2, 2; x, y, z

)

= −
1

3xyz

[
(1− x)

3
2 −

(
1− x− y

1− y

) 3
2

−

(
1− x− z

1− z

) 3
2

+

(
1− x− y− z

1− y− z

) 3
2

]
; (38)

F
(3)
A

(
3,
1

4
, 1, 1;

5

4
, 2, 2; x, y, z

)
= −

1

8
√
xyz

×

×



(1− y)−
3
4 ln

(
(1− y)

1
4 + x

1
4

(1− y)
1
4 − x

1
4

− ln
1+ x

1
4

1− x
1
4

)

−(1− y− z)−
3
4 ln

(
(1− y− z)

1
4 + x

1
4

(1− y− z)
1
4 − x

1
4

− ln
(1− z)

1
4 + x

1
4

(1− z)
1
4 − x

1
4

)
+

2

(
(1− y)−

3
4 arctan

(
x

1− y

) 1
4

− arctan x
1
4

)

−2

(
(1− y− z)−

3
4 arctan

(
x

1− y− z

) 1
4

− arctan

(
x

1− z

) 1
4

)



; (39)

F
(3)
A

(
3,
1

2
, 1, 1; −

1

2
, 2, 2; x, y, z

)

= −
1

2yz

[
1− y− 3x

(1− x− y)2
−
1− 3x

(1− x)2
−
1− 3x− y− z

(1− x− y− z)2
+
1− 3x− z

1− x− z

]
; (40)

F
(3)
A

(
3,
1

2
, 1, 1; 2, 2, 2; x, y, z

)

= −
1

xyz

[
√
1− x−

√
1− x− y

1− y
−

√
1− x− z

1− z
+

√
1− x− y− z

1− y− z

]
; (41)

F
(3)
A

(
3,
1

2
, 1, 1; 3, 2, 2; x, y, z

)
=

4

3x2yz

[
(1− x)

3
2 −

(1− x− y)
3
2

√
1− y

+
(1− x− y− z)

3
2

√
1− y− z

+
(1− x− z)

3
2

√
1− z

]
; (42)

F
(3)
A

(
3,−

1

2
, 1, 1; 3, 2, 2; x, y, z

)

=
4

15x2yz

[
(1− x)

5
2 −

(1− x− y)
5
2

(1− y)
3
2

−
(1− x− z)

5
2

(1− z)
3
2

+
(1− x− y− z)

5
2

(1− y− z)
3
2

]
; (43)

F
(3)
A (3, 1, 1, 1; 1, 2, 2; x, y, z)

=
1

2yz

[
1

1− x
−

1

1− x− y
−

1

1− x− z
+

1

1− x− y− z

]
; (44)

19
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F
(3)
A

(
3, 1, 1, 1; −

1

2
, 2, 2; x, y, z

)

= −
1

2yz



1− y− 4x

(1− x− y)2
−
1− 4x

(1− x)2
−
1− y− 4x− z

(1− x− y− z)2

+
1− 4x− z

(1− x− z)2
− 3x

3
2



arcsin

√
x

1+ x

(1− x− y)
5
2

−
arcsin

√
x

(1− x)
5
2

arcsin

√
x

1− x− z

(1− x− y− z)
5
2

+

arcsin

√
x

1− z

(1− x− z)
5
2




; (45)

F
(3)
A

(
3, 1, 1, 1;

1

2
, 2, 2; x, y, z

)

= −
1

2z
×



1

(1− x− y) (1− x)
−

1

(1− x− y− z) (1− x− z)
+

√
x

y

arcsin

√
x

1− y

(1− x− y)
3
2

−
arcsin

√
x

(1− x)
3
2

−

arcsin

√
x

1− y− z

(1− x− y− z)
3
2

+

arcsin

√
x

1− z

(1− x− z)
3
2





; (46)

F
(3)
A (3, 1, 1, 1; 2, 2, 2; x, y, z) = −

1

2xyz
ln

(1− x) (1− y) (1− z) (1− x− y− z)

(1− x− y) (1− x− z) (1− y− z)
; (47)

F
(3)
A

(
3, 1, 1, 1;

5

2
, 2, 2; x, y, z

)

