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Abstract. Motivated by Deutsch entropic uncertainty principle and by various product-type uncertainty
relations, we develop a new uncertainty principle that provides a rigorous lower bound on the product
of entropies through the use of suitable functional techniques. Our approach broadens the traditional
framework of entropic uncertainty by analyzing how carefully chosen functions modify or influence entropy
measures associated with quantum states or probabilistic distributions. By viewing entropy as a functional
object rather than a purely numerical quantity, we derive bounds that capture deeper structural limitations
on pairs of observable that can be measured simultaneously. This functional viewpoint not only generalizes
and strengthens several known product-type uncertainty principles, but also clarifies the connections
between information-theoretic quantities and the analytic behavior of the functions employed. Overall, the
developed framework offers a versatile method for deriving new entropy-based bounds and contributes to a
more comprehensive understanding of uncertainty within mathematical physics and quantum information
theory.
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Принцип энтропийной неопределенности типа произведения

К.М. Кришна ∗

Факультет математики и естественных наук Главный кампус Университета Чанакья,
NH-648, деревня Харалуру, Северный округ Бангалора, Штат Карнатака, 562110, Индия

Аннотация. Вдохновленные принципом энтропийной неопределенности Дойча и различными
соотношениями неопределенности типа произведения, мы разрабатываем новый принцип
неопределенности, который обеспечивает строгую нижнюю границу для произведения энтропий с
помощью подходящих функциональных методов. Наш подход расширяет традиционную структуру
энтропийной неопределенности, анализируя, как тщательно подобранные функции изменяют
или влияют на меры энтропии, связанные с квантовыми состояниями или вероятностными
распределениями. Рассматривая энтропию как функциональный объект, а не как чисто численную
величину, мы выводим границы, которые отражают более глубокие структурные ограничения на
пары наблюдаемых величин, которые могут быть измерены одновременно. Эта функциональная
точка зрения не только обобщает и усиливает несколько известных принципов неопределенности
типа произведения, но и проясняет связи между информационно-теоретическими величинами и
аналитическим поведением используемых функций. В целом, разработанная структура предлагает
универсальный метод для вывода новых границ, основанных на энтропии, и способствует более
полному пониманию неопределенности в математической физике и квантовой теории информации.
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Introduction

Let H be a finite dimensional Hilbert space. Given an orthonormal basis {ωj}
n
j=1 for

H, the Shannon entropy at a point h ∈ Hτ is defined as

Sτ(h) :=

n∑
j=1

|⟨h, τj⟩|2 log

(
1

|⟨h, τj⟩|2

)
≥ 0,

where Hτ := {h ∈ H : ∥h∥ = 1, ⟨h, τj⟩ ≠ 0, 1 ≤ j ≤ n}. In 1983, Deutsch derived following
uncertainty principle for Shannon entropy [1].

Theorem 1. (Deutsch Uncertainty Principle) [1] Let {τj}
n
j=1, {ωj}

n
j=1 be two

orthonormal bases for a finite dimensional Hilbert space H. Then

2 logn ≥ Sτ(h) + Sω(h) ≥ −2 log

1+ max
1≤j,k≤n

|⟨τj,ωk⟩|

2

 ≥ 0, ∀h ∈ Hτ ∩Hω. (1)

Using Buzano inequality, it is easy to see that Theorem 1 holds for Parseval frames
[2]. Note that Inequality (1) is for the sum of entropies and not for the product. It
is best if we have uncertainty principles for the product because once we have an
uncertainty principle for the product, then the uncertainty principle for the sum follows
from the AM-GM inequality. Following is a small list of uncertainty principle (UP) for
the product.

• Heisenberg-Robertson-Schrodinger UP and its various generalizations [3–9].

• Donoho-Stark-Elad-Bruckstein-Ricaud-Torrésani support size UP [10–12].

• Smith UP and its generalizations [13–16].

• Kuppinger-Durisi-Bölcskei support size UP and its generalization [17,18].

• A. Wigderson-Y. Wigderson UP [19].

• Maccone-Pati UP [20].

• Goh-Goodman UP [21].

• Jiang-Liu-Wu subfactor UP [22].

• Bandeira-Lewis-Mixon numerical sparsity UP [23].

• UP over finite fields [24–26].

• Generalized UP [27–29].

