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Abstract. The generalized hypergeometric function 4F, is a power series in which the ratio of successive
terms is a rational function of the summation index. The Gaussian hypergeometric functions ,F; and 3F;
are most common special cases of the generalized hypergeometric function 4F,. The Appell hypergeometric
functions F; — F4 are product of two hypergeometric functions ;F; that appear in many areas of mathematical
physics and hypergeometric Appell functions are most common special cases of the Kampé de Fériet
hypergeometric function which is a power double series. As demonstrated by Opps, Saad and Srivastava, in
2005, the double integral integral representation of F, can be reduced to a single integral that can be easily
evaluated for certain values of the parameters in terms of o F; and 3F,. Using many of the reduction formulas
of ,F; and 3F, and representation of F, in terms of a single integral, in 2008, Murley and Saad tabulated
new reduction formulas for F,.The Lauricella hypergeometric function FS) is a power triple series which
is a product of the Appell function F, and the Gaussian hypergeometric function ,F;. Following the work
of Opps, Saad and Srivastava, we establish that the triple integral integral representation of F(AS) can be
reduced to a single integral, under which is the Appell function F,.Applying the known reduction formulas

(3)

of ;Fy, 3F2 and F, and the representation of F,* in terms of a single integral for the Appell function F;, we

have begun to tabulate new reduction formulas for the Lauricella function Ff).
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Tabaunpl runiepreomerpuvdeckux pyukiuit Jlaypudesnna Ff)

M.O. Aé66acosa*’, T.I. Ipaauwes®

! HamaHraHCKHit TOCyAapPCTBEHHBIN yHuBepcuTeT, . Hamanran, 160119, ya. Virun, 316, V3bexucran
2 HamnumoHaABHEIH MCCAEAOBATEABCKUH YHUBEPCUTET «TAITKEHTCKU WHCTUTYT MH KEHEPOB
UPPUTAlUY ¥ MEXAHU3AINY CEABCKOTO X03a#cTBay, I. TamkenT, ya. Kaper-Husasu, 39. V3bekucran

Annoranusa. O6obmienHast rumepreoMerpudeckass QyHKIus qFp — 3TO CTemeHHOR psia, B KOTOPOM
OTHOILIIEHWE IIOCAEAOBATEABHBIX UYAEHOB SIBASIETCS PAIMOHAABHONW QYHKIMEH WHAEKCA CYMMUPOBAHUS.
TayccoBnl runepreomerpudeckue pyHRuuu >F; u 3F, ssBAstoTcss Hamboaee pacnpoOCTPaHEHHLIME YaCTHBIMU
caygasimu 0606IIIeHHOM ruIepreoMeTpuyecKoit byHKIMM qFp. ['unepreomerpuyeckue dpyurnuu Ammeas Fy —
F4 SIBASIIOTCSI IPOW3BEAECHUEM ABYX IMIIEPIEOMETPUYECKUX (DYHKIN ;Fq, KOTOpEIE BCTPEYAIOTCST BO MHOIUX
0bAACTSIX MATEMATUIECKOH (PU3MKY U, B CBOIO OYepeAb, MUIIEPreoMeTPUYecKre PYHKIUN AIIIIEAS] SIBASIIOTCS
Hambonee PACIPOCTPAHEHHBEIMYW YaCTHBEIMEU CAydasMu runepreoMerpmdeckoi dyarmuu Kawmme ae Pepre,
KOTOPasi IPEACTaBASIET CO6Oil ABOMHOM CTEIIEHHOM Psia IPOM3BOABHOrO mnopsiaka. Kak mokasaam Omnc, Caap,
u Cpusacrasa B 2005 ropy, ABOMHOe WHTErpaAbHOE IPEACTaBAEHUE F) MOXXeT GBEITH CBEACHO K OAMHAPHOMY
WHTErPaAy, KOTOPBI# AErKO BBEIYUCASIETCS AASI OIPEAEAEHHBIX 3HAYeHWH IapaMeTpoB duepes F; um 3F;.
Vlcnoap3yst MHOrEe u3 HOPMYA IpUBeAeHUs AAsI o F u 3F, u npeacTaBaenue F) B Buae OAMHAPHOrO HHTErPaAa,
B 2008 ropay Mypau u Caap COCTaBUAM TabAUIIBI HOBBIX (DOPMYA IpUBeAeHUS AAst F) . ['mIepreoMmerpuyeckas
dyHKIUS Jaypudeanra Ff) IPEACTABASIET CODOM TPOMHON CTENEHHOM psia, SBASIOMIMNACS IPOM3BEAEHUEM
dyukmuu Anmeass F, um rayccoBoii runmepreomerpuyueckoit pyHKRmum F;. Caepys paboram Ommca, Caapa
u CpuBacTaBa, MBI yCTaHABAUBAEM, YTO TPOMHOE MHTErPAABHOE IIPEACTABACHUE FS) MO>XeT OBITH CBEAEHO K
OAMHAPHOMY MHTETPaAy, IIOA KOTOPHIM HAaXOAWUTCS pyHKuus: Anmeasi F, . [IpuMmeHsiss #3BeCTHBIE POPMYABI
npuBeAeHus AAsI o Fq, 3F2 u F, u npepcTaBAeHuE Ff) B BUAE OAMHAPHOrO WHTErpaisa AASI PYHKIUM ATIeAs
F2, MBI Ha9aAU COCTAaBASITH HOBBIE (POPMYABI IPUBEAECHUS AAST PYHKIUM J\ayprdeanra FE,\S’.

Karovesvie ca08a: MHOMHCECTNBEHHDIE 2unepzeomempudeckue Gyrryuu, dynruyus JAaypuveana, pso
Annens, zunepzeomempuveckai GyHruus I'aycca, Gopmyav, peoyKyuy
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Introduction

It is well known [1, 2] that the solution of a wide variety of problems related to
heat conduction and dynamics, electromagnetic oscillations and aerodynamics, quantum
mechanics, and potential theory leads to special functions. They most often arise when
solving partial differential equations using separation of variables or the Green’s function
method. The diversity of problems leading to special functions has led to a rapid increase
in the number of functions used in applications.