= −
3

2x
3
2yz


√
1− x arcsin

√
x−

√
1− x− y arcsin

√
x

1− y

−
√
1− x− z arcsin

√
x

1− z
+
√
1− x− z arcsin

√
x

1− y− z

 ; (48)

F
(3)
A (3, 1, 1, 1; 3, 2, 2; x, y, z)

= −
1

x2yz

 (1− x− y) ln

(
1− x− y

1− y

)
− (1− x) ln (1− x)

− (1− x− y− z) ln

(
1− x− y− z

1− y− z

)
+ (1− x− z) ln

(
1− x− z

1− z

)
 ; (49)

F
(3)
A (3, 1, 1, 1; 4, 2, 2; x, y, z)

= −
3

2x3yz

 (1− x)2 ln (1− x) − (1− x− y)2 ln
1− x− y

1− y
+

+(1− x− y− z)2 ln
1− x− y− z

1− y− z
− (1− x− z)2 ln

1− x− z

1− z

 ; (50)

20
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F
(3)
A

(
3,
3

2
, 1, 1;

1

2
, 2, 2; x, y, z

)

=
1

2yz

[
1+ x

(1− x)2
−

1− y+ x

(1− x− y)2
+

1+ x− z

(1− x− z)2
+

1+ x− y− z

(1− x− y− z)2

]
; (51)

F
(3)
A

(
3,
3

2
, 1, 1; 2, 2, 2; x, y, z

)

=
1

xyz

[
1√
1− x

−

√
1− y√

1− x− y
−

√
1− z√

1− x− z
+

√
1− y− z√

1− x− y− z

]
; (52)

F
(3)
A

(
3,
3

2
, 1, 1; , 1, 2, 2; x, y, z

)

= −
1

2yz

[
(1− y)

1
2 (1− x− y)−

3
2 − (1− x)−

3
2

−(1− y− z)
1
2 (1− x− y− z)−

3
2 + (1− x− z)−

3
2

]
; (53)

F
(3)
A (3, 2, 1, 1; 1, 2, 2; x, y, z)

= −
1

2yz

[
(1− x)−2 + (1− y) (1− x− y)−2 − (1− y− z) (1− x− y− z)−2

+(1− x− z)−2 (1− z)

]
;(54)

F
(3)
A

(
3, 2, 1, 1;

5

2
, 2, 2; x, y, z

)

= −
3

4x
3
4yz


(1− y) arcsin

√
x

1− y
√
1− x− y

−
arcsin

√
x√

1− x

−

(1− y− z) arcsin

√
x

1− y− z
√
1− x− y− z

+

(1− z) arcsin

√
x

1− z√
1− x− z

 ; (55)

F
(3)
A

(
3,
5

2
, 1, 1; 1, 2, 2; x, y, z

)

=
1

2yz

[
(1− x)−

5
2 + (1− y)

3
2 (1− x− y)−

5
2

+(1− y− z)
3
2 (1− x− y− z)

5
2 − (1− x− z) (1− z)

3
2

]
; (56)

F
(3)
A

(
3,
5

2
, 1, 1;

3

2
, 2, 2; x, y, z

)

= −
1

6yz

[
3 (1− y) − x

(1− x− y)2
−

3− x

(1− x)2
−
3 (1− y− z) − x

(1− x− y− z)2
+
3− x− 3z

(1− x− z)2

]
; (57)

F
(3)
A

(
3,
5

2
, 1, 1; 2, 2, 2; x, y, z

)

=
1

3xyz

[
1

(1− x)
3
2

−
(1− y)

3
2

(1− x− y)
3
2

+
(1− y− z)

3
2

(1− x− y− z)
3
2

−
(1− z)

3
2

(1− x− z)
3
2

]
; (58)
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F
(3)
A

(
3,
5

2
, 1, 1; 3, 2, 2; x, y, z

)

=
4

3x2yz

[
1√
1− x

−
(1− y)

3
2

√
1− x− y

+
(1− z)

3
2

√
1− x− z

+
(1− y− z)

3
2

√
1− x− y− z

]
; (59)

F
(3)
A (3, 3, 1, 1; 2, 2, 2; x, y, z)

= −
4

yz

[
2 (1− y) − x

(1− x− y)2
−

2− x

(1− x)2
−
2 (1− y− z) − x

(1− x− y)2
+
2− x− 2z

(1− x− z)2

]
; (60)

