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Abstract. Building on a foundational result established by Robertson [Proc. Edinburgh Math. Soc., 1976], we
develop a framework for differentiation of maps defined on specific classes of unital commutative C*-algebras.
This construction allows us to extend classical analytic ideas into the C*-algebraic setting, thereby enriching the
interplay between operator theory and complex analysis. Within this framework, we derive a C*-algebraic analogue
of the Gauss—Lucas theorem, which traditionally describes the geometric location of polynomial zeros in relation to
their derivatives. Furthermore, we propose a C*-algebraic version of Sendov’s conjecture, a long-standing problem
in complex analysis concerning the proximity of critical points to polynomial zeros. Our formulation adapts this
conjecture to the algebraic context and provides new insights into its structure. As a concrete verification, we establish
the validity of the C*-algebraic Sendov’s conjecture for all polynomials of degree two, thereby offering evidence for
its broader applicability.
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C*-anrebpanueckasi reopeMa I'aycca-JIykaca un
C*-anrebpanueckas runoresa CeHgoBa

K. M. Kpuwna*

DaryAbTET MaTEMaTUKY U €CTECTBEHHEIX HayK ['\aBHEBIM KaMnyc YHUBepcUTeTa JaHaKbs,
NH-648, aepeBus Xapanrypy, CeBeprelit okpyr Barranopa, [lItatr KapraTaka, 562110, Uapus

AnHoTtanus. Onupasicb Ha OYHAAMEHTAABHBIN PE3YABTAT, YCTAHOBAEHHEBIN PobepTcoHoM B 1976 r., MBI
paspabaThiBaeM CTPYKTYPY AAST AUDGDEPEHIMPOBAHUSI OTOOPasKeHW, ONPEAEAEHHBIX Ha KOHKPETHEIX
KAAaccax VHUTApHBIX KOMMYTaTWBHEIX C*-anrebp. OTa KOHCTPYKIUSI IIO3BOASIET HaM paCIIUPUTH
KAACCUYECKUe aHaAUTUUeCKUe uAen Ha C*-aarebpandeckyio Cpeay, TeM caMbIM oboraiasi B3auMoAeicTBue
Me>XXAY TeOpHell OIepaTOpOB M KOMIIAEKCHBIM aHAAU30M. B paMmkax 3Toif CTPYKTyphl MbI BeIBoauM C*-
anrebpawdeckuil amanor TeopeMbl laycca—/AykKaca, KOTOpasi TPAAUIMOHHO ONMCHIBAET IE€OMETPUUECKOE
DPacCIOAOXKEHUE HYAEH MHOIOYAEHOB OTHOCATEABHO UX IIPOU3BOAHBIX. Kpome Toro, Mel mpepnaraem C*-
anrebpawdecKyr Bepcuio runore3bl CeHAOBa, AABHEN NPOOAEMBI B KOMIIAEKCHOM aHaAW3e, KaCAIOIIENCs
OAM30CTH KPHUTUYECKAX TOYEK K HYASIM MHOrOYAEHOB. Hamma ¢opMyAMpOBKa apanTUPYET 3Ty
runoTesy K anrebpamdeckoMy KOHTEKCTY M AAeT HOBBIE IIPEACTaBACHUSI O ee CTPYKType. B kadecrse
KOHKDETHOT'O IIOATBED>KAEHUSI MBI AOKa3bIBaeM CIpaBepAuBocTb C*-anrebpamdeckoit rumoressl CeHaOBa
AASI BCEX MHOTOYAEHOB BTOPOY CTENEHW, TEM CaMbIM IIPEAOCTaBASISI AOKa3aTeAbCTBa ee bonee MIMPOKOR
IPUMEHUMOCTH.
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Introduction

Let a be a complex number, v > 0 be a real number and D(a,r) be the closed disc
in C centered at a of radius r. Let C[z] be the set of all polynomials over C. In 1958,
Sendov made the following conjecture which became known as Sendov’s conjecture.

Conjecture 1. [1-8] (Sendov’s conjecture) Let n € N\ {1} and p(z) = (z —
a1)(z—ay) - (z—ay,) € Clz] be such that a;,a,,...,a, € D(0,1). Then for each aj,
1 <j <, there exists a zero b of p’ such that b € D(ay,1).

A direct calculation says that Conjecture 1 holds for degree two polynomials. For
n = 3, Conjecture 1 is proved in [4]. For n = 3,4, Conjecture 1 is proved in [5]. For
n =5, Conjecture 1 is proved in [6]. For n = 6, Conjecture 1 is proved in [7,8]. Forn = 7,
Conjecture 1 is proved in [9]. For n = 8, Conjecture 1 is proved in [10]. Conjecture 1 is
proved for all polynomials after certain (unknown) degree in [11]. On the other hand,
Conjecture 1 is proved for various special cases of polynomials and position of roots
(inside the closed unit disc) in [5,12-39]. Non-Archimedean version of Conjecture 1 has
been solved in [40].

A subsection of noncommutative geometry strives to obtain complex analysis results
by replacing C with a C*-algebra. A few prominent articles in this way are [41-44|. As
C*-algebras offer greater challenge and Sendov conjecture is still open for vast set of
polynomials, we believe that by generalizing the problem itself, we may get some light
on six decades old conjecture itself.

In this paper, we derive Gauss-Lucas theorem for polynomials over certain C*-
algebras. We then formulate Sendov’s conjecture for polynomials over C*-algebras.