The great success of the theory of hypergeometric series in one variable has
stimulated the development of a corresponding theory in two and more variables.
Appell [3] has defined, in 1880, four double series, which are all analogous to Gauss’
F(a,b;c;x). Following the Appell’s work, Lauricella [4] has defined, in 1893, four
hypergeometric series FE{I), F](S“), F(Cn ) and Fg ), which are natural generalizations of the
classical Gauss hypergeometric function F and the Appell functions F; — F4 to the case
of n complex variables and the corresponding complex parameters. In his work [4]
Lauricella introduced 14 complete hypergeometric series in three variables of the second
order. He denoted his triple hypergeometric series by the symbols F;, F», ..., Fi4 of which
Fi, F2, F5 and Fy correspond, respectively, to the three-variable Lauricella series FS], F,(f),
F(C3 ) and Fg ), Chapter 7 of Part I of the monograph [5] is the primary source for the study
of the four Lauricella functions in n variables. The remaining ten series F3, F4, Fg, F7, Fs,
Fio,..., F14 of Lauricella’s set apparently fell into oblivion [except that there is an isolated
appearance of the triple hypergeometric series Fg in a paper by Mayr [6, p. 265]) who
came across this series while evaluating certain infinite integrals|. Saran [7], in 1954,
initiated a systematic study of these ten triple hypergeometric series of Lauricella’s set.

The Appell and Lauricella hypergeometric functions play an important role in
mathematical physics. In particular, solutions to a number of boundary value problems
for singular elliptic equations are given in terms of the Appell hypergeometric function
F, [8,9] and the Lauricella hypergemetric function Fﬁ\n) [10-12]. Under exceptional
circumstances, multiple hypergeometric functions can be expressed in terms of simpler
functions, notably in terms of hypergeometric functions of one variable or, in general,
with fewer variables or in terms of elementary functions. In such cases we speak
of reducible hypergeometric functions and of reduction formulas. Certain trivial
reduction formulas are obvious: for example, if one of the two variables is zero in any of
the double series, the hypergeometric series of two variables can be expressed in terms
of series of one variable: such trivial reductions are disregarded in the sequel.

The monographs [5,13,14] contain a systematic exposition of summation, reduction,
and transformation formulas, as well as various other developments, covering not only
each of the four Appell functions, but also several families of functions of two variables.
Furthermore, the work [15] compiled an extensive table of reduction formulas for the
Appell function F;.

The present work is devoted to compute F(}f) (a,b,1,15¢,2,2;%,y,z) explicitly for
different values a, b and c of the function parameters using the theorems that we will
prove in the next section. This is mostly done using many of the reduction formulas of
the Appell function F;(a,b, 1;c, 2;x,y) listed in [15].
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Preliminaries and some famous cases of reducibility of
hypergeometric functions

The Gauss hypergeometric function is defined inside the circle |z| < 1 as the sum of
the hypergeometric series [13, p. 109, eq. 2.8(1)]

F(a,b;c;z) =F [ a)c;b; z] = ZO —(azzgf)“%, (1)

and for |z| > 1, as its analytic continuation. Here a,b € C and ¢ € C \ Zy;

Zy :={0,—1,—2,...}, and the expression (v), denotes the Pochhammer symbol: (v), :=

1, Vln=v(v+1)..(v+n—-1), veC, neN, written through the gamma function

I'(v) in the form (v), =T(v+n)/T(v), n € {0} UN; N is the set of natural numbers.
The Appell hypergeometric function F, has a form [13, p. 224, eq. 5.7(7)]

a,b,b’; > (a)m n (b)), (b7), x™y"
Fz (a,b,b/;c,c’;x,y) EF2< )C ;/. X, ) — Z + _y

) )

(c),, (c"), m!n!

)
m,n=0

where [x| +[y| < 1; a,b,b’ € C and c,c’ € C\ Z,.
The Lauricella hypergeometric function Ff) in three variables has a form [5, p. 114]

a,b,b’,b”; —  (@mintp (b, (b7), (B7) ) xmym 2P
Ff) 7 /’ no XYz = Z : / I P_y__’
C) C ?C ) (C)m (C )n (C )P m| n’ p'

m,n,p=0

where |x| + [yl + |z| < 1; a,b,b";b” € C, ¢,c’,c” € C\ Zy, which can be represented as

3 a,b,b,b" — (@) (b7), 2P e,
FA( ’C))C’,)C/’; XY,z :%TPPEFZ(Q+p)byb/)C>C,»X)y)' (2)

Many functions, both elementary and special, can be obtained from the
hypergeometric function F(a,b;c;z) for certain values of the parameters a, b, ¢ or
under an appropriate transformation of the independent variable z.

So, for example, if a = —x and b =, then

Fl=a,bibsz) = (1 —2)%, [z[ <1,

i.e. in this case, the Gaussian function F (a, b;c;z) represents the binomial series.
Using some properties of the Gauss hypergeometric function F(a, b;c;z), the authors
of the paper [16] proved the following theorem:
Theorem 1. For x|+ |y| < 1, the Appell hypergeometric function F, is given by

1 1
Fa(a+1,b,T5¢,2,%,y) = ay F(a,b;c;x) HETESNE F (“’b;“%) , (3)

where a #0, be C, c € C\ Zy and

In(1—
Fz(1,b1;c,2;x,y)=—¥

b X b+1,1,1; x b+1,1,1;
_ F y 'y b . F y Iy 1y 4
HrY [1—y 3 2( c+1,2 1—y> b 2( c+1,2; X)] (4)

12
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where b € C, c € C\ Zy, 3F, is the generalized hypergeometric function [13, Ch. 4]:
b.b'.b" 0 (b) (b/) (b//) Zn
F o = non n_— < 1.
3 2( c,c’; Z) % (c), (¢, n! 2

The work [15] is devoted to compute F,(a, b, 1;¢c, 2;x,y) explicitly for different values
a, b, c of the function parameters using (3) and (4).

