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Abstract. In the theory of mixed-type equations, most studies have been carried out for bounded domains
with smooth boundaries and for equations of the first kind. In the present paper, for a mixed-type equation
of the second kind

uxx + signy|y|muyy = 0, 0 < m < 1,

a Tricomi problem is studied in an unbounded domain whose elliptic part is the first quadrant of the plane.
The uniqueness of the solution is proved using the extremum principle. The existence of the solution is
established by the Green’s function method in the elliptic part and by the integral equation method in
the hyperbolic part. In constructing the Green’s function, properties of the modified Bessel functions of
the second kind and the Gaussian hypergeometric function are employed. A Fredholm integral equation of
the second kind is derived for the trace of the solution on the degeneracy line; its solvability follows from
the proven uniqueness. Numerical calculations are performed to visualize the solution, and the results are
presented as three-dimensional surfaces and contour plots. A mathematical and physical interpretation of
the solution is given for various values of the parameter m.
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Задача Трикоми для уравнения смешанного типа второго
рода в области, эллиптическая часть которой – первая

четверть плоскости
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Аннотация. В теории уравнений смешанного типа большинство исследований выполнено для
ограниченных областей с гладкой границей и для уравнений первого рода. В настоящей работе для
уравнения смешанного типа второго рода

uxx + signy|y|muyy = 0, 0 < m < 1,

рассматривается задача Трикоми в неограниченной области, эллиптическая часть которой
представляет собой первую четверть плоскости. Единственность решения доказывается с помощью
принципа экстремума. Существование решения устанавливается методом функций Грина в
эллиптической части и методом интегральных уравнений в гиперболической части. При построении
функции Грина используются свойства функций Бесселя мнимого аргумента второго рода и
гипергеометрической функции Гаусса. Получено интегральное уравнение Фредгольма второго рода
относительно следа решения на линии вырождения, разрешимость которого следует из доказанной
единственности. Для визуализации решения проведены численные расчёты, результаты которых
представлены в виде трёхмерных поверхностей и контурных графиков; дана математическая и
физическая интерпретация решения для различных значений параметра m.

Ключевые слова: задача Трикоми, уравнение смешанного типа второго рода, принцип
экстремума, метод функции Грина, метод интегральных уравнений, первая четверть плоскости
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Introduction

A new stage in the development of the theory of boundary value problems for mixed-
type equations is marked by the works of M.A. Lavrentiev [1], L. Bers [2], F.I. Frankl
[3], and others, where the importance of the problem was pointed out, in particular, the
Tricomi problem, in connection with transonic gas dynamics, magnetohydrodynamic
flows with transition through the speed of sound and the Alfvén speed, the theory of
infinitesimal bendings of surfaces, and many other issues in mechanics. It should be
noted that the vast majority of works on mixed-type equations pertain to the study of
boundary value problems for mixed-type equations of the first kind, i.e., only equations
were considered for which the tangent to the parabolic line at no point coincides with
the characteristic direction of the equation at that point [4-9]. It is known that Tricomi
problems arise in various applications, including aerodynamics (for example, in the
study of gas flows at supersonic speeds) and other areas where it is necessary to account
for the change in the type of the equation in different domains [10-11]. For a mixed-type
equation of the second kind in unbounded domains, where the elliptic part of the mixed
domain is a vertical or horizontal half-strip, the problem was studied in works [12-13].

The Tricomi problem for a mixed-type equation of the first kind in an unbounded
domain, where the elliptic part of the domain is the first quadrant of the plane, was
investigated in [9]. In the present work, this problem is studied for a mixed-type equation
of the second kind.

Consider the equation

uxx + sign y|y|muyy = 0, 0 < m < 1, (1)

in the unbounded mixed domain Ω = Ω1 ∪ l0 ∪ Ω2, where Ω1 =

{(x, y) : 0 < x < +∞, 0 < y < +∞}, l0 = {(x, y) : 0 < x < 1, y = 0}, and Ω2 is the
domain in the half-plane y < 0, bounded by the segment AB of the Ox axis and two
characteristics

AC : x− [2/(2−m)] (−y)(2−m)/2 = 0, BC : x+ [2/(2−m)] (−y)(2−m)/2 = 1,

of equation (1), emanating from the point C
(
1
2
; −
(
2−m
4

) 2
2−m

)
.

