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Abstract. We study an effective Hamiltonian governing the relative motion of two charged particles
confined to a two-dimensional plane under a uniform magnetic field, with interactions described by
a generalized central potential that combines harmonic, Coulombic, linear, and inverse-square terms.
After formal separation of the center-of-mass coordinates and a unitary transformation to a standard
one-dimensional radial Hilbert space, the resulting equation is solved exactly through a non-Hermitian
supersymmetric factorization: although the factorization operators are not mutually adjoint, they yield
Hermitian partner Hamiltonians that exhibit shape invariance with respect to a weighted inner product,
enabling the derivation of closed-form analytical expressions for the energy spectrum and radial wave
functions. The constraint relation among potential parameters that emerges from this construction is not a
physical law but a mathematical solvability condition—an essential feature of a deliberately idealized model
whose purpose is to reveal novel algebraic structures underlying exactly solvable quantum systems. We
explicitly discuss the formal nature of the model, the parameter regimes ensuring potential boundedness,
and the mathematical framework required for self-adjointness.
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1. Introduction

Two-dimensional quantum dots serve as paradigmatic systems for investigating
guantum confinement and electron correlation at the nanoscale. Often dubbed “artificial
atoms,” they provide a privileged theoretical and experimental framework to analyze
the combined influence of confinement, interparticle interactions, and external fields on
the spectral properties of charge carriers [1-4].

Among the associated problems, the dynamics of two charged particles confined in an
effective two-dimensional potential under a perpendicular magnetic field has attracted
considerable interest. It constitutes a natural testing ground for studying electronic
correlation effects and the magnetic-field-induced lifting of degeneracy [5-7]. However,
the full physical problem of two real electrons in a quantum dot—including spin degrees
of freedom, total wave function antisymmetry, and realistic boundary conditions—is
generally not exactly solvable and typically requires numerical or approximate methods.

In this context, a complementary line of research has developed around analytically
tractable effective models aimed at uncovering exact algebraic structures and closed-
form spectra rather than providing exhaustive experimental descriptions. Generalized
central potentials combining harmonic confinement, Coulomb interactions, and
additional singular terms have thus been introduced as formal modeling tools [8,9].
Notably, Cornell-type potentials—originally developed in heavy-quark physics [10,11]—
have been adapted to low-dimensional confined systems.

The present work follows this analytical modeling approach. We consider an effective
Hamiltonian describing the relative motion of two charged particles in two dimensions
under a uniform magnetic field, interacting via a generalized central potential that
includes harmonic, Coulombic, linear, and 1/r? terms. The linear term is introduced as
an effective radial component of the potential for the purpose of analytical solvability
and is not intended to represent a realistic Stark effect, which would entail angular
dependence and explicit rotational symmetry breaking [12].

The primary objective of this study is methodological. We demonstrate that,
for this effective Hamiltonian, the associated radial equation can be solved exactly
using a non-Hermitian supersymmetric factorization. Unlike standard supersymmetric
quantum mechanics [13], the factorization operators employed here are not mutually
adjoint, yet they generate Hermitian partner Hamiltonians possessing shape invariance.
This approach, recently developed in more general contexts [14], permits a complete
analytical construction of the energy spectrum and radial wave functions. The present
work extends the framework of Ref. [14] by applying the non-Hermitian SUSY
formalism to a two-dimensional two-particle system in the presence of a magnetic field,
incorporating a generalized Cornell-type potential with an additional linear term, and
by explicitly addressing the mathematical structure of the radial Hilbert space required
for self-adjointness.

We emphasize that the constraint relation between certain potential parameters—
necessary for exact solvability—must be interpreted as a mathematical condition
intrinsic to the formalism, rather than as a fundamental physical law linking
independent parameters in a realistic system.
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The paper is organized as follows. Section 2 introduces the effective model and its
underlying assumptions, clarifying the physical status and limitations of the adopted
generalized central potential. Section 3 deals with canonical quantization and the radial
reduction of the relative-motion Hamiltonian, including the unitary transformation to
a standard one-dimensional radial Hilbert space. Section 4 develops the non-Hermitian
supersymmetric factorization, specifies the inner product ensuring Hermiticity, and
highlights the shape invariance property responsible for the model’s exact solvability.
Analytical results and their discussion, including parameter regimes for potential
boundedness, are presented in Section 5, followed by conclusions in Section 6.

2. Physical Model

We consider an effective system composed of two identical charged particles of mass
m and charge q = —e, confined to a two-dimensional (x,y) plane and subjected to
a static, uniform magnetic field applied perpendicularly to the plane, B = Be,. Such
configurations are commonly employed as theoretical frameworks for studying quantum
confinement and magnetic effects in low-dimensional systems [1, 5].