Reduction formulas for the Lauricella function Ff)

Applying the representation (2) and the Theorem one can to prove the following
reduction formulas:

3 ( a+1,b,b', 1;
FA ( C,;/,,Z , Y,z

1 a,b,b’;
—_ F y )
az 2[ c,c’; ©Y

1 a,b,b’s  x y
F ) ) ) 5
+az(1—z)‘1 2[ c,c’; 1—2’1—2]’ (5)

where a #0, b, b’ € C, ¢, ¢’ € C\ Zy;

At n(1—z) b
FS)<])b)b)1)X>U’Z):_n( 2 Y3

z c'z ¢+ 1,2

b4+ 1,1,1; ]

by F BTy _b_XF1:2;1 1:b+1,1;b';x9
C’Z(] _Z) 32 C,‘l‘],Z; ]—Z cz 0:2;1 _:C+1,2;C,; y
bx I —]:b+] 1-b X y
F1:2f1 y by y 6
TeT2) | et 1,2 1—z’1-Z]’ (6)

where b, b’ € C, ¢, ¢’ € C\ Zo, a Fy] is the Kampé de Fériet function [14, p. 27]:

Fi20 [ a:b,b';b“;xy] _ 5 (@00, X"y
| =

L R I e ekt (©m(cIm(c”)n  minl

myn=0

2,b,1,1; 1 1 X
F(B) a—+ y Uy Iy 1y — F b:c: _ F bcc——
A ( C,Z,Z XY,z a(a+1)yz (CL, >C>X) (1 _y)a a, aC>1 —y

1 X 1 X
—— _F(abg Flabje— 7
T B e T ChTe ) | G
where a #0,—1; b€ C, c € C\ Zy;

2,b,1,1; 1 yz
F(3) y Uy Iy 1y -1 1
A( C»2>2; XﬂJ)Z) yzn< +1—y—Z)
b b+1,1,1; X b+1,1,1;, x
F y 'y o~ F y Iy 1y
X32<c+1,2; X) 1—y3z(c—l—1,2; 1—y>

_|__
cyz
X b+1,1,1; x X b+1,1,1; X
. F Yy 'y H F )))— 8
1—232<c+1,2; 1—z>+1—y—232<c+1,2; 1—y—z>]’()
13
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1,b,1,1; bx yz
F(3) y Uy Iy 1y - " 1
A ( c,2,2; x,y,z) cyz n( +1—y—z

+ylz (1—y—2)In(1—y—2)— (1 —y)n(1 —y) — (1 —2)In(1 — 2)]

bx b+1,1,T; b+1,1,1T;, x
oYz [3F2< c+ 1,2 X>_3F2< c+1,2 1—y)
() e (U8
e o (VA (VR )
R ( 11122,)12,;1; 1;) 3 _;‘_Z 32 ( bcizz’)]z’;]; HJ%)] ,(9)

where b € C, ¢ € C\ Z;

i) a+3,1,1,1;x 2| = 1 1_ 1 B 1 B 1
A 2,22, OV T Tz | 0=x)0 (—ye (-2

1 N 1 N 1 _ 1 (10)
(T—x—y) (T-x—2z)¢ (I-y—2z)* (I-x—y—2z)°]
where a # 0,—1,—2;

FY (a+2,b4+1,1,1;0;2,2; =
A (a+ ) +n) Yy Ty H 4 )X)y)z) (a)zyzx

(1—x)“F <—n, a; b; _* )
1T—x

X
_ N *aF _ ‘e

/

X N ,m=0,1,2,.... (11)
—(1—x—z)aF(—n,a;b;—
1—x—z
a X
\ ‘I‘(]—X—U—Z) F(—n,a,b,m) )

To prove the reduction formulas (5) — (11), the reasoning used in proving the theorem
is repeated (for details, see [16]).

Special values of the Lauricella hypergeometric functions FS)

31 1
Fa (2)5)1)1?_2’2’Z;X’U’Z>

[STE
Nl—
Nl—
Nl

__4 (=0 = (1 =x—y)? = (1 =x=2)? + (1 -x—y —2)?; (12)

yz
14
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3 1 1 4
F(3) - _ ._ 2 2 —_
A (2) 2,1)1)2, ) »Xay>2’> yZX

[\/1 —x—VT—x—y—V1I—x—z+/T—x—y—z+
X

VX (arcsin X — arcsin , /% — arcsin /—1 iz + arcsin \/7 1__;‘_2) }13)
2

31 3
3% (2,2,1,1;2,2,2;7(,1_4,2) ==
1 (arcsiny/x) — (1 —y) arcsin X (1 —z) arcsin X
VX 1—y 11—z
X X ) (14)

+ (1 —y — z) arcsin T—

+V1I—x—yT—x—y—V1—x—z4+/T—x—y—z

31 1
Fa (§>§>1>]’_Z’2’2;X’H’Z>

(15)

__i{ 1 B 1—y _ 1—2z n 1—y—z .
Coyz [VT—x VT—x—y VIi-x—z VT-x—y-—z|

3
FS) (Z) ]) ]) ];3)2)2;X>U)Z)

. 1=0=0f =y (=2 4 (1 —x -y
Tiuz +é1—x—z)2+(§1—y—z)2§—(1—x—y—z)2 ) (16)
+§x{1 -y —(1—2)+(1 —y—z)z}

l—x 1—-x—y l—-x—z I—-x—y—z

:_i[ 10—y o0-zf (1—y—z)3]. (17

4 1 1—y)? 1—2)° 1—y—2z2)°
_ 4 3_ ( 9)3_ ( Z)3+ -y Z)g, (18)
Yz |[(1—x)2 (1—x—-y)2 (1—-x—2)2 (1—-x—y—2)2
B (33 g2 2kwz)
:_i[1—2x_1—2x—y_1—2x—z+1—2x—y—z}; (19)
yz [Vi—x VIi-x—-y V1—x—z V1-x—y-—z

15
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33 5
F/(’S) (Z)Z)])];Z)Z)Z;X»yaz) :_ZXQZX
arcsin \/x — (1 —y)* arcsin g
X
+ (1 — z)* arcsin ﬁ—ﬂ—y—z)zarcsin e

