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Abstract. Motivated by Deutsch entropic uncertainty principle and by various product-type uncertainty
relations, we develop a new uncertainty principle that provides a rigorous lower bound on the product
of entropies through the use of suitable functional techniques. Our approach broadens the traditional
framework of entropic uncertainty by analyzing how carefully chosen functions modify or influence entropy
measures associated with quantum states or probabilistic distributions. By viewing entropy as a functional
object rather than a purely numerical quantity, we derive bounds that capture deeper structural limitations
on pairs of observable that can be measured simultaneously. This functional viewpoint not only generalizes
and strengthens several known product-type uncertainty principles, but also clarifies the connections
between information-theoretic quantities and the analytic behavior of the functions employed. Overall, the
developed framework offers a versatile method for deriving new entropy-based bounds and contributes to a
more comprehensive understanding of uncertainty within mathematical physics and quantum information
theory.
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ITpunnnn >HTpONUITHON HeoITpeIeJIEHHOCT! TUTA ITPOU3BEIeHU

K. M. Kpuwna*

PakyAbTET MaTeMaTUKY U eCTeCTBEHHBIX HayK [\aBHBIN KaMIIyc YHUBepCUTeTa JaHaKbs,
NH-648, aepeBusa Xapaaypy, Ceseprerlit okpyr Banranopa, [lItar Kapraraka, 562110, Uspus

AnHOTanusi. BAOXHOBAEHHBIE IIPUHIIWIIOM 3HTPONMNHON HeEONpeAeAeHHOCTH Aoifua ¥ pPasAUYHBIMUI
COOTHOIIIEHUSIMI HEONPEAEAEHHOCTH THIIAa IIPOM3BEAEHUSI, MBI pa3pabaTblBaeM HOBBIA I[IPUHIUI
HEONIPEAEAEHHOCTH, KOTOPBIN 0OeClIeYMBaET CTPOrYIO0 HUIKHIOIO TI'DAHUIy AAS IIPOM3BEAEHUS SHTPONUMA C
TIOMOIIBIO ITOAXOASIIIAX (PYHKIIMOHAABHEIX MeTOAOB. Halll moaxoa paciIupsieT TPapAUIIMOHHYIO CTPYKTYPY
SHTPONUMHON HEOIPEAEAEHHOCTH, AHAAU3UPYs, KaK TIIATEABHO NOAOOpPaHHBEIE GYHKIUNA KU3MEHSIIOT
UAM BAMUSIOT Ha MeEpPbl 3HTPOIMM, CBsI3aHHBIE C KBaHTOBBIMU COCTOSIHUSIMM MAU BepPOSITHOCTHBIMU
pacupepeAeHUsIME. PaccMaTpuBasi SHTPONUIO KaK (PYHKIMOHAABHBEIA OOBEKT, a He KaK YHUCTO YUCAEHHYIO
BEAWYWHY, MBI BBIBOAMM I'DAHUIEI, KOTOPBIE OTPa’kaloT Hoaree AyboKHMe CTPYKTYpPHEBIE OIPAaHUYEHUSI Ha
mapbl HaOAIOAAEMBIX BEAWYWH, KOTOPBHIE MOTYT OBITH M3MEpPEHBI OAHOBPEMEHHO. OTa (MYHKIMOHAABHAS
TOYKa 3PEeHUsI He TOABKO O0DOOIaeT M yCUAUBAET HECKOABKO M3BECTHEBIX NPUHIIUIIOB HEOIPEAEAEHHOCTH
TUNa NIPOU3BEAEHMS, HO M IPOSICHSET CBSI3M MEXAY WHGPOPMAIVOHHO-TEOPETUYECKUMY BEAUYVWHAMU U
QHAAWTUYECKUM IIOBEACHUEM MCIIOAB3YEMBIX (PYHKIuM. B IeaoM, paspaboTaHHas CTPYKTypa IpPeAAaraeT
VHUBEPCAABHBIA METOA AASI BBIBOAA HOBBIX I'DAHUII, OCHOBAHHBIX Ha JSHTPONMNU, U crocobcTByeT 6onee
TIOAHOMY IIOHUMAHUIO HEONPEAESAEHHOCTH B MaTEMAaTUYeCKOM (PU3MKe U KBAHTOBOM TeOpPMU MHQPOPMAIIVIN.
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Introduction

Let H be a finite dimensional Hilbert space. Given an orthonormal basis {wj}}‘:] for
H, the Shannon entropy at a point h € H, is defined as

ST(h) = Z |<h> T]'>|2 lOg <|<h,1’t]>|2) > O>

=1

where H. ={h e H:|h| =1, (h,7;) # 0,1 <j <n} In 1983, Deutsch derived following
uncertainty principle for Shannon entropy [1].