It seems that for logarithm functions, we can not have uncertainty for the product
of entropies using coherence. In this paper, we derive an uncertainty principle for the
product of entropies coming from certain functions.

66



Product entropic uncertainty principle ISSN 2079-6641

Product Entropic Uncertainty Principle

In the paper, K denotes C or R and H denotes a Hilbert space (need not be finite
dimensional) over K. We need the notion of continuous frame which is introduced
independently by Ali, Antoine and Gazeau [30] and Kaiser [31].

Definition 1. [30, 31] Let (Ω,µ) be a measure space. A collection {τα}α∈Ω in a
Hilbert space H is said to be a continuous Parseval frame for H if the following
conditions hold.

• For each h ∈ H, the map Ω ∋ α 7→ ⟨h, τα⟩ ∈ K is measurable.

•

∥h∥2 =
∫
Ω

|⟨h, τα⟩|2 dµ(α), ∀h ∈ H.

Recall that a continuous Parseval frame {τα}α∈Ω for H is said to be 1-bounded if

∥τα∥ ≤ 1, ∀α ∈ Ω.

Let ϕ : (0, 1] → (0,∞) be a function satisfying following.

• ϕ is continuous.

• ϕ is decreasing.

• ϕ(xy) ≤ ϕ(x)ϕ(y), ∀x, y ∈ (0, 1].

Example 1. Let p ∈ (0,∞).

• Define

ϕ(x) :=
1

xp
, ∀x ∈ (0, 1].

• Define

ϕ(x) :=
1

epx
, ∀x ∈ (0, 1].

In the entire paper, we assume that ϕ satisfies above conditions. Given such a ϕ
and a 1-bounded continuous Parseval frame {τα}α∈Ω for H, we define entropy

Sτ,ϕ(h) =

∫
Ω

|⟨h, τα⟩|2ϕ(|⟨h, τα⟩|2)dµ(α) ≥ 0, ∀h ∈ Hτ,

where

Hτ := {h ∈ H : ∥h∥ = 1, ⟨h, τα⟩ ≠ 0, for µ-almost all α}.
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Since ϕ is continuous, the integral exists. Before deriving the theorem of this paper, we
need a powerful inequality.

Lemma 1. (Buzano Inequality) [32–34] Let H be a Hilbert space. Then

|⟨u, h⟩⟨h, v⟩| ≤ ∥h∥2∥u∥∥v∥+ |⟨u, v⟩|
2

, ∀h, u, v ∈ H.

Theorem 2. Let (Ω,µ), (∆, ν) be measure spaces. Let {τα}α∈Ω and {ωβ}β∈∆ be
1-bounded continuous Parseval frames for H. Then

Sτ,ϕ(h)Sω,ϕ(h) ≥ ϕ

((
1+ supα∈Ω,β∈∆ |⟨τα,ωβ⟩|

)2
4

)
≥ 0, ∀h ∈ Hτ ∩Hω. (2)

Proof. Let h ∈ Hτ ∩Hω. Then ∥h∥ = 1. Note that by Buzano inequality

|⟨h, τα⟩||⟨h,ωβ⟩| ≤ ∥h∥2∥τα∥∥ωβ∥+ |⟨τα,ωβ⟩|
2

=
∥τα∥∥ωβ∥+ |⟨τα,ωβ⟩|

2
, ∀α ∈ Ω,β ∈ ∆.

Then using the properties of ϕ and Lemma 1, we get

Sτ,ϕ(h)Sω,ϕ(h) =

∫
Ω

|⟨h, τα⟩|2ϕ(|⟨h, τα⟩|2)dµ(α)

∫
∆

|⟨h,ωβ⟩|2ϕ(|⟨h,ωβ⟩|2)dν(β)


=

∫
Ω

∫
∆

|⟨h, τα⟩|2|⟨h,ωβ⟩|2ϕ(|⟨h, τα⟩|2)ϕ(|⟨h,ωβ⟩|2)dν(β)dµ(α)

≥
∫
Ω

∫
∆

|⟨h, τα⟩|2|⟨h,ωβ⟩|2ϕ(|⟨h, τα⟩|2|⟨h,ωβ⟩|2)dν(β)dµ(α)

≥
∫
Ω

∫
∆

|⟨h, τα⟩|2|⟨h,ωβ⟩|2ϕ

(
(∥τα∥∥ωβ∥+ |⟨τα,ωβ⟩|)2

4

)
dν(β)dµ(α)