_ [(1 2V —x+ (1—y—20V1—x—y

+(1—2x—z)\/1—x—z_(1—2x—y—z)\/1—x—y—z . (20)
-2 (1—2)2 ’
33 1 4
B (33715, _
Fa (2,2,1,1,2,2,2,x,y,z) yzx
1—2x 1T—-y—2x 1—z—2x 1—z—y—2x
— — + ; 21
X[W—x VIi—x—y Vl-x—z \/1_"_9_1} )
35 3
3 (22 2 .
FA (2)2)])])2)2)2)X)y)z’)
4 [3—4x_3—4x—3y_3—4x—3z+3—4x—3y—3z}_ (22)
C 3yz |VT—x VT—x—y VIi-x—z VT—x—y—z]
35 3
F(3) 2 2 .2 20 -
A (2’23])]?2, ) ?x7y?z) 3yZX
3—4x 3—-3y—4x 3—-3z—4x 3—3z—3y—4x
X — - + ; 23
[\/1—x VIi—y—x V1—-x—2z \/1—X—U—Z} 23)
37 5
G (2 £ - .
B (3052 2mz)
4 {S—GX_5—6x—5y_5—6x—5z+5—6x—5y—5z1_ (24)
o5yz [Vi—x VJT—x—y VIi—x—z VJTi—x—-y—z]
3 1
3 (22 L .
FA (2)2)])]) 2,2,2,X,g,Z>
) 3 -2
R U L U S e
yz | —(1—x—z) " (1—2z)24+(1—-y—2)2 (1 —x—y —2)
3% (3 2,1,1;3,2,2; )
A Z))a»))»x>yaz
2(1-0-yf) - 2+3 0 -}
16 3 5 5
= 5z —|—(2—2y+3x)(1—x—y)z—2<(1—Z)2—(1—U_Z)2> 1(26)

3
2

—(243x—22) (1 —x—z)%+(2+3x—2y—22)(1 —x—y—2z)

16
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3
F,(S) (Z)za ]a ];4,2,2;7(,}},2)

4(1=0-yF) =7 (1-0-y)})

32 | 4430 (1= + 44y +3x) (1 —x—y)
350z | 4 (-2~ (1—y-2)}) +7x (1 -2)f - (1 -y~ 2)F)
(4 43x—42) (1 —x—2)F — (4 4+3x —4y —42) (1 —x —y)? |

35 7
322 O .
FA (2)2)])]?2)2)2))(?9)2)

[ 31—y —x(1—y) =102 (1 —y) + 83
V1 —x—z

3 . X .
3 x— 10K + 8¢ 3((1—vy) arcsm‘/]_y arcsm\/i)

v1—x B VX
_ 5 3(1—y—2zP—x(1—y—2z)"—10x2(1 —y — z) + 8>

C12x%yz | m
3(1—2z) —x—10x% + 83

1—x—z

3 ((1 —y—2z) 3 arcsin X — arcsin )
V]—y—z 11—z

3 1
FA (2)3)])]) Z)Z)Z;X)y)z>

4 [m—xrﬂw1—wzu—x—yr3 3]; (29)

_U_Z —(1 —x—z)_3(1 —z)%%—(] —y—z)%ﬂ —Xx—y—z)

FA (;,3,1,1,1,1,2xy, )— ﬁzx

8—24x+15x 8(1—y) —24x(1—y)+ 15

(1-%)3 (1—y—x)°
8(1—z) —24x(1—2)+15¢ 8(1—y—2)°—24x(1—y—2z)+15¢

(1—x—2)

Nja

(&)

; (28)

; (30)

[N][o%)

(1 —x—y—z)%

1 1
Ff)(2,5,1,1¢—§,z,z;x,y,z)

In (1T—x)(1—x— y—z) 2xy
:_52 (I=x=y)(=x=2) (-00-x-y) |, (31)
+(1 —x—2z)(1—x—y—2z)

17
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B (23110, 2.20,2)

—iln (1+VT—x) (VI—y—z+/T—x—y—z)

: 32
yz  (VT=y+VT—x—y) (VI—z+VI—x—2) (32)
FP(2,1,1,1;2,2,2;%
A Yy 'y Ty Tyeyey s )y)z)
—L[U—x)lnﬂ—x)—k(]— )In(1 —vy)
= y y
+(T—z)n(1—-2)—(1—x—y)In(1 —x—y)— (1 —y —z) In(1 —y — 2)
—(T—x—2z2)In(1—x—2z)+ (1 —x—y—2z)In(1 —x —y — z)]; (33)
7 5
(3) L . - -
Fa (2,1,1,1,2,2,2,x,y,z) 2x2yzx
[ (T—x—y) %arcsm‘/ 1—x%arcsm\/_ ]
x \/— ; (34)
(1—x— y)%arcsm X (1—x—z)%arcsin
1—y— 1—z
L VX i

9 5 4
F(As) (Z,],],];Z,Z,Z;X,y,Z) = %X

o U+ %) (VT=y = V%) (VT—z— V%) (VT—y =2+ V)
w | 0=V (VT=y+ V%) (VT —z+ V%) (VT=y—z— %) ; (35)

X X
+2 | arctan+</x — arctan ? —arctan ¢/ + arctan ¢/ ——
( x V1i-y I v1—y—Z)

5 1 3
P (zv—z"";z’z’z”"”’z>

T \/1—x y Vi-—x—-z JT-x-y-z
3yz[ 1—z 1—y—z
]_

3yz\/_ {arcsm V/x — arcsin /T — arcsin 4 / 1 — +arcsin [ ————— . (36)

51 3
FA (2 2,1,1,2,22xy, ) 32\/_

arcsm ] — x — arcsm ]
v L E (3
U

V1i—z V1i—z ’

X |arcsin v/x — arcsin

18
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1
F/(:’) (3’_2, 1> 1;2,2,2;x,y,l>

ISSN 2079-6641

3 3 3
1 3 IT—x—y)? l—x—2z)\? 1—x—y—2z)\?2
— 1 —x)2 — [ ——— < S e — _ : 38
e [0 () () () | e
1 5 1
5% 1,1;2,2,2 = —
A (3)4) ) )4) ) )X?y)z’) 8\/%‘92,
1 1 1 3\
1—y)* 4 1 4
-y im (LU, I
(T—y)t—xs T—x3
1 1 1 1
1—y—2)7 +xi 1—2)7 +xi
—(1—y—z)‘3‘1n<( y Z)1+Xl—1( Z)1+X])+
» (1 Yy _§)4 X4 (1—2z)% —x3 : (39)
2 ((1 —y)% arctan (] iy —arctanx1>
7 i
-2 ((1 -y — 2)77 arctan (]_y%) — arctan (1 iz) )