F
(3)
A

(
3,
7

2
, 1, 1; 2, 2, 2; x, y, z

)

=
1

5xyz

[
1

(1− x)
5
2

−
(1− y)

5
2

(1− x− y)
5
2

++
(1− y− z)

5
2

(1− x− y− z)
5
2

]
; (61)

F
(3)
A

(
3,
7

2
, 1, 1;

5

2
, 2, 2; x, y, z

)

=
1

10yz

[
5− 3x

(1− x)2
−
5 (1− y) − 3x

(1− x− y)2
−
5− 3x− 5z

(1− x− z)2
+
5 (1− y− z) − 3x

(1− x− y− z)2

]
; (62)

F
(3)
A

(
3,
7

2
, 1, 1; 3, 2, 2; x, y, z

)

=
4

15x2yz

[
1

(1− x)
3
2

−
(1− y)

5
2

(1− x− y)
3
2

−
(1− z)

5
2

(1− x− z)
3
2

+
(1− y− z)

5
2

(1− x− y− z)
3
2

]
; (63)

F
(3)
A

(
3,
7

2
, 1, 1; 4, 2, 2; x, y, z

)

=
4

5x3yz

[
2√
1− x

−
2 (1− y)

5
2

√
1− x− y

−
2 (1− z)

5
2

√
1− x− z

+
2 (1− y− z)

5
2

√
1− x− y− z

− 2yz

]
; (64)

F
(3)
A (3, 4, 1, 1; 1, 2, 2; x, y, z)

=
1

2yz

[
(1− x)−4 − (1− y)3 (1− x− y)−4

−(1− x− z)−4(1− z)3 + (1− y− z)3 (1− x− y− z)−4

]
; (65)

F
(3)
A (3, 4, 1, 1; 2, 2, 2, x, y, z)

= −
1

6xyz

[
(1− y)3

(1− x− y)3
−

1

(1− x)3
−

(1− y− z)3

(1− x− y− z)3
+

(1− z)3

(1− x− z)3

]
; (66)

F
(3)
A (3, 4, 1, 1; 3, 2, 2; x, y, z)

= −
1

6yz

[
3 (1− y) − 2x

(1− x− y)2
−
3− 2x

(1− x)2
−
3 (1− y− z) − 2x

(1− x− y− z)2
+
3− 2x− 3z

(1− x− z)2

]
; (67)
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F
(3)
A

(
7

2
,−
1

2
, 1, 1;

1

2
, 2, 2; x, y, z

)
= −

4

15yz
×

×


1− 2x− y

√
1− x− y (1− y)2

−
1− 2x√
1− x

−
1− 2x− y− z

√
1− x− y− z (1− y− z)2

−
1− 2x− z√

1− x− z
√
1− z

 ; (68)

F
(3)
A

(
7

2
,−
1

2
, 1, 1;

3

2
, 2, 2; x, y, z

)

= −
4

15yz

[
(1− y)−2 (1− x− y)

1
2 − (1− x)

1
2

−(1− y− z)−2 (1− x− y− z)
1
2 + (1− z)−2(1− x− z)

1
2

]
; (69)

F
(3)
A

(
7

2
, 1, 1, 1;

1

2
, 2, 2; x, y, z

)

= −
4

15yz


1− y+ x

√
1− y (1− x− y)2

−
1+ x

(1− x)2

−
1− x− y− z

√
1− y− z (1− x− y− z)2

+
1+ x− z

(1− x− z)2
√
1− z

 ; (70)

F
(3)
A

(
7

2
,
1

2
, 1, 1; −

1

2
, 2, 2; x, y, z

)

=
4

15yz

[
1− 4x

(1− x)
5
2

−
1− y− 4x

(1− x− y)
5
2

−
1− 4x− z

(1− x− z)
5
2

+
1− 4x− y− z

(1− x− y− z)
5
2

]
; (71)

F
(3)
A

(
7

2
,
1

2
1, 1;

5

2
, 2, 2; x, y, z

)

=
2

5xyz


x−

1
2

{
arcsin

√
x− arcsin

√
x

1− y

− arcsin

√
x

1− z
+ arcsin

√
x

1− y− z

}
−
√
1− y+

√
1− x− y

1− y
+

√
1− x− z

1− z
−

√
1− x− y− z

1− y− z

 . (72)

The reduction formulas (12) – (72) can be proved without transformation methods
by comparing coefficients of equal powers of x, y and z on both sides.