Furthermore, set

β =
m

2 (m− 2)
,−
1

2
< β < 0,

l1 = {(x, y) : 1 < x < +∞, y = 0}, l2 = {(x, y) : 0 < y < +∞, x = 0},
Dα
0xf (x) =


1

Γ (−α)

x∫
0

(x− t)−(n+1)
f (t)dt, α < 0,

dn+1

dxn+1
D
α−(n+1)
0x f (x) , α > 0,

where α is any real number, and n is the integer part of α ≥ n.
In the half-plane y < 0, equation (1) takes the form

uxx − (−y)muyy = 0, (2)
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In characteristic coordinates

ξ = x− [2/(2−m)] (−y)(2−m)/2
, η = x+ [2/(2−m)] (−y)(2−m)/2

, (3)

equation (1) transforms into the Euler-Darboux equation

∂2u

∂ξ∂η
−

β

η− ξ

(
∂u

∂η
−
∂u

∂ξ

)
= 0.

It is known that the generalized solution of the Cauchy problem for equation (1)
with initial conditions

lim
y→0u (x, y) = τ (x) , 0 ≤ x ≤ 1; (4)

lim
y→0uy (x, y) = [2 (1− 2β)]−2βlim

η→ξ (η− ξ)2β (uξ − uη) = ν (x) , 0 < x < 1, (5)

has the form [13]:

u(ξ, η) = k1

1∫
0

τ (t) λβ(1− λ)βdλ+
k1 (η− ξ)

2 (1+ 2β)

1∫
0

τ ′ (t) λβ(1− λ)β (2λ− 1)dλ−

−k2(η− ξ)
1−2β

1∫
0

ν (t) λ−β(1− λ)−βdλ,

where t = ξ+ (η− ξ) λ, k1 =
Γ (2+ 2β)

Γ 2 (1+ β)
, k2 =

[2 (1− 2β)]2βΓ (1− 2β)

2Γ 2 (1− β)
.

Returning to the variables x, y using formulas (3) we have

u(x, y) = k1

1∫
0

τ (t) λβ(1− λ)βdλ+
k1

1−m
(−y)1−m/2

1∫
0

τ ′ (t) λβ(1− λ)β (2λ− 1)dλ+

+[2 (1− 2β)]1−2βk2y

1∫
0

ν (t) λ−β(1− λ)−βdλ,

(6)

where t = x+ (1− 2β) (−y)1−
m
2 (2λ− 1).

For any τ (x) ∈ C3 [0, 1] and ν (x) ∈ C2 [0, 1], solution (6) is a twice continuously
differentiable solution of the Cauchy problem for equation (2) with initial data (4) and
(5). In the domain Ω2, we consider the following class R of generalized solutions of the
Cauchy problem introduced in [14]. Here, τ (x) is the fractional order integral of some
function T (x) continuous in the interval (0, 1) and integrable on the segment [0, 1], i.e.,

τ (x) =

x∫
0

T (t)(x− t)−2βdt. (7)

Without loss of generality, we assume τ (0) = 0; from (7) it easily follows that
τ (x) ∈ [0, 1] and τ ′ (x) ∈ (0, 1) exists. The function ν (x) is continuous on the interval
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(0, 1) and integrable on the segment [0, 1]. Then the solution of the Cauchy problem
belonging to class R has the form:

u(ξ, η) =

ξ∫
0

T (λ) (η− λ)−β(ξ− λ)−βdλ+

η∫
ξ

N (λ) (η− λ)−β(ξ− λ)−βdλ, (8)

where N (λ) =
1

2 cosπβ
T (λ) − k2ν (λ), and the functions T (x) and ν (x) are continuous

in the interval (0, 1) and integrable on the segment [0, 1], with τ (0) vanishing to order
not less than −2β.