1 1
5% (3,5,1,1;—2,2,2;x,y,z>

] 1—y—3"2 ]_3X2— 1_SX_H_ZZJF]_gx_Z | 4o
Zyz, (1—X—y) (1_x) (1—X—U—Z) 1—x—1z
3% (3,%)],];2,2,2;x,y,2)
1 1—x—y l-x—z Jl-x—y—z
R B n ;o (41)
Xyz 1—y 1-z tryme
FS’) (3,%,],];33232§X»U’Z)
4 ( 2 EL k
S S R Lt ot —xoyo ) Uoxm 2t g
Bz TN ETE AN
FS) (3)_%,],];3,2,2;7(,9,1)
4 5 1—x—uy)? 1—x—2z)2 1—x—y—z)!
~ 15x2 z[“—x)z_( yé) —( é) ( ’ é) ]) )
y (1-y)? (1—2)2 (1-y—z)
FS)(S,L]J;LZ,Z;X,H,Z)
1] 1 ‘ ] ]
- 2yz [1—X_1—X—y_1—X—Z+1—X_U_Z}) (44)

19
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1
F,(:)) (3,1,],1;—2,2,2;7(,1_:],2)

((T—y—4x 1-4& 1T-y—4x—z \
(1—x—y)? (1-x% (I-x—y-—2)°
1 AT x arcsin y/x (45)
= —— 5 - 5 y 45
2yz +1—4X—ZZ_3X% (1—x—y)2X (1—x)2 .
(1—x—2) arcsin ,/————  arcsin
1—x—2z 1—z
5+ 5
(T—x—y—2z)2 (1—x—2)2 )
1
5% (3,1,1,1;§,z,z;x,y,z)
1 1 )
—~ -
T—x—y)(1—x) (1—x—y—2)(1—x—2)
arcsin _* arcsin _*
VX 1—y arcsin/x 1—y—z
o, 3 3 3
Ll vl 0x—wt -0 (O—x—y-2° | g
2z
. X
arcsin 4 /
1—2z
+ 3
(1—x—2)2
\
1 1-x)(1T-y(1-2z2)(1-x—y—2z)
F3(3,1,1,1:2,2,2; - 1 : 47
A () Yy 'y &y <y )X)y)z’) ZXUZ n (]—X—y)(1—X—Z)(]—y—Z) ) ( )

5
3% (3,1,1,1;2,2,2;x,y,z)

V1 —xarcsin /x — /T — x — y arcsin .
3 1—y . (48)

= — 3 y
2x2yz | ./ — X — zarcsin _x ++/1 —x — zarcsin _*
T—z l-y—z

FY(3,1,1,153,2,25%, 4, 2)
1—x—y
- 1 (1—x—y)1n(?)—(1—x)1n(1—x)

T Xlyz l—x—y—z l—x—z  (49)
—(1l—-—x—y—z)n|—— |+ (1 —x—2z)ln [ ———
l—y—z 1—z

FO(3,1,1,1;4,2, 2%, 4, 2)

1—x—

L

vy B Cx—z |3 (50)

T—x—y Z—(]—x—z)zln] X—z
l—y—z 1—z

3 (1—x)21n(1—x)—(1—x—y)21n

2xyz +(1—x—y—2z)In

20
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B (3,303 2.2m2)
1+x 1T—y+x T+x—z n T+x—y—z ] (51)

(1-x? (I—x-y? (I-x—2" (I-x—-y-—z

1
2z

3
F/(,\s) (3, z, ]) ];Z)Z)Z;X’U’Z)

1 { 1 vi—y vi-z o VT-y-z }; (52)

Vi—x VT—x—y Vi-—x—z VI-x—y-z

:XyZ
3 (5 3
FA (3)231)];)1)2)2;7‘)9)2)

Oy 0y
2yz | —(1 —y—z) (1 —x—y—z)_%—lr(] —x—2z)

Nw

] ; (53)

_3
2

FP(3,2,1,1;1,2,2,%,y, 2)
-+ -y)(0—x—y’ —(0-y—2)(I—x—-y—2)"°|,
+(1—x—2)2(1-2) (54)

1]
2yz

5
FS) (3)2) ]) ];Z)zaz;xvyaz)

(1 —y) arcsin . )
11—y arcsinyx
_ f vVIi—x—y \/1—X : (55)
dxiyz (1 —y —z) arcsin 1—z ) arcsin ]X
Vi—y—z —z
- VIi—-x—y—z V1i—x—z _
Fg) (3,;,1,1;1,2,2;7(,1:],2)
5 3 5
] — 2 i 2 Y — 2
(10 (0 -y —x—y) . (56)
1—x—2)(1—2)2

1 [3(1—y)—x 3—x _3(1—y—z)—x+ 3—x—3z]; (57)

6yz | (1—x—y)* (1—x
F§(3j11zzzxy,)
1 [ LI L) L Lt O L (r—nil_ (58)
Pz |(1-%F (-x-y)i (-x-y-2)7 (I-x-2)?]
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Ry (3,%,1,1;3,2,2;&9,2)

4 [ 0-yE (-2 (0-y-2)? |
CXyz [ VT—x VT—x—y Vi—x—z VI-—x—y—z|’
Y (3,3,1,1:2,2,2%,,2)
4 20—y —x 2-x 2(0-y—-z)-x  2-x-2
vz | (1—-x—y) (1-x? (-x—y? (I-x—2)
Fi) (3 7 1.1:2,2,2 )
A )Zv y Bey &4 45X Y, 2Z
1 1 1-y)? 1—u—2)
_ 5_(9)5++(yZ)5)
MYZ[(1-x)7 (1-x—y)i (I-x—y-—2)?

b

7 .5
(3) - .2 .
Fa (3,2,1,1,2,2,2,x,y,z)
1 5—3x _5(1—y)—3x_5—3x—5z 5(1—y—z)—3x|
0yz |(1-x)?  (1—-x-y)?® (-x—-2" (-x—y—2?]
3 (27
FA (3353131;3)2)2;7(»9)2)
4 1 (1-y)? (12 (1-y-2° |
XYz (1! (1—x—y)} (-x-2! (-x-y-2)?]
5% (3,;1,1;4,2,2;x,y,z)
4 2 20-y)?  2(0-2F  2(1-y-—2) ol
Cyz [Vi—x VTI—x—y Vi—x—z JT—-x—y-z vE