In realistic quantum dot models, lateral confinement is often represented either by
hard walls or by a smooth parabolic potential. In the present work, we adopt an effective
modeling approach in which confinement and interactions are encapsulated within a
generalized central potential chosen for its analytical richness and exact solvability
rather than direct correspondence to a specific experimental geometry.

The effective Hamiltonian of the system reads

H = Z[ (b1 + eA(r))?| + Vil — ), 1)

where A is the vector potential associated with the magnetic field. To preserve rotational
symmetry, we adopt the symmetric gauge

Alr) = %B X T, (2)

commonly used in the study of two-dimensional systems under magnetic fields [12].
The interaction potential V(r) is chosen as a generalized central potential
hz

:
V(r) = zmwor + + Br+ R (3)

where r = |r; — 15| is the interparticle distance. The first term represents an effective
harmonic confinement, widely used in quantum dot models [2,3]. The Coulomb term,
with strength v = e?/e, models the effective electrostatic repulsion between the two
particles. The inverse-square term, parametrized by « > 0, is introduced as an effective
singular contribution frequently employed in analytical models to modify the centrifugal
barrier or simulate short-range corrections [13, 15].

The linear term proportional to 3 is treated here as an effective radial component
of the potential. It should be emphasized that a real uniform electric field would induce
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an angular-dependent Stark potential (o rcos 0), thereby breaking rotational symmetry
[12]. In the present framework, the term B is introduced exclusively for formal modeling
and analytical solvability, without claiming to accurately describe a realistic external
electric field.

We stress that this effective model is purely algebraic: it is not intended to reproduce
quantitative experimental data but to explore exact solvability and associated non-
Hermitian supersymmetric structures.

To simplify the analysis, we introduce center-of-mass and relative coordinates:

_I'1+I'2

R >

r=r1—1 (4)
which formally separates the Hamiltonian into two contributions:
H - HCM + Hrely (5)

where Hgy describes the center-of-mass motion and corresponds to a two-dimensional
harmonic oscillator under a magnetic field—an exactly solvable problem independent of
the interparticle interaction [5]. All nontrivial structure of the problem thus resides in
the relative Hamiltonian H,., which is analyzed in the following sections.

We stress that this separation, while mathematically standard, does not constitute
a complete description of a realistic two-electron system. In particular, spin degrees
of freedom and the fermionic antisymmetry requirement are not incorporated in the
present effective model. The adopted framework primarily aims to explore exact
solvability and associated algebraic structures of a generalized central Hamiltonian in
the presence of a magnetic field.

3. Canonical Quantization and Effective Radial Hamiltonian

Quantization of the effective model introduced in the previous section follows
standard non-relativistic quantum mechanical rules. Center-of-mass and relative
coordinates, along with their conjugate momenta, are promoted to operators acting
on an appropriate Hilbert space, satisfying the canonical commutation relations:

R, Pj] = iRdy;, [?, Pj] = iRy, i,j=1,2, (6)

with all other commutators vanishing [12].
Under these conditions, the total quantum Hamiltonian decomposes formally as

ﬂ — ﬂCM + ﬂrel) (7)

where ﬂCM governs the center-of-mass motion and ﬂrel describes the relative motion.

The center-of-mass Hamiltonian corresponds to a two-dimensional harmonic
oscillator in a uniform magnetic field. Its solution is well known and yields a discrete
spectrum independent of interparticle interaction parameters [5]. Henceforth, we focus
exclusively on the relative Hamiltonian, which encapsulates all nontrivial features of
the model.
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In polar coordinates (r,0) associated with the relative motion, A, takes the form

2 w R’o
z T2 g Lep LY 8
+ FHWT 4+ = Z+r+2m2+6r’ (8)

0B
rel — ZL + 2}11'2

2 = w} + w?/4 is the effective confinement

frequency, w, = eB/m is the cyclotron frequency, £, = —ih0/00 is the relative angular
momentum operator, and p? = —h* (92/dr? + (1/r)9/dr) is the radial kinetic energy
operator in two dimensions.

where 1 = m/2 is the reduced mass, w

Since ﬂrel commutes with T:Z, eigenstates can be chosen as simultaneous eigenstates
of both operators. The relative wave function thus separates as

u(r) oilo

\/F )

where the factor 1/4/r implements a unitary transformation from the natural two-
dimensional measure r dr dO to the standard one-dimensional measure dr for the reduced

Y(r,0) = LeZ, (9)

radial function u(r). This transformation is essential for ensuring that the radial
Hamiltonian acts on the Hilbert space L*(R*,dr) with the standard inner product,
thereby simplifying the analysis of self-adjointness [12].