Representations of Lauricella function F(3)A

F3 (a+ 2, b+ 1, 1, 1;b, 2, 2; x, y, z) =
1

a(a+ 1)byz

[
(a− b) x+ b

(1− x)a+1

−
(a− b) x+ b (1− y)

(1− x− y)a+1
−
(a− b) x+ b (1− z)

(1− x− z)a+1
+

(a− b) x+ b (1− y− z)

(1− x− y− z)a+1

]
b ̸= 0,−1,−2, ...a ̸= 0,−1; (73)
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F
(3)
A

(
a+ 2, a−

1

2
, 1, 1; 2a, 2, 2; x, y, z

)

=
1

a (a+ 1)yz



(
1+

√
1− x

2

)1−2a
−

1√
1− y

(√
1− y+

√
1− x− y

2

)1−2a
−

1√
1− z

(√
1− z+

√
1− x− z

2

)1−2a
+

1√
1− y− z

(√
1− y− z+

√
1− x− y− z

2

)1−2a


; (74)

F3 (a+ 2, b+ 2, 1, 1;b, 2, 2; x, y, z) =
1

(a)2 (b)2 yz
×

×



(a)2 x
2 − 2abx (1− x) + (b)2 (1− x)

2

(1− a)a+2

−
(a)2 x

2 − 2abx (1− x− y) + (b)2 (1− x− y)

(1− x− y)a+2

−
(a)2 x

2 − 2abx (1− x− z) + (b)2 (1− x− z)
2

(1− x− z)a+2

−
(a)2 x

2 − 2abx (1− x− y− z) + (b)2 (1− x− y− z)2

(1− x− y− z)a+2


; (75)

F
(3)
A

(
a+ 2, a+ 1

2
, 1, 1; 2a, 2, 2; x, y, z

)
= −

1

a(a+ 1)yz
×

×

[
1√

1− x− y

(
2√

1− y+
√
1− x− y

)2a−1
−

1√
1− x

(
2

1+
√
1− x

)2a−1]

+
1

a(a+ 1)yz(1− z)a

[ √
1− z√

1− x− y− z

(
2
√
1− z√

1− y− z+
√
1− x− y− z

)2a−1
−

√
1− z√

1− x− z

(
2
√
1− z√

1− z+
√
1− x− z

)2a−1]
; (76)

F
(3)
A

(
a+ 2, a+

1

2
, 1, 1; 2a, 2, 2; x, y, z

)
=

1

a(a+ 1)yz
×

×



1√
1− x

(
2

1+
√
1− x

)2a−1
−

1√
1− x− y

(
2√

1− y+
√
1− x− y

)2a−1
−

1√
1− x− z

(
2√

1− z+
√
1− x− z

)2a−1
+

1√
1− x− y− z

(
2√

1− y− z+
√
1− x− y− z

)2a−1


; (77)

F
(3)
A

(
a+ 2, a+

1

2
, 1, 1; 2a+ 1, 2, 2; x, y, z

)
=

1

a(a+ 1)yz
×

×


(

2

1+
√
1− x

)2a
−

(
2√

1− y+
√
1− x− y

)2a
−

(
2√

1− z+
√
1− x− z

)2a
+

(
2√

1− y− z+
√
1− x− y− z

)2a
 , a ̸= −

1

2
,−1;(78)
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F
(3)
A

(
a+ 2, a+

1

2
, 1, 1;

1

2
, 2, 2; x, y, z

)
=

1

2a(a+ 1)yz
×

×


(
1+

√
x
)−2a

+
(
1−

√
x
)−2a

−
(√
1− y+

√
x
)−2a

−
(√
1− y−

√
x
)−2a

−
(√
1− z+

√
x
)−2a

−
(√
1− z−

√
x
)−2a

+
(√
1− y− z+

√
x
)−2a

+
(√
1− y− z−

√
x
)−2a

; (79)

F
(3)
A

(
a+ 2, a+

1

2
, 1, 1;