FO(3,4,1,1;1,2, 2%, y, 2)

1 0= ==y (0 =x—y)™ .
T yz | —(—x—2) 01—+ —y—2P(0—x—y—2)" |
FP(3,4,1,1;2,2,2,x,y,2)
1 0-y’ 1 (-y-z’ (1—z)
exyz | (1—-x—y)® (1-x° (I-x-y-z°> (1-x—z2)
Py (3,4,1,1;,3,2,2%,y,2)
1 3(1—y)—2x_ 3—2x 3(1—y—2z)—2x 3—2x—3z

6yz

|

(1—x—y)’

(1—x)°

(1-—x—y—2)°

22
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(63)

(65)
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7 1 1 4
F(3) S0 . 2.0 —
A (2) 2,1)1)2, ) )X?y,z> 15yZX
1—2x—y 1= 1—2x—y—z
% @(1—};)2 v]—x Vi—x—y—z(1—y —z . (68)
_ 1—2x—z ’
V1i—x—2zy1—2z2

7 1 3
P (z>‘§>‘>“2’2’z”"y’z>

— 1 1
_4 U—y)%1—x—m2—ﬂ xg 1 (e9)
15yz | —(1—y-2)2(1—x—y—2)2+(1-2)2(1—x—2)? |
SCRRREEESE
T—y+x  T+x
_ 4 VIi—y(l—x—y)* (1—x)° ,
T 15yz | _ l—x—y—z T+x—z - (70)

Vi—y—z(l—-x—y—2 (1—x—2"V1—-z

7 1 1
FA (2 2,1,1, Z,Z,Z;X,y,z)

4 1 —4x T—y—4x 1—-4x—2z 1—4x—-y—z
[ 5 5 5+ R E (71)
(T—x)2 (I1—x—y)? (I1—x—2z)2 (1—x—y—2)2

7 1 5
FA (2 21,1,2,2 Z,X,y,z)

X2 {arcsm V/x — arcsin /
_ 2 — arcsin + arcsin (72)
~ 5xyz T—y—z '

\/l—x y \/1—x—z VIi—x—y—z
_JT=q _
L v+ 1—vy N 1—z 1—y—z

- 15yz

The reduction formulas (12) — (72) can be proved without transformation methods
by comparing coefficients of equal powers of x, y and z on both sides.

Representations of Lauricella function FS)

1 (a—b)x+Db

F 2,b+1,1,1;b,2,2; =
3(C1+ yo+ 1, 1,1,0,2, »X)y>z) a(a—}—])byZ (]—X)QH

_(a—b)x+b(1 —y)_(a—b)x+b(1 —z) N (a—=b)x+b(1—y—2z)
(] _X_y)aﬂ )aH (1 —Xx—Yy—2z
b#0,—1,—2,...a#0,—1;, (73)

(1—X—Z )a+1
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1
F/(S) (a—|—2,(1— 2,1,1;2a,2,2;x,y,2>

14+v1—x ]_2(1_ 1 VIi—y+/T—x—y 1=2a 7
2 V1—y 2
— 1 ] \/1_Z+\/1_X_Z 1-2a . (74)
ala+Nyz | 2 2 ’
N 1 <\/1—y—z+\/1—x—y—z)]_za
| VI—y—z 2 i
1
Fs(a+2,b+2,1,1;b,2,2;x,y,2) = ——————X
3 ( Y,2) (a)z (b)zyz
(a),x? —2abx (1 —x) + (b), (1 —x)* )
(]_a)a+2
_(a)zxz—Zabe—x—y)+(b)2(1—x—y)
(1—x—y)*? .
x _(a)zxz—Zabxﬂ—x—z)+(b)2(1—x—z)2 ’ (75)
(]_X_Z)aJrZ
_(a)zxz—Zabxﬂ—x—y—z)+(b)2(1—x—y—z)2
\ (1—x—y—2z)*" )
1
(3) 1 . . - _
FJ (a+2,a+3,1,1;2a,2,2;%,y,2) a(a—H)sz
] 2 2a—1 ] 2 2a—1
X —
VI—x—y (%1—y+\/1—x—y> m<1+m) ]
. 1 VTi—z ( 2VT—2 )“'
ala+TNyz(l—z)* |/T—x—y—z\VI—-y—z+/T—x—y—z
V12 ( 2WT—2 )2“‘ _ 76)
Vi—x—z\VT—z+V/T—x—2z ’
1 1
3% 2,a+5,1,1;2a,2,2; =
A (Cl—|— )a+2> y 1544, 2, ,X,y,Z) a(a+1)yzx
1 2 2a—1 1 2 2a—1 7]
\/l—x(1+\/1—x> _\/1—X—ZC}J_1(\/1—y+\/1—x—y)
S j— < 2 ) ;o (77)
VIi—x—z \WV1—z4+V1—x—z2
1 2 2a—1
+
i \/1—X—U—Z(\/1—U—Z+\/1—X—U—Z> i
1 1
F 2,a+=,1,1;2a+1,2,2; =
A (a+ >a+2> y hZa+ 1,2, ,x,y,z) a(a+1)yzx

¢

2
1++v1—x

2

VIi—x—y

.