From (8), the main functional relation between τ (x) and ν (x) obtained from the
hyperbolic domain Ω2 of equation (1) was derived by I.L. Karol [14]:

τ (x) = k3

x∫
0

ν (t)(x− t)−2βdt+ F (x) , 0 ≤ x ≤ 1, (9)

where F (x) =
2Γ (1+ β)

Γ (1+ 2β)
D2β−1
0x

[
xβD1−β

0x ψ (x)
]
, k3 =

[2 (1− 2β)]2β sinπβΓ 2 (β)

2πΓ (2β)
.

Problem Statement

Problem T∞. Find a function u(x, y) with the following properties:
1) u(x, y) ∈ C

(
Ω
)
, where Ω = Ω2 ∪Ω1 ∪ l1 ∪ l2;

2) u(x, y) ∈ C2 (Ω1) and satisfies equation (1) in the domain Ω1;
3) is a generalized solution of class R in the domain Ω2;
4) satisfies the boundary conditions

u(0, y) = 0, 0 ≤ y < +∞, u(x, 0) = 0, 1 ≤ x < +∞, (10)

lim
r→∞u (x, y) = 0, r2 = x2 +

4

(2−m)2
y2−m, (11)

u (x, y) |AC = ψ (x) , 0 ≤ x ≤ 1/2, (12)

where ψ (x) is a given function on
[
0, 1

2

]
having a bounded and integrable second

derivative.
On the line y = 0 of parabolic degeneracy of equation (1), the gluing conditions

are satisfied:
u(x,−0) = u (x,+0) , uy(x,+0) = −uy (x,−0) .

Uniqueness of the Solution

Theorem. Problem T∞ has at most one solution.

Proof. Let u (x, y) be a solution of the homogeneous problem T∞ for equation (1)
from class R2 in the domain Ω, with

u(0, y) = 0, 0 ≤ 0 < +∞, u(x, 0) = 0, 1 ≤ x < +∞, (13)
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lim
r→∞u (x, y) = 0, r2 = x2 +

4

(2−m)2
y2−m, (14)

u|AC = 0, 0 ≤ x ≤ 1

2
. (15)

Here we have ψ(x) ≡ 0. Therefore, relation (9) takes the form

τ (x) = k3

x∫
0

ν (t)(x− t)−2βdt, (16)

Applying the inversion formula of the Abel integral equation to (16), we obtain

ν (x) =
sin 2β

πk3

(1− 2β) x∫
0

τ (x) − τ (t)

(x− t)2−2β
dt+

τ (x)

x1−2β

 . (17)

We prove that u (x, y) ≡ 0 in Ω. Assume the contrary, i.e., u (x, y) ̸≡ 0. Then there
exists a number r > 0 such that there exists a domain Ωr bounded by the normal
contour Sr : x2 + 4

(2−m)2
y2−m = r2, y > 0, segments l1r = {(x, y) : 1 ≤ x ≤ r, y =

0}, l2r = {(x, y) : x = 0, 0 ≤ y ≤ (2−m)2

4
r

2
2−m }, and the characteristics AC and BC

of equation (1) where it holds that max |u (x, y)| > 0. By virtue of condition (15),
from the extremum principle for hyperbolic equations [9] it follows that the function
u (x, y) attains its positive maximum and negative minimum in the domain Ω2r =

Ωr ∩ (y < 0) on the segment l0 = {(x, y) : 0 ≤ x ≤ 1, y = 0}. On the other hand, by
the extremum principle for elliptic equations [15], the function u (x, y) does not attain
its positive maximum or negative minimum in the domain Ω1r = Ωr ∩ (y > 0). Assume
that the positive maximum (negative minimum) is attained at a point P (x0, 0) on the
interval l0 = {(x, y) : 0 < x < 1, y = 0}. Then from formula (17) at x = x0, since
τ (x0) > 0, τ (x0) − τ (t) > 0, it follows that ν (x0) > 0 (ν (x0) < 0). This contradicts
the Zaremba-Giraud principle [15] from which it follows that ν (x0) < 0 (ν (x0) > 0).
Therefore, on the interval l0 = {(x, y) : 0 < x < 1, y = 0}, there are no extremal
values. Due to conditions (13), extremal values are not attained on l1 and l2 either;
besides, u (0, 0) = 0. Consequently, the function u (x, y) ∈