The stationary Schrodinger equation

ﬂrelw - Erelly (10)

reduces to a radial differential equation for wu(r). After subtracting the angular
contribution %'ﬁwcﬁ, it is convenient to define a reduced radial energy ¢ by

2n 1
£ = 2 (Erel — Zhwﬂ) . (11)

The radial equation then becomes

_d_2 C—l+a 2uy 2up a?
drz TZ -hz_r -hZ

u(r) = eu(r). (12)

3.1 Remark on the centrifugal term:

The combination ¢> — 1/4 arises from the standard reduction of the two-dimensional
Laplacian in polar coordinates combined with the unitary transformation u(r) =
/TU(r). This form ensures that the radial kinetic operator —d?/dr* is symmetric on
[*(R*, dr) with appropriate boundary conditions at r = 0 and T — oo [12].

This equation describes only the radial part of the relative motion within the effective
model. It does not constitute a complete description of the two-particle quantum state,
as spin degrees of freedom and fermionic antisymmetry are omitted. Nevertheless, the
resulting radial equation possesses a special algebraic structure that permits exact
solution via non-Hermitian supersymmetric factorization, as demonstrated in the next
section.
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4. Non-Hermitian Supersymmetric Factorization and Shape
Invariance

The radial equation derived in the previous section involves a combination of
harmonic, Coulombic, linear, and inverse-square terms, rendering it inaccessible to
standard methods of conventional quantum mechanics. However, it possesses an
algebraic structure amenable to exact factorization within the framework of generalized
supersymmetric quantum mechanics.

We adopt a non-Hermitian supersymmetric factorization approach, recently
developed in various contexts of effective central potentials [14]. Unlike standard
supersymmetric quantum mechanics, where factorization operators are mutually adjoint
[13], we consider two differential operators A and B that do not satisfy B = AT, yet
generate Hermitian partner Hamiltonians with respect to a specified inner product.

4.1 Inner product and Hermiticity

The radial Hamiltonian acts on the Hilbert space H = L?(R*, dr) with the standard

inner product
o0

() =j (1) p(r) dr. (13)

0

For operators containing first-derivative terms, Hermiticity requires careful specification
of boundary conditions. We impose that all wave functions vanish sufficiently rapidly at
r = 0and r — oo to ensure that boundary terms from integration by parts vanish. Under
these conditions, the partner Hamiltonians defined below are symmetric; self-adjointness
follows from standard criteria for Schrodinger operators with confining potentials [13].

4.2 Factorization ansatz
Specifically, we introduce the operators

d d
A= a%—W(r)—FQ(r), B :—a—l—W(r)—Q(r), (14)
where W(r) and Q(r) are real-valued functions of the radial coordinate, referred to
as the primary and auxiliary superpotentials, respectively. The absence of an adjoint
relationship between A and B constitutes the central feature of this non-Hermitian
generalization.

The partner Hamiltonians are defined by
H_ = BA, H, = AB. (15)

Although A and B are not adjoint, H_ and H, are Hermitian on H for appropriate
choices of W(r) and Q(r) and the boundary conditions specified above. They explicitly
read
H, = —d—z — ZQ(r)i + V=(r) (16)
i dr? dr T 7
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with effective potentials

Vo (r) = W2(r) — QX(r) T ( (17)

dw doy,
dr dr

To reproduce the structure of the effective radial Hamiltonian from Eq. (12), we
choose superpotentials of the form

W =b+er+d, 0@ =1, (18)
where a, b, ¢, and g are real constants to be determined by term-by-term identification.
This choice constitutes a mathematically motivated ansatz guided by the form of the
effective potential, not by independent physical requirements.

Identifying V_(r) with the radial potential derived earlier leads to a system of
algebraic relations connecting the model parameters to the factorization constants. In
particular, the inverse-square singularity fixes the combination of angular and effective
parameters, while compatibility of the linear and Coulomb terms with shape invariance
requires a constraint relation between their coefficients.

This constraint does not correspond to a fundamental physical law linking
independent parameters but should be understood as a mathematical condition
necessary for algebraic closure and exact factorizability. It is an intrinsic feature of
the effective model and the adopted non-Hermitian supersymmetric formalism.

A key element of this framework is the shape invariance property. The partner
Hamiltonians H_(g) and H, (g) belong to the same functional family, differing only by
a discrete shift in parameters, allowing us to write

Hi(g) =H-(g—1) + Alg), (19)

where A(g) is a constant depending only on the factorization parameters. This shape
invariance enables an algebraic recursive construction of the energy spectrum without
perturbative or numerical methods.