)

2

VIi—z+V1—x—z

>2a_ (x/1 Y+

2

> +(¢1—y

—z+/T—x—y—z

24
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1 1 1
F/(S) (a+2)a+§»1>1;§»2»2;X>y32> = Ja

(a+1)yzx

(V%) (1= V)™ = (VT +vR) 2
= (VTy=vR) = (VT2 ) = (Vi—z—vx) 5 (79)
F(VT=y—z+ V%) (VY —z—vR)

1.3 !
FG) 2 - 1,1;%,2,2; =
A (a_l_ )a_l_z) ) )2) ) )X,y’z 2a(a+])(2a_1)\/)_<'yzx

(]_\/z)1—2a_(.|+\/7—(>1—2a_(m_\/7—()1—2a
X +(m+ﬁ)1“j“—(w—y7—z+ﬁ)”“ R ECY)
+(VT=z+vx) “H (VT—y=2—vX) = (VT—z—vx)

3) a .a . !
R (a2 5+ 152 2000,2) = o
T+x  14x—y  T4x-—z Itxzy=z 1. (e
(.I _X)a-H (1 _X_y)(l+1 (] _X_Z)a-i-] (‘I —Xx—Yy —Z)(I-H )
F(g) a+2 —a]]'lZZ'XUZ :;X
A ) P D P HEM D ala+1)yz
cos (2a arcsin \/x) — (1 —y) “cos <2a arcsin ﬁ)
. : 82
+(1—y—2)"“cos (2(1 arcsin 1_3_2) )

1 1
Fﬁf) (a_,_z’ 1_a,1,1;§,2,2;X>U)Z) :mx

cos | (2a — 1) arcsin x
cos ((2a — 1) arcsin /x) ¢ 1—y

y \/1—X (1_y)uf%,/]_x_y . (83)

cos | (2a — 1) arcsin x cos <(2a— 1) arcsin ;>
B 11—z n l-y-—z

(1—z)a_%\/1—x—z (1—y—z)“_%\/1—x—y—z

F/(,f) (a+2, 1 —a,]a];gazaz;xyyaz)

[ sin ((2a — 1) arcsin /)

—(1—y)? “sin ((Za— 1) arcsin , /%)

—(1—2z)2 %sin ((Za — 1) arcsin %) ;

+(1—y _Z)%_asin ((Za— 1) arcsin #)
i Vi—-y—z/ |

25
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1 1
F 2, 2—a,1,1;=,2,2; =
A (a+ ) a, 1, »23 y 4 XYy Z 2a(a2—1)\/§yzx

_ . ~
sin (2(a — 1) arcsin \/_ < a—1) arcsin 1— y)
o V1—x (T—y)* ' yT—=x—y
. . X
sin ( 2(a — 1) arcsin — sin (Z(a — 1) arcsin 17;(72)

- +

1

P (@42 01,150, 2,2 y,2) = oo

1—x)" ==y (1—x—y)" .
—(1=2)" (1 —x—2) "+ (1 —y—2)" (I —x—y—2)" |

1

F/(/\g) (a+2) a,],];a,Z,Z;x,y,z) = mx
X [(1T=0) = (T =x—y) = (1 =x=2) "+ (1 —x—y—2)°];

4
2a+3)2a+yz "

5
Ff) (a—i— > a,1,1;2a,2,2;x,y,z> =

(1—2)V/1T—x—2z T—y—2)*"V/T—x—y—z _

.I ) 2a—1
X _
V1i—x—z (\/1 —z+ /1 —x—z)
1

2 2a-1
+\/(1—x—y—z)(1— —z) \V1— —z+\/1—x—y—z)

4
(2a+3)2a+yz "

5
F/(‘f) (a+ z, a)1>1;2a+ 13232;X’y’z) -

(W%)z v;]y (w —ch+2¢1 —x—y)za
V1—z (w —z+ /1 —x—z>

.\ 1 ( 2 >2a
L V1I—y—z\VI-y—z+/1—x—-y—z |
1
X
2a(2a+1)yz

FY2a+2, a+1,1,15a,2,2%,y,2) =

T+x T+x—y
2a+1 2a+1
v (1—x) (1—x—y) .
B 1+x—2z T+x—y—z ’
(] _X_Z)ZaJﬂ (-l _X_y _Z)2a+1

26
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\/1—x(1+\/1—x> \/(1—x y)(1— )(\/1 —y+vVI—-x—y

(85)

(86)

(87)

)2(1—1 -

(89)

(90)
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1

=E) 3, 2a,1,1;a,2,2; =
A (a+ ) a) ) )a) bl )X,y?z) (a+])(a+2)yzx

T+x (- (I+x—y)

(-I _x)2a+1 (1 _X_y)2a+1
8 (=20 +x—2) (-y—2*"(I+x—y—2z) (91)
(1 —x—z)z‘m (1—x—y _Z)2a+1

The reduction formulasi (73) — (91) follow directly from the formulas (5) — (11).

Applications of the reduction formulas

Consider the generalized Gellerstedt equation

Y2t 4+ X2 gy + XMy M, + XY™ 2w = 0, myny kL =const >0 (92)

in the domain D ={(x,y,z,t) : x>0, y >0, z> 0, t > 0}.
We introduce the following notation:

S ={0,y,z,t):y>0,z>0, t >0}, S; ={(x,0,z,t) : x>0, z>0, t >0},

83 :{(XJJ»O»t) :X>O» Y >O) t>0}, 542{(7()9)2»0) :X>0> y >O» Z>O};

RZ — 4 > n+2 4 zmerZ + 4 ZZk+2 + 4 ztlJrZ;
(n+2) (m+2) (k+2) (14 2)
2
0121 _]2) ):1>2>3>4>
) 2 2
’r‘ JR— —
4 + -
n+42 n+2 m+2 m+2
i IR NN
Ta - -
2
il — —
2 2

The Dirichlet problem. Find a regular solution u (x,y,z,t) of equation (92) from
the class C' (D) N C? (D), satisfying the following conditions

u(X>y>Z)t)|X:0 =T (U)Z>t) ) (U>Zat) € Sl) (93)
u (X)y) Z, t)|y:o =T (Xa Z, t) ) (X) Z, t) € gla (94)
u (X)U)Za t)|Z:o =13 (XﬂJ)t) ) (XﬂJ)t) € §3> (95)

27
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u (X)U>Z>t)|t:o =Ty (va) Z) ) (X)U)Z) € §4) (96)
Rhm ‘LL(X Yy, z, ) = 0) (97)

where T; (y,2,t), T2 (x,2,t), T3 (X,Y,t), T4 (X,y, z) are given continuous functions, and
for sufficiently large values of R, the inequalities hold