3

2
, 2, 2; x, y, z

)
=

1

2a(a+ 1)(2a− 1)
√
xyz

×

×


(
1−

√
x
)1−2a

−
(
1+

√
x
)1−2a

−
(√
1− y−

√
x
)1−2a

+
(√
1− y+

√
x
)1−2a

−
(√
1− y− z+

√
x
)1−2a

+
(√
1− z+

√
x
)1−2a

+
(√
1− y− z−

√
x
)1−2a

−
(√
1− z−

√
x
)1−2a

; (80)

F
(3)
A

(
a+ 2,

a

2
+ 1, 1, 1;

a

2
, 2, 2; x, y, z

)
=

1

a(a+ 1)yz
×

×

[
1+ x

(1− x)a+1
−

1+ x− y

(1− x− y)a+1
−

1+ x− z

(1− x− z)a+1
+

1+ x− y− z

(1− x− y− z)a+1

]
; (81)

F
(3)
A

(
a+ 2, −a, 1, 1;

1

2
, 2, 2; x, y, z

)
=

1

a(a+ 1)yz
×

×

 cos
(
2a arcsin

√
x
)
− (1− y)−a cos

(
2a arcsin

√
x
1−y

)
+(1− y− z)−a cos

(
2a arcsin

√
x

1−y−z

)  ; (82)

F
(3)
A

(
a+ 2, 1− a, 1, 1;

1

2
, 2, 2; x, y, z

)
=

1

a(a+ 1)yz
×

×


cos
(
(2a− 1) arcsin

√
x
)

√
1− x

−

cos

(
(2a− 1) arcsin

√
x

1− y

)
(1− y)a−

1
2
√
1− x− y

−

cos

(
(2a− 1) arcsin

√
x

1− z

)
(1− z)a−

1
2

√
1− x− z

+

cos

(
(2a− 1) arcsin

√
x

1− y− z

)
(1− y− z)a−

1
2
√
1− x− y− z


; (83)

F
(3)
A

(
a+ 2, 1− a, 1, 1;

3

2
, 2, 2; x, y, z

)


sin
(
(2a− 1) arcsin

√
x
)

−(1− y)
1
2
−a

sin

(
(2a− 1) arcsin

√
x

1− y

)
−(1− z)

1
2
−a sin

(
(2a− 1) arcsin

√
x

1− z

)
+(1− y− z)

1
2
−a

sin

(
(2a− 1) arcsin

√
x

1− y− z

)


; (84)
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F
(3)
A

(
a+ 2, 2− a, 1, 1;

1

2
, 2, 2; x, y, z

)
=

1

2a(a2 − 1)
√
xyz

×

×


sin
(
2(a− 1) arcsin

√
x
)

√
1− x

−

sin

(
2(a− 1) arcsin

√
x

1− y

)
(1− y)a−1

√
1− x− y

−

sin

(
2(a− 1) arcsin

√
x

1− z

)
(1− z)a−1

√
1− x− z

+
sin
(
2(a− 1) arcsin

√
x

1−y−z

)
(1− y− z)a−1

√
1− x− y− z


; (85)

F
(3)
A (a+ 2, b, 1, 1;a, 2, 2; x, y, z) =

1

a(a+ 1)yz
×

×

[
(1− x)−b − (1− y)b−a (1− x− y)−b

−(1− z)b−a (1− x− z)−b + (1− y− z)b−a (1− x− y− z)−b

]
; (86)

F
(3)
A (a+ 2, a, 1, 1;a, 2, 2; x, y, z) =

1

a(a+ 1)yz
×

×
[
(1− x)−a − (1− x− y)−a − (1− x− z)−a + (1− x− y− z)−a

]
; (87)

F
(3)
A

(
a+

5

2
, a, 1, 1; 2a, 2, 2; x, y, z

)
=

4

(2a+ 3) (2a+ 1)yz
×

×



1√
1− x

(
2

1+
√
1− x

)2a−1
−

1√
(1− x− y) (1− y)

(
2√

1− y+
√
1− x− y

)2a−1
−

1√
1− x− z

(
2√

1− z+
√
1− x− z

)2a−1
+

1√
(1− x− y− z) (1− y− z)

(
2√

1− y− z+
√
1− x− y− z

)2a−1


;(88)