Theorem 1. (Deutsch Uncertainty Principle) [1] Let {tj};, {w;k; be two
orthonormal bases for a finite dimensional Hilbert space H. Then

]"‘]gl%}é |<Tj,(l)k>|
S)ksn
>0

2logn > S:(h) 4+ Sy (h) > —2log 3 >0,

Vh e HeNHe. (1)

Using Buzano inequality, it is easy to see that Theorem 1 holds for Parseval frames
[2]. Note that Inequality (1) is for the sum of entropies and not for the product. It
is best if we have uncertainty principles for the product because once we have an
uncertainty principle for the product, then the uncertainty principle for the sum follows
from the AM-GM inequality. Following is a small list of uncertainty principle (UP) for
the product.

e Heisenberg-Robertson-Schrodinger UP and its various generalizations [3-9].

Donoho-Stark-Elad-Bruckstein-Ricaud-Torrésani support size UP [10-12].
e Smith UP and its generalizations [13-16].

e Kuppinger-Durisi-Boélcskei support size UP and its generalization [17,18].
e A. Wigderson-Y. Wigderson UP [19].

e Maccone-Pati UP [20].

e Goh-Goodman UP [21].

e Jiang-Liu-Wu subfactor UP [22].

e Bandeira-Lewis-Mixon numerical sparsity UP [23].

e UP over finite fields [24-26].

e Generalized UP [27-29].

It seems that for logarithm functions, we can not have uncertainty for the product
of entropies using coherence. In this paper, we derive an uncertainty principle for the
product of entropies coming from certain functions.
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Product Entropic Uncertainty Principle

In the paper, K denotes C or R and ‘H denotes a Hilbert space (need not be finite
dimensional) over K. We need the notion of continuous frame which is introduced
independently by Ali, Antoine and Gazeau [30] and Kaiser [31].

Definition 1. [30, 31] Let (Q, ) be a measure space. A collection {Tyluca 0 a
Hailbert space H s said to be a continuous Parseval frame for H if the following
conditions hold.

e For each h € H, the map Q3 o — (h,14) € K is measurable.

wwzﬁmmmmmm,Vheﬁ
Q

Recall that a continuous Parseval frame {T4}4cq for H is said to be 1-bounded if

Ita]] <1, Vae Q.
Let ¢ : (0,1] — (0, 00) be a function satisfying following.

e ¢ is continuous.

e ¢ is decreasing.

o dxy) < dX)d(y), Vx,y € (0,1].

Example 1. Let p € (0,00).

e Define
b(x) = —, Wxe(0,1].

e Define

o(x)=—, Vxe(0,1].

In the entire paper, we assume that ¢ satisfies above conditions. Given such a ¢
and a 1-bounded continuous Parseval frame {Ty}4co for H, we define entropy

&Mm=JWJM%MhnWMMM2Q Vh € He,
Q

where

He={heH:|h|=1,(h1y) #0,for u-almost all «}.
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Since ¢ is continuous, the integral exists. Before deriving the theorem of this paper, we
need a powerful inequality.
Lemma 1. (Buzano Inequality) [32-34] Let H be a Hilbert space. Then

[ufl[[v]] 4 [u, v)l

vy < RV

Vh,u,v € H.

Theorem 2. Let (Q,u), (A,v) be measure spaces. Let {Toluco and {wplpea be
1-bounded continuous Parseval frames for H. Then

2
(] + 8UPycn,pen [(Tay w[5>|)
4

ST,d)(h)Sw,d)(h) Z d) ( > Z O) Vh € HT N Hw- (2)

Proof. Let h € H. N H,. Then ||h|| = 1. Note that by Buzano inequality

limallicwll + (v, wp)l _ ITallliw]] + KTa wp)l
2 N 2 ’

Then using the properties of ¢ and Lemma 1, we get

|<h> Tcx>||<h>w|3>| < Hh‘ Vo € Q, B € A.