¢

|T1 (U)Z>t)| S 5 4 2 L2 ) (98)
(1 T W9m+ T ot (1+z)2t * )
c
|T2(X) Z)t)| S " 2 i Lo ) (99)
(1 + (n+2)2xn + k+2)2z + zt " >
C3
|T3(X)y)t)| S 5 4 . L2 ) (100)
(1 + X oy 4 o zt+>
c
ta(x,y,2)] < - 44 — (101)
(1 + (n+2)2xTL+ + Y™+ et >

where ¢y, cy,c3,c4 are positive constant numbers and ¢ is sufficiently small positive

number.
The solution of the Dirichlet problem for equation (92) with conditions (93) — (97)
is denoted by u™™kY (x,y,z,t), which was found in work [17] in explicit form

u(n,m,k,l) (X,y,Z,t)
or?ogor?nm+lck+1el+1,ﬁ () 3) A 1_[3 1_Y 1—6,
:CXlJZ‘tU ) R%A FA ZLZB,Z)—Z‘Y,,Z—Z(S, 021,031, 041 dT]dCde
000
O'?Or?of? E’n-H Ck—HeH_]Tz v 1— 6,
+CX1Jth J] R%A ( 5 20(’2 ZY”Z 25 012, 032, 042 d&édcdoe
000
TET an+1nm+1el+1,c3 1 B 1—
—|—CXIJZtJ J J R%A 20(,2 2[3 ) 26 013y 023, 033 d&dnde
000
TET £n+1nm+1 Ck+1,[.4 ] B 1— v;
t
+Cxyz JJJ RA 20‘)2 28,2 2y: 014y 024, 034 | dEdnd(,
000
(102)
where
n m k l 1
X="—""7 [3:— Y = O<(X>B)Y)6<

2(n +2) 2(m+2) 2(k+2) 522(1+2) 2’

1 4 2-2« 4 2-28 4 N\ 4\
:4_7t2(n+2> (m+2> (k+2) (1+2) x

XF(A)FU — o)l (1 =B (1 —vy)I'(1 —19)
T2 —2a)T(2 —2B)T(2— 2y)T(2 — 25)’

A=5—a—pB—-v—0;
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Ri=1lo, Re=71l 5, Rs=1l_y, Re=7lp_p;
021 = Uz!,g:o, 031 = 03|5:0> O41 = G4|5:o>
012 = G1|n:O’ 032 = Us|n:0> 042 = 04’]1:0,
013 = 01|¢:0) 023 = 02|c:o> 043 = 04|¢:o>
O14 = U1|e:0) 024 = Gz|9:0> 034 = G3|e:o-

Obviously, the degenerate equation (92) at m = n = k = 1 = 0 turns into a 4-
dimensional Laplace equation

Uy + Uy + U, Uy = 0 (103)

which we consider in the domain D.

The solution of the Dirichlet problem with conditions (93) — (97) for the Laplace
equation (103) can be obtained from solution (102) by passing to the limit as m — 0,
n—0,k—0and l — 0:

T [ncom ( 5,1,1,1;

u(O) (X,y,Z, CXUZtJ J J T]C 1R]T(])) C) FA ( 2’ 2’ 2’ 0'2],0'31,0'4]) dndCdG
y &y 4y

000

oxgat | [ [ EOR 660 ( 51,1,1;

RIO 2, 2’) 2); 012, 032, 042) d&dcdo

J JJ
000

T Ene 0 1,1,1:
+Cxyzt il T3R(1§)n) )FS) ( 52) 2) - U13>023>043> d&dndo
3 y &y 4y

o«

J J
00

+Cxyzt

[ "EﬂCth(EaﬂaC)F(s)<5>1>1>11
- plo A

RI0 2,2,2; 014, 024, 034> d&dndd, (104)

J J J

000

We rewrite the reduction formula (10) in the form (a = 2)

5,1,1,1; 1 1 1 1
FA( 2,2,2; XYZ) zwwzb 0-X2 (0-Y? (1-27

1 1 1 1 }

T oxover T aox—zr ta-v—z7 O-—x_v_z1

Now applying the reduction formula (105) to the four integrands in the solution (104)
we get

o0
X
7-[2
0

(105)

dndcdo
£=0

TTT Ce)(1 LI I N N T 1)
1 o Tt T T sl ol e e e e o
: 7 r‘} Tézl r§ rj r‘2‘3 T‘2‘4 T§4 1“42‘34
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+%JJJT2(E>C,9) (—4——4——4——4+7+T+T—4—> d&dcdo
T 590 T, 0T T3 Ty Tz Ty T Ty /oo
+_JJJT3(£”9)< ——————— +—+—+———) d&dnde
i 000 o TOTOT e Th T Th T/l
+—JJJu(En C)( ——————— +—+—+———> dédndc, (106)
Us 300 Y oo vy L T T T/ e )
where
2 2
) + +
ri‘g — 2 . nk2 N 2 gnf2 2 m+2 B 2 m+2
ar Xt gl | | eyt —an e
“%3 — +
T%“ ) - +
2 2
+ —
2 ki2 g k2 2 L2 g a2
T 327 — 56 + | 5tz + 5072 ,
+ _
— +
3\ 2 2
2, — _
s . + . . + .
Ty = | HxT + 58T +| v+
T%34 + —
33 ) — +
2 2
+ +
+ _
+| 229 - 2% | +| &2t 4+ L0
+2 +2 12 2
+ +
+ +

It can be shown by direct calculation that if conditions (98) — (101) are satisfied,
then the function (106) actually satisfies the Laplace equation (103) and the conditions
(93) = (97).

Conclusion

In this paper, we presented a table for the triple Lauricella hypergeometric function
FES), using known results related the double Appell hypergeometric function F,.
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Continuing this research, we can compile a table for the Lauricella hypergeometric
function of four variables Fﬁf), and so on for the Lauricella function FE{” with an arbitrary
number of variables [4]:

it & (b ij =
i)k %
(@ biex) = Y (@igesin | | o) ]ﬁ ;D i<,
K1 yoerkn =0 e S 2 T A e

where a,b := (by,...,b,) € C, c:= (¢, ..., ) € C\{0,—1,—2,...}; x:= (X1,...,Xn) € R.
For this purpose, we can use a certain recurrence formula that would express a
hypergeometric function of n + 1 variables through the same function of n variables:

1 1 X
F(n+1) 1.b.1:c. 2 — F(Tl) b F(n) b 0
A (a+ »y~ )C) )X)y) ay A (a) )C)X)+ Cly(] _y)a A a) )C)-] _y ) a# )

which can be easily proven by mathematical induction.
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