≥
∫
Ω

∫
∆

|⟨h, τα⟩|2|⟨h,ωβ⟩|2ϕ

((
1+ supα∈Ω,β∈∆ |⟨τα,ωβ⟩|

)2
4

)
dν(β)dµ(α)

= ϕ

((
1+ supα∈Ω,β∈∆ |⟨τα,ωβ⟩|

)2
4

) ∫
Ω

∫
∆

|⟨h, τα⟩|2|⟨h,ωβ⟩|2 dν(β)dµ(α)

= ϕ

((
1+ supα∈Ω,β∈∆ |⟨τα,ωβ⟩|

)2
4

)
.

Note that as the integrand is non-negative, Tonelli’s theorem assures the validity of
previous arguments. □

Theorem 2 gives the following question.
Question 1. Let (Ω,µ), (∆, ν) be measure spaces, H be a Hilbert space. For

which pairs of 1-bounded continuous Parseval frames {τα}α∈Ω and {ωβ}β∈∆ for H,
we have equality in Inequality (2)?

In 1988, Maassen and Uffink (motivated from the conjecture by Kraus made in
1987 [35]) improved Deutsch entropic uncertainty principle.
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Theorem 3. [36] (Maassen-Uffink Entropic Uncertainty Principle) Let
{τj}

n
j=1, {ωk}

n
k=1 be two orthonormal bases for a finite dimensional Hilbert space

H. Then

Sτ(h) + Sω(h) ≥ −2 log

(
max
1≤j,k≤n

|⟨τj,ωk⟩|
)
, ∀h ∈ Hτ ∩Hω.

In 2013, Ricaud and Torrésani [11] showed that orthonormal bases in Theorem 3
can be improved to Parseval frames.

Theorem 4. [11] (Ricaud-Torrésani Entropic Uncertainty Principle) Let
{τj}

n
j=1, {ωk}

m
k=1 be two Parseval frames for a finite dimensional Hilbert space H.

Then

Sτ(h) + Sω(h) ≥ −2 log

(
max

1≤j≤n,1≤k≤m
|⟨τj,ωk⟩|

)
, ∀h ∈ Hτ ∩Hω.

Proofs of Theorems 3 and 4 use Riesz-Thorin interpolation and the differentiability
of logarithm function. We therefore end by formulating the following problem.

Problem 1. Let {τα}α∈Ω and {ωβ}β∈∆ be 1-bounded continuous Parseval frames
for H. For which functions ϕ, we have

Sτ,ϕ(h)Sω,ϕ(h) ≥ ϕ

((
sup

α∈Ω,β∈∆
|⟨τα,ωβ⟩|

)2)
, ∀h ∈ Hτ ∩Hω.

Note that we will not have the inequality for every function ϕ in Problem 1. Following
is an example. Let {τj}nj=1, {ωk}

m
k=1 be two Parseval frames for a finite dimensional Hilbert

space H. Define ϕ(x) = 1/2 for all x ∈ (0, 1]. Then

Sτ,ϕ(h)Sω,ϕ(h) =
1

4
≱
1

2
= ϕ

(
max

1≤j≤n,1≤k≤m
|⟨τj,ωk⟩|

)
, ∀h ∈ Hτ ∩Hω.

Observe that Deutsch, Maassen-Uffink and Ricaud-Torrésani uncertainty principles are
for sum of entropies but our uncertainty principle is for product of entropies (relative
to specific functions). However, using AM-GM inequality, we easily get the following
result for sum of entropies.

Corollary 1. Let (Ω,µ), (∆, ν) be measure spaces. Let {τα}α∈Ω and {ωβ}β∈∆ be
1-bounded continuous Parseval frames for H. Then

Sτ,ϕ(h) + Sω,ϕ(h)

2
≥
√
Sτ,ϕ(h)Sω,ϕ(h) ≥

√√√√ϕ((1+ supα∈Ω,β∈∆ |⟨τα,ωβ⟩|
)2

4

)
≥ 0,

∀h ∈ Hτ ∩Hω.

Conclusion

In the literature, entropic uncertainty principles are known only for sum of
two entropies. We derived an uncertainty principle for the product of entropies by
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considering suitable real functions. This will shed new lights on deriving product
entropic uncertainty principle. We also formulated problem based on the Maassen-Uffink
entropic uncertainty principle.
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