S (N)Swg () = J|<h, PO, ) ) dp(a) J|<h,wﬁ>|2¢(|<h,wﬁ>|2) av(p)
Q A

= [ 100yt PI¢R, wp) P (IR, Ta) P (IR, ) dv(B) du(a)
24
> [ [ 1thy )P, @) P (h, T Pi(h, wp) P) dv(B) dis(a)
QA
o (rallllws]| + (T, wp)I)

> |<h)Tcx>|2|<h>wB>|z¢< 7] ) dv(p) du(e)

QA

n 2
[ (1 + suPyeq,pea l(Tay wp)l)

> ’<haTa>’2|<h>wB>|2¢< A ) dv(B) du(x)

QA

2
o ((1 * suPucnges o ) ) | [1rcadPicn, on) avip) o
QA

. ((1 +SuPaeQ,BeA|<meB>|)2>
= ¢ 4 .
Note that as the integrand is non-negative, Tonelli’s theorem assures the validity of
previous arguments. []

Theorem 2 gives the following question.

Question 1. Let (Q,u), (A,v) be measure spaces, H be a Hilbert space. For
which pairs of 1-bounded continuous Parseval frames {Toloaca and {wglpea for H,
we have equality in Inequality (2)?

In 1988, Maassen and Uffink (motivated from the conjecture by Kraus made in
1987 [35]) improved Deutsch entropic uncertainty principle.
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Theorem 3. [36] (Maassen-Uffink Entropic Uncertainty Principle) Let
{Tj}}l:“ {wiJp_; be two orthonormal bases for a finite dimensional Hilbert space
‘H. Then

S:(h) 4+ Su(h) > —2log <]£niu<c (T, wk>|> , VheH NH,.
<jk<n

In 2013, Ricaud and Torrésani [11] showed that orthonormal bases in Theorem 3
can be improved to Parseval frames.

Theorem 4. [11] (Ricaud-Torrésani Entropic Uncertainty Principle) Let
{Tj}}l:“ {w i, be two Parseval frames for a finite dimensional Hilbert space H.
Then

S:(h) 4+ Sw(h) > —2log (1§jgr]r1{§§k§ml<Tj, wk>l> , YheH.NHeo.
Proofs of Theorems 3 and 4 use Riesz-Thorin interpolation and the differentiability
of logarithm function. We therefore end by formulating the following problem.
Problem 1. Let {To}aco and {wglpgea be 1-bounded continuous Parseval frames
for H. For which functions ¢, we have

xeQ,BeA

2
Stp(h)Swe(h) > ¢ (( sup I(’ta,w@l) ) , Vhe HNHe.

Note that we will not have the inequality for every function ¢ in Problem 1. Following
is an example. Let {7}, {wi}i'; be two Parseval frames for a finite dimensional Hilbert
space H. Define ¢p(x) = 1/2 for all x € (0,1]. Then

1<j<n,1<k<m

1 1
ST’d)(h)Sw,q)(h) = Z ;_é z = (I) ( max |<’fj, (.Uk>|) y Vh € HT N Hw.

Observe that Deutsch, Maassen-Uffink and Ricaud-Torrésani uncertainty principles are
for sum of entropies but our uncertainty principle is for product of entropies (relative
to specific functions). However, using AM-GM inequality, we easily get the following
result for sum of entropies.

Corollary 1. Let (Q,u), (A,v) be measure spaces. Let {Tolaca and {wplpea be
1-bounded continuous Parseval frames for H. Then

Vh € H: N He.

Conclusion

In the literature, entropic uncertainty principles are known only for sum of
two entropies. We derived an uncertainty principle for the product of entropies by
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considering suitable real functions. This will shed new lights on deriving product
entropic uncertainty principle. We also formulated problem based on the Maassen-Uffink
entropic uncertainty principle.

Acknowledgments. The author thanks the anonymous reviewer for his/her several
suggestions, which improved the article.
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