(
Ωr

)
attains its positive

maximum and negative minimum in the domain Ωr on Sr, i.e., the following inequality
holds 0 ≤ |u (x, y)| ≤ max

Sr

|u (x, y)|. Carrying out similar reasoning for any d > r,

we obtain the inequality 0 ≤ |u (x, y)| ≤ max
Sd

|u (x, y)| in the domain Ωd. Considering

that Ωr ⊂ Ωd and u (x, y) const, we have 0 < max
Sr

|u (x, y)| ≤ max
Sd

|u (x, y)|. The last

inequality contradicts condition (14). Hence, our assumption is false, i.e., u (x, y) ≡ 0,
(x, y) ∈ Ω. □

Existence of a Solution

Now we proceed to prove the existence of a solution. The solution of the Dirichlet
problem satisfying conditions (10) and (11), as well as the condition u(x, 0) = τ (x),
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0 ≤ x ≤ 1, obtained by the Green’s function method, has the form:

u(x, y) =

1∫
0

τ (t)Gs (x, y; t, 0)dt (18)

where G (x, y; t, s) is the Green’s function of the Dirichlet problem and

Gs (x, y; t, 0) = ky

−

[
(x− t)2 +

4

(2−m)2
y2−m

]β−1
+

[
(x+ t)2 +

4

(2−m)2
y2−m

]β−1 ,
k =

1

4π

(
4

2−m

)2−2β
Γ 2 (1− β)

Γ (2− 2β)
, Γ [z] is the gamma function [9].

Differentiating (18) with respect to y, we have

∂u(x, y)

∂y
=

1∫
0

τ (x)
∂

∂y
Gs (x, y; t, 0)dx.

Using the obvious identity

∂

∂y

y
[
(x− t)2 +

4

(2−m)2
y2−m

]β−1 =
1

1− 2β

∂

∂x

(x− t)

[
(x− t)2 +

4

(2−m)2
y2−m

]β−1
and applying the method of integration by parts, considering that τ (0) = τ (1) = 0,
and passing to the limit as y → 0, we obtain the second functional relation between
τ (x) and ν (x) from the elliptic part of the mixed domain

ν (x) =
k

1− 2β


x∫
0

(x− t)2β−1τ ′ (t)dt−

1∫
x

(t− x)2β−1τ ′ (t)dt

+

+ k

1∫
0

τ (t) (x+ t)2β−2dt. (19)

Eliminating ν (x) from the functional relations (9) and (19) using the gluing condition
ν1 (x) = −ν (x), we obtain a Fredholm integral equation of the second kind for τ (x) in
the following form

τ (x) + k3

1∫
0

τ (t)K (x, t)dt = F (x) , (20)

K (x, t) =


K1 (x, t) , t > x,

K1 (x, t) +
kΓ (2β) Γ (1− 2β)

(1− 2β) Γ (−4β)
(x− t)1+2β, t ≤ x,

K1 (x, t) =
Γ (1− 2β) x2β

Γ (1+ 2β) t2β (x+ t)
−
kΓ (2β) Γ (1+ 2β)

(1− 2β) |x− t|1+2β
.
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Since − 1
2
< β < 0 and 0 < 1 + 2β < 1, the kernel K (x, t) has a weak singularity at

x = t, and at x = 0 it has a fixed singularity of order less than one.
The solvability of equation (20) follows from the uniqueness theorem for problem

T∞. Having determined τ (x) from equation (20), we find ν (x) from (19), and then
using formulas (8) and (18) we obtain the solution u (x, y) in the domains Ω2 and Ω1,
respectively.

Visualization of the Solution and its Interpretation

We demonstrate that the solution of the Tricomi problem T∞ is found correctly and
construct its graph. To construct the graph of the solution of the Tricomi problem T∞,
we use numerical methods. This is because the Fredholm integral equation of the second
kind (20) must be computed numerically, as well as the other integrals in formulas (19),
(8), and (18). Choose the parameter value m = 0.5, then the characteristics form the
domain in the hyperbolic part (Fig. 1).