F
(3)
A

(
a+

5

2
, a, 1, 1; 2a+ 1, 2, 2; x, y, z

)
=

4

(2a+ 3) (2a+ 1)yz
×

×



(
2

1+
√
1− x

)2a
−

1√
1− y

(
2√

1− y+
√
1− x− y

)2a
−

1√
1− z

(
2√

1− z+
√
1− x− z

)2a
+

1√
1− y− z

(
2√

1− y− z+
√
1− x− y− z

)2a


; (89)

F
(3)
A (2a+ 2, a+ 1, 1, 1;a, 2, 2; x, y, z) =

1

2a (2a+ 1)yz
×

×


1+ x

(1− x)2a+1
−

1+ x− y

(1− x− y)2a+1

−
1+ x− z

(1− x− z)2a+1
+

1+ x− y− z

(1− x− y− z)2a+1

 ; (90)
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F
(3)
A (a+ 3, 2a, 1, 1;a, 2, 2; x, y, z) =

1

(a+ 1)(a+ 2)yz
×

×


1+ x

(1− x)2a+1
−

(1− y)a−1 (1+ x− y)

(1− x− y)2a+1

−
(1− z)a−1 (1+ x− z)

(1− x− z)2a+1
+

(1− y− z)a−1 (1+ x− y− z)

(1− x− y− z)2a+1

 . (91)

The reduction formulasi (73) – (91) follow directly from the formulas (5) – (11).

Applications of the reduction formulas

Consider the generalized Gellerstedt equation

ymzktluxx + x
nzktluyy + x

nymtluzz + x
nymzkutt = 0,m,n, k, l ≡ const > 0 (92)

in the domain D = {(x, y, z, t) : x > 0, y > 0, z > 0, t > 0}.

We introduce the following notation:

S1 = {(0, y, z, t) : y > 0, z > 0, t > 0}, S2 = {(x, 0, z, t) : x > 0, z > 0, t > 0},

S3 = {(x, y, 0, t) : x > 0, y > 0, t > 0}, S4 = {(x, y, z, 0) : x > 0, y > 0, z > 0};

R2 =
4

(n+ 2)2
xn+2 +

4

(m+ 2)2
ym+2 +

4

(k+ 2)2
zk+2 +

4

(l+ 2)2
tl+2;

σj = 1−
r2j
r2
, j = 1, 2, 3, 4,

r2

r21
r22
r23
r24


=


−

+
2
n+2
x

n+2
2 − 2

n+2
ξ

n+2
2

−

−


2

+


−

−
2

m+2
y

m+2
2 + 2

m+2
η

m+2
2

−

−


2

+


−

−
2
k+2
z

k+2
2 − 2

k+2
ζ

k+2
2

+

−


2

+


−

−
2
l+2
t

l+2
2 − 2

l+2
θ

l+2
2

−

+


2

.

The Dirichlet problem. Find a regular solution u (x, y, z, t) of equation (92) from
the class C1

(
D
)
∩ C2 (D), satisfying the following conditions

u (x, y, z, t)|x=0 = τ1 (y, z, t) , (y, z, t) ∈ S1, (93)

u (x, y, z, t)|y=0 = τ2 (x, z, t) , (x, z, t) ∈ S2, (94)

u (x, y, z, t)|z=0 = τ3 (x, y, t) , (x, y, t) ∈ S3, (95)
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u (x, y, z, t)|t=0 = τ4 (x, y, z) , (x, y, z) ∈ S4, (96)

lim
R→∞u(x, y, z, t) = 0, (97)

where τ1 (y, z, t) , τ2 (x, z, t) , τ3 (x, y, t) , τ4 (x, y, z) are given continuous functions, and
for sufficiently large values of R, the inequalities hold

|τ1(y, z, t)| ≤
c1(

1+ 4
(m+2)2

ym+2 + 4
(k+2)2

zk+2 + 4
(l+2)2

tl+2
)ε , (98)

|τ2(x, z, t)| ≤
c2(

1+ 4
(n+2)2

xn+2 + 4
(k+2)2

zk+2 + 4
(l+2)2

tl+2
)ε , (99)

|τ3(x, y, t)| ≤
c3(

1+ 4
(n+2)2

xn+2 + 4
(m+2)2

ym+2 + 4
(l+2)2

tl+2
)ε , (100)

|τ4(x, y, z)| ≤
c4(

1+ 4
(n+2)2

xn+2 + 4
(m+2)2

ym+2 + 4
(k+2)2

zk+2
)ε , (101)

where c1, c2, c3, c4 are positive constant numbers and ε is sufficiently small positive
number.