The ground state uy(r) of H_ is defined by the annihilation condition

AI,LO(T‘) = O, (20)

and excited states follow from successive applications of B. Explicit analytical
expressions for the spectrum and radial wave functions are presented in the following
section.

We reiterate that this construction provides an exact solution to the radial
equation associated with the effective Hamiltonian. It should not be interpreted as
a complete solution to the realistic two-electron fermionic problem but rather as an
illustration of the power of non-Hermitian supersymmetry in analytically treating
effective Hamiltonians with combined interactions.

5. Results and Discussion

Application of the non-Hermitian supersymmetric factorization developed in
Section 4 yields closed-form analytical expressions for the energy spectrum of the
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effective radial Hamiltonian. Thanks to shape invariance, energy levels are constructed
algebraically from the ground state, without perturbative or numerical approximations.
Recalling the superpotential choices

a
W(r) =b+cr+g, Qr) = —,
T T
substitution into the general expression for V_(r) gives
1 1— 2b
V_(r) = 9lg + ):;a( o) +2bcr+209+b2+czr2+Tg—c. (21)

Term-by-term identification with the effective radial potential in Eq. (12) imposes the
following algebraic relations:

1
glg+TN+all—a)=C—7+a (22)
Hw 2uy 2up
c = ?, Zbg = ? = k, 2bc = ?, ac {O, 1} (23)

Remark on the parameter a: The condition a(1 — a) = 0 from Eq. (24) admits two
discrete solutions: a = 0 or a = 1. Both choices eliminate the a(1 — a) contribution to
the centrifugal term. The choice a = 1 yields Q(r) = 1/r, which modifies the explicit
form of the factorization operators A and B compared to the a = 0 case. However, since
the term a(1—a) vanishes in the effective potential Eq. (21) for both values, the partner
Hamiltonians H. generate the same physical energy spectrum. Regarding the excited
states constructed via u, « B™u,, any difference in the functional form introduced by
a = 1 is absorbed by the renormalization of the normalization constants. Therefore, the
choice a = 0 is adopted in this work for algebraic simplicity without loss of physical
generality.
With a =0, Eq. (24) yields an explicit expression for g:

1
g=— —VC+a (24)

2

where the negative sign is imposed by the normalizability of radial wave functions. Note
that Eq. (24) with a = 0 correctly reproduces the effective centrifugal barrier £?—1/4+ o
appearing in Eq. (12).

Exact solvability hinges on shape invariance. The partner Hamiltonians satisfy

Hi(g) =H-(g—1) + A(g), (25)

with 2 2
Alg) = — — — +4c. 26
(9) a8 a1 e (26)
This enables recursive construction of the full spectrum. The reduced radial energy

reads
K? 1 -

sn:2c<2n+1+\/€2+oc>—Z<n+§+ €2+oc) , n=0,1,2,... (27)
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where ¢ = pw/h and k = 2py/R%.

This expression highlights the combined contributions of effective harmonic
confinement, the inverse-square term, and Coulomb interaction. The w-dependent
term reflects a modified harmonic oscillator structure, while V8 + « encodes the joint
influence of relative angular momentum and the effective parameter «.

The full relative energy is recovered by reinstating the magnetic contribution:

2
B = Moo (20414 V0 +a) + %‘hwcﬁ o aa L . (28)
W (n+ b+ VT )

The w{ term lifts angular momentum degeneracy, consistent with established results
for two-dimensional systems.

Furthermore, it is instructive to examine the physical limits of the above equation.
The equation contains a negative term proportional to y? scaling as 1/(n + 1/2 +
V2 4+ o). This dependence is identical to the spectrum of a two-dimensional hydrogen
atom with an effective centrifugal barrier. When the harmonic confinement (w) and the
magnetic field (w.) are switched off (in the appropriate limit where the constraint on
B is relaxed for a pure potential with o« = 0), this term dominates and reproduces the
known 2D Coulomb spectrum [16],

S 1
rel — 2hz 1\2°
(Tl + |€| + z)

This limit transition validates the physical consistency of our expression with standard
quantum mechanical results.

A central result is the emergence of a constraint between the linear and Coulomb
coeflicients:
nwy 1

N+ vETR)

required for shape invariance and exact solvability. This relation must be interpreted
strictly as a mathematical condition intrinsic to the non-Hermitian supersymmetric
framework, not as a physical law linking external electric fields to electron—electron
interactions.