Fig. 1. Solution domain in the hyperbolic part for m = 0.5

In the elliptic part, for visualization, we restrict the domain to the rectangle
Ω1 = {{x, y} : 0 ≤ x ≤ 1, 0 ≤ y ≤ 0.4}. On the characteristic AC, we set condition
(12): ψ (x) = x (0.5− x) , x ∈ [0, 0.5]. This function has a continuous and integrable
second derivative.

Next, we solve the Fredholm integral equation of the second kind (20) using
quadrature formulas with cubic splines to determine τ (x), and then ν(x) using
formula (19). These data are necessary to construct a unified solution u (x, y) in the
entire domain Ω. Since τ (x) and ν (x) are computed numerically, the solutions using
formulas (8) and (18) are also computed numerically using quadratures. The results of
constructing the solution are shown in Figure 2.

In Figure 2, we see the surface formed by the solution u (x, y) of the Tricomi problem
T∞.
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Fig. 2. 3D surface and contour plot of the solution u (x, y) of the Tricomi problem T∞

Here one can see that a disturbance (incident wave) is set on the left boundary of
the hyperbolic region (characteristic AC) according to condition (12), which propagates
along the characteristic and towards the boundary (degeneracy line y = 0). At the
boundary, interaction with the traveling wave occurs, and due to the gluing conditions,
stationary and rapidly decaying disturbances arise in the elliptic part according to
condition (10). This is visible in the contour plot, where warm colors correspond
to maximum values and cold colors to minimum values. Furthermore, outside the
characteristic triangle in the hyperbolic part, the solution u(x, y) = 0 according to
condition (11), which corresponds to silent zones. It should be noted that the traveling
wave cannot penetrate the degeneracy line into the elliptic part, but it can reflect from
it and move towards the characteristic BC, decaying.

Overall, Figure 2 indicates that the Tricomi problem T∞ was solved correctly,
fulfilling all conditions (10)-(12), as well as the gluing conditions on the degeneracy
line.

Conclusion

In this work, the Tricomi-type problem T∞ for a mixed-type equation of the second
kind in an unbounded domain, whose elliptic part is the first quadrant of the plane,
was investigated. Such a formulation extends known results for mixed-type equations
to the case where the elliptic domain is unbounded and the degeneracy line belongs to
the second kind.

The main results of the work can be summarized as follows:

1. The uniqueness of the solution of problem T∞ is proved using the extremum
principle. The proof is based on an analysis of the maximum principle for the
elliptic and hyperbolic parts of the domain combined with the functional relation
obtained from the hyperbolic part and the Zaremba–Giraud principle, ultimately
leading to a contradiction with the condition at infinity.
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2. The existence of a solution is established by reducing the problem to a Fredholm
integral equation of the second kind for τ(x) on the degeneracy line. For this
purpose, two independent functional relations between τ(x) and ν(x) were derived:
one from the hyperbolic domain (using the theory of the Goursat problem)
and another from the elliptic domain (using the Green’s function method). The
resulting integral equation has a weakly singular kernel, and its solvability follows
from the proven uniqueness theorem.

3. The solution is explicitly constructed in both parts of the domain. In the elliptic
domain, the solution is represented as an integral of τ(x) with the Green’s
function of the Dirichlet problem. In the hyperbolic domain, the solution is given
by an integral representation belonging to class R, which allows accounting for
singularities on the characteristics.

4. A numerical visualization of the solution was performed for a specific parameter
value m = 0.5 and a given condition on the characteristic ψ(x) = x(0.5− x). The
constructed three-dimensional surface and contour plots clearly demonstrate the
wave propagation from the characteristic AC, its interaction with the parabolic
degeneracy line, and the formation of stationary rapidly decaying perturbations
in the elliptic part, which is consistent with the boundary conditions. The
numerical results confirm the validity of the analytical approach and the physical
interpretation of the problem.

Thus, problem T∞ is well-posed in the considered unbounded domain. The methods
developed in this work – the extremum principle, the Green’s function method, and the
integral equation method – can be applied to a wider class of mixed-type equations of the
second kind in domains with unbounded boundaries. Future research directions include
generalizing the obtained results to the multidimensional case, investigating nonlinear
analogs of the equation, and considering problems with other types of boundary
conditions, such as Frankl or Bitsadze–Samarskii problems.
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