The solution of the Dirichlet problem for equation (92) with conditions (93) – (97)
is denoted by u(n,m,k,l) (x, y, z, t), which was found in work [17] in explicit form
u(n,m,k,l) (x, y, z, t)

= Cxyzt

∞∫
0

∞∫
0

∞∫
0

ηm+1ζk+1θl+1τ1 ()

R2A1
F
(3)
A

(
A, 1− β, 1− γ, 1− δ;

2− 2β, 2− 2γ, 2− 2δ;
σ21, σ31, σ41

)
dηdζdθ

+Cxyzt

∞∫
0

∞∫
0

∞∫
0

ξn+1ζk+1θl+1τ2 ()

R2A2
F
(3)
A

(
A, 1− α, 1− γ, 1− δ;

2− 2α, 2− 2γ, 2− 2δ;
σ12, σ32, σ42

)
dξdζdθ

+Cxyzt

∞∫
0

∞∫
0

∞∫
0

ξn+1ηm+1θl+1τ3 ()

R2A3
F
(3)
A

(
A, 1− α, 1− β, 1− δ;

2− 2α, 2− 2β, 2− 2δ;
σ13, σ23, σ43

)
dξdηdθ

+Cxyzt

∞∫
0

∞∫
0

∞∫
0

ξn+1ηm+1ζk+1τ4 ()

R2A4
F
(3)
A

(
A, 1− α, 1− β, 1− γ;

2− 2α, 2− 2β, 2− 2γ;
σ14, σ24, σ34

)
dξdηdζ,

(102)
where

α =
n

2(n+ 2)
, β =

m

2(m+ 2)
, γ =

k

2(k+ 2)
, δ =

l

2(l+ 2)
, 0 < α, β, γ, δ <

1

2
,

C =
1

4π2

(
4

n+ 2

)2−2α(
4

m+ 2

)2−2β(
4

k+ 2

)2−2γ(
4

l+ 2

)2−2δ
×

×Γ(A)Γ(1− α)Γ(1− β)Γ(1− γ)Γ(1− δ)
Γ(2− 2α)Γ(2− 2β)Γ(2− 2γ)Γ(2− 2δ)

, A = 5− α− β− γ− δ;
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R1 = r|ξ=0 , R2 = r|η=0 , R3 = r|ζ=0 , R4 = r|θ=0 ;

σ21 = σ2|ξ=0 , σ31 = σ3|ξ=0 , σ41 = σ4|ξ=0 ,

σ12 = σ1|η=0 , σ32 = σ3|η=0 , σ42 = σ4|η=0 ,

σ13 = σ1|ζ=0 , σ23 = σ2|ζ=0 , σ43 = σ4|ζ=0 ,

σ14 = σ1|θ=0 , σ24 = σ2|θ=0 , σ34 = σ3|θ=0 .

Obviously, the degenerate equation (92) at m = n = k = l = 0 turns into a 4-
dimensional Laplace equation

uxx + uyy + uzz + utt = 0 (103)

which we consider in the domain D.
The solution of the Dirichlet problem with conditions (93) – (97) for the Laplace

equation (103) can be obtained from solution (102) by passing to the limit as m → 0,
n→ 0, k→ 0 and l→ 0:

u(0) (x, y, z, t) = Cxyzt

∞∫
0

∞∫
0

∞∫
0

ηζθτ1 (η, ζ, θ)

R101
F
(3)
A

(
5, 1, 1, 1;

2, 2, 2;
σ21, σ31, σ41

)
dηdζdθ

+Cxyzt

∞∫
0

∞∫
0

∞∫
0

ξζθτ2 (ξ, ζ, θ)

R102
F
(3)
A

(
5, 1, 1, 1;

2, 2, 2;
σ12, σ32, σ42

)
dξdζdθ

+Cxyzt

∞∫
0

∞∫
0

∞∫
0

ξηθτ3 (ξ, η, θ)

R103
F
(3)
A

(
5, 1, 1, 1;

2, 2, 2;
σ13, σ23, σ43

)
dξdηdθ

+Cxyzt

∞∫
0

∞∫
0

∞∫
0

ξηζτ4 (ξ, η, ζ)