B=— (29)

It is important to note that the constraint relation (29) imposes a dependence
of the linear parameter (3 on the orbital quantum number {. This implies that the
effective potential V(r) is not strictly central in the traditional sense (i.e., state-
independent), but rather exhibits state dependence. This characteristic, while unusual,
is a direct consequence of the exact solvability condition imposed by non-Hermitian
SUSY factorization. This means that for each angular mode ¢, the slope of the linear
potential adjusts to preserve the algebraic shape-invariance structure. This does not
violate rotational symmetry for a given state, but highlights the idealized effective
nature of this model, where the potential parameters are constrained to ensure the
possibility of an analytical resolution.
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5.1 Parameter regimes and potential boundedness

The effective radial potential in Eq. (12) contains terms scaling as 2, r, 1/r, and
1/r2. For large r, the harmonic term (pw?/h?)r? dominates provided w? > 0, ensuring
that the potential is bounded from below and that the spectrum is discrete. The linear
term P is subdominant at large r; even if 3 < 0 (as may occur from Eq. (29) depending
on the sign of v), the quadratic confinement guarantees that Veg(r) — 400 as v — oo.

At small 7, the inverse-square term ({* — 1/4 4+ «)/r* controls the behavior. For
0?4 o > 1/4, this term is repulsive and ensures regularity of solutions at the origin. The
parameter regime {* + o < 1/4 requires careful analysis of self-adjoint extensions [13],
but such cases are not considered here as we focus on the algebraic solvability for generic
parameters.

5.2 Radial wave functions

The ground state uy(r) of H_ satisfies
Auo(T‘) = O» (30)

with solution
Ug(r) =Cr 9 exp <—%r2 — br) , (31)

where C is a normalization constant.

A detailed analysis of the behavior at the origin is required to ensure normalizability.
Near r = 0, the ground state wave function behaves as uy(r) ~ 179 Eq. (31). To belong to
the space L?(R*, dr), the integral fg [uol?dr must converge, which imposes the condition
—2g > —1, or equivalently g < 1/2. From Eq. (24), we have g = —1/2 — v/{?* 4+ «. Since
V& + o > 0, it follows that g < —1/2. Thus, the condition g < 1/2 is strictly satisfied,
guaranteeing that the wave function is square-integrable in the neighborhood of the
origin.

The original radial wave function \(r) in the two-dimensional measure is recovered
via P(r) = u(r)//r.

Radial wave functions for excited states are obtained algebraically via repeated
application of the creation operator B on the ground state:

Un(r) =Ch BMup(r), m=0,1,2,... (32)

Their normalizability is ensured by the effective harmonic confinement and exponential
decay. We reiterate that these wave functions describe only the radial component of
relative motion and do not constitute complete two-fermion states.

Overall, these results underscore the analytical richness of the effective model
and demonstrate the efficacy of non-Hermitian supersymmetry in exactly solving
Hamiltonians with combined interactions. The primary value of this study lies in
revealing this algebraic structure and its spectral consequences, rather than in predicting
experimental properties of realistic quantum dots.
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6. Conclusion

In this work, we have studied an effective Hamiltonian describing the relative
motion of two charged particles confined to a two-dimensional plane under a uniform
magnetic field. The model employs a generalized central potential combining harmonic,
Coulombic, linear, and inverse-square terms, introduced for analytical tractability rather
than comprehensive experimental realism.

The associated radial equation was solved exactly using a non-Hermitian
supersymmetric factorization. In this framework, the factorization operators are not
mutually adjoint, yet they generate Hermitian partner Hamiltonians exhibiting shape
invariance with respect to the standard inner product on L?(RT,dr), after a unitary
transformation accounting for the two-dimensional radial measure. This algebraic
structure permits a fully analytical construction of the energy spectrum and radial
wave functions.

A notable outcome is the appearance of a constraint relation among potential
parameters—particularly between the linear and Coulomb terms. This relation must
be interpreted as a mathematical solvability condition intrinsic to the formalism, not
as a physical law linking independent parameters in a real system. Similarly, the linear
term is treated as an effective radial component and does not aim to replicate a realistic
Stark effect, which would break rotational symmetry.

We emphasize that this work does not constitute a complete solution to the physical
problem of two confined fermionic electrons. Spin degrees of freedom, total wave
function antisymmetry, and realistic boundary conditions are not included. The primary
contribution lies in illustrating the capability of non-Hermitian supersymmetry to
analytically handle effective Hamiltonians with combined interactions, and in extending
the framework of Ref. [14] to two-dimensional two-particle systems with magnetic fields.

Future directions include methodological extensions such as analogous effective
models in three dimensions, formal incorporation of spin—orbit coupling terms, or
exploration of other classes of exactly solvable potentials via generalized factorizations.
The results presented may also serve as analytical benchmarks for testing and validating
numerical approaches applied to similar effective Hamiltonians.
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