R104
F
(3)
A

(
5, 1, 1, 1;

2, 2, 2;
σ14, σ24, σ34

)
dξdηdζ, (104)

We rewrite the reduction formula (10) in the form (a = 2)

F
(3)
A

(
5, 1, 1, 1;

2, 2, 2;
X, Y, Z

)
= −

1

24XYZ

[
1−

1

(1− X)2
−

1

(1− Y)2
−

1

(1− Z)2

+
1

(1− X− Y)2
+

1

(1− X− Z)2
+

1

(1− Y − Z)2
−

1

(1− X− Y − Z)2

]
. (105)

Now applying the reduction formula (105) to the four integrands in the solution (104)
we get

u =
x

π2

∞∫
0

∞∫
0

∞∫
0

τ1 (η, ζ, θ)

(
1

r41
−
1

r42
−
1

r43
−
1

r44
+
1

r423
+
1

r424
+
1

r434
−

1

r4234

)∣∣∣∣
ξ=0

dηdζdθ
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+
y

π2

∞∫
0

∞∫
0

∞∫
0

τ2 (ξ, ζ, θ)

(
1

r42
−
1

r41
−
1

r43
−
1

r44
+
1

r413
+
1

r414
+
1

r434
−

1

r4134

)∣∣∣∣
η=0

dξdζdθ

+
z

π2

∞∫
0

∞∫
0

∞∫
0

τ3 (ξ, η, θ)

(
1

r43
−
1

r41
−
1

r42
−
1

r44
+
1

r412
+
1

r414
+
1

r424
−

1

r4124

)∣∣∣∣
ζ=0

dξdηdθ

+
t

π2

∞∫
0

∞∫
0

∞∫
0

τ4 (ξ, η, ζ)

(
1

r44
−
1

r41
−
1

r42
−
1

r43
+
1

r412
+
1

r413
+
1

r423
−

1

r4123

)∣∣∣∣
θ=0

dξdηdζ, (106)

where

r212
r213
r214
r223
r224


=


+

+
2
n+2
x

n+2
2 + 2

n+2
ξ

n+2
2

−

−


2

+


+

−
2

m+2
y

m+2
2 − 2

m+2
η

m+2
2

+

+


2

+


−

+
2
k+2
z

k+2
2 − 2

k+2
ζ

k+2
2

+

−


2

+


−

−
2
l+2
t

l+2
2 + 2

l+2
θ

l+2
2

−

+


2

,

r234
r2123
r2124
r2134
r2234


=


−

+
2
n+2
x

n+2
2 + 2

n+2
ξ

n+2
2

+

−


2

+


−

+
2

m+2
y

m+2
2 + 2

m+2
η

m+2
2

−

+


2

+


+

+
2
k+2
z

k+2
2 − 2

k+2
ζ

k+2
2

+

+


2

+


+

−
2
l+2
t

l+2
2 + 2

l+2
θ

l+2
2

+

+


2

.

It can be shown by direct calculation that if conditions (98) – (101) are satisfied,
then the function (106) actually satisfies the Laplace equation (103) and the conditions
(93) – (97).

Conclusion

In this paper, we presented a table for the triple Lauricella hypergeometric function
F
(3)
A , using known results related the double Appell hypergeometric function F2.
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Continuing this research, we can compile a table for the Lauricella hypergeometric
function of four variables F(4)A , and so on for the Lauricella function F(n)A with an arbitrary
number of variables [4]:

F
(n)
A (a,b;c;x) =

∞∑
k1,...,kn=0

(a)k1+...+kn

n∏
j=1

[
(bj)kj
(cj)kj

x
kj
j

kj!

]
,

n∑
j=1

|xj| < 1,

where a,b := (b1, ..., bn) ∈ C, c := (c1, ..., cn) ∈ C \ {0,−1,−2, ...}; x := (x1, ..., xn) ∈ R.
For this purpose, we can use a certain recurrence formula that would express a

hypergeometric function of n+ 1 variables through the same function of n variables:

F
(n+1)
A (a+ 1,b, 1;c, 2; x, y) = −

1

ay
F
(n)
A (a,b;c;x) +

1

ay(1− y)a
F
(n)
A

(
a,b;c;

x

1− y

)
, a ̸= 0,

which can be easily proven by mathematical induction.
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