C*-algebraic Gauss-Lucas Theorem and C*-algebraic Sendov’s
Conjecture

Let A be a unital commutative C*-algebra and let G(.A) be the set of all invertible
elements of A. Let A[z] be the set of all polynomials over A. We assume G(.A) is dense
in A. Such C*-algebras exist and a characterization of such C*-algebras is given by
Robertson [45]. We now introduce the following definition.

Definition 1. (C*-algebraic differentiation) Let A be a unital commutative
C*-algebra and G(A) be dense in A. Let f: A — A be a function and w € A. We
say that f is C*-algebraic differentiable at w if there exists an L € A satisfying the
follounng: for each ¢ > 0, there exists a & > 0 such that 1f z € A satisfies ||[z—w]|| <
and z— w € G(A), then

I(z— w) ' (f(z) — f(w)) — L[| < e.

In this case, we write f'(w) = L.

Note that Definition 1 is nontrivial for any commutative C*-algebras which is not
C. The reason is unlike C, nonzero elements need not be invertible. We note that,
because G(A) is dense in A, Definition 1 is well-defined. Now we derive C*-algebraic
Gauss-Lucas theorem.
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Theorem 1. (C*-algebraic Gauss-Lucas Theorem) Let p(z) = (z — a1)(z —
Q)+ (z—ay) € Alz]. Define

B:={ze A:z—q is invertible in A for all1<j<n}, C={ze A:p'(z) =0}

Then for each z € BNC, there are positive w,,,...,w,, € A such that

n n
z:szjaj, szi =1. (1)
j=1 j=1

Proof. We have

—

Zz—m (z—aj) - (z—an), VzeA

j=1
where the term with cap is missing. Then

= Z(z— a]-)_], Vz € B.
j=1
We therefore have
=Y z—a)"'=) (z—q)lz—q)) (' —q}), VzeBNC. (2)
j=1 j=1

Now define

n
w, =) ((z—q)z—q)*)", VzeBNC.
j=1
Note that whenever z € B, each ((z—aq;)(z—a;)*) ™" is positive and invertible, 1 <j < n.
Hence w, is positive and invertible. Equation (2) then gives

n
=w ]Z z—aq)(z—q)*) 'a;, VzeBNC.
j=1

O

Definition 2. Given a unital C*-algebra A with identity 1 and an element
a € A, we define the C*-algebraic closed unit disc centered at a and of radius
r>0, r€R, denoted as D*(a,r) by

D*(a,1r) ={z€c A: (z—a)(z—a)* < 7-1}L

With Definition 2 we can formulate Conjecture 1 for C*-algebras.

Conjecture 2. (Commutative C*-algebraic Sendov’s conjecture) Let A be a
unital commutative C*-algebra and G(A) be dense in A. Let n € N\{1} and p(z) =
(z—ai)(z—az) - (z—an) € Alz] be such that a;,qy,...,a, € D*(0,1). Assume that
p’ admaits roots in A, say by, by, ..., b1 € D*(0,1) and each by can be written in
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the form of Equation (1). Then for each aj, 1 <j <n, there exists a zero b of p’
such that b € D* (aJ, 1).

For arbitrary C*-algebras, without introducing differentiation we can formulate
Conjecture Conjecture 2 as follows.

Conjecture 3. (C*-algebraic Sendov’s conjecture) Let A be a unital C*-algebra.
Letn € N\{1} and p(z) = (z—a1)(z—a;) - - - (z—an) € Alz] be such that a;, azy...,a, €
D*(0,1). Define

n
Zz—m z/—\a]) (z—a,), Vze A
j=1
where the term with cap s missing. Assume that p’ admaits roots in A, say
b1, b2, ..., by € D*(0,1) and each by can be written in the form of Equation (1).
Then for each a;, 1 <j < m, there exists a zero b of p’ such that b € D*(aj, 1).

We can formulate the following variant of Conjecture 3.

Conjecture 4. (C*-algebraic Sendov’s conjecture - 2) Let A be a unital C*-
algebra. Let n € N\ {1} and p(z) = (z— a1)(z— az) - - (z — an) € Alz] be such that
ay, Ay ..., ay € D*(0,1). Assume thatp’ completely factors into linear factors. Then
for each aj, 1 <j <mn, there exists a zero b of p’ such that b € D*(a;, 1).

Note that Conjectures 2, 3 and 4 reduce to Conjecture 1 whenever C*-algebra is C.
In fact, nonzero complex numbers are invertible and dense so Conjecture 2 reduces to
Conjecture 1. It is obvious that for complex numbers Conjecture 3 reduces to Conjecture
1. Since every polynomials over C splits into linear factors, it is clear that Conjecture 4
reduce to Conjecture 1 for complex numbers. We end with the following result.

Theorem 2. Let A be a unital C*-algebra. Congecture 3 holds for polynomaials
of degree 2 of the form p(z) = (z— a)(z —b) € Alz], where a,b € D*(0,1).

Proof. We have

p'(z) =2z—(a+b), Vze A

a+tb
2

2(aa*+bb*) > (a+b)(a+b)*, 2(aa*+Dbb*) > (a—Db)(a—Db)*

Therefore the zero of p’ is which is in the form of Equation (1). Now we have

which gives

a+b a+b * a+b a+b *
— — < — — <1.
(e (70 e) = () () =

Therefore

a+b —— a+b

e D (a, 1), e D*(b, 1)

which completes the proof. []

We believe that Conjectures 2, 3 and 4 can be verified whenever zeros are positive
invertible elements. We verified the C*-algebraic Sendov conjecture only for degree 2
polynomials. Like classical case, for degree 3-8, we believe that it can be solved by
computations, at least for special polynomials.

We suggest the approach of proving our conjecture for C*-algebras generated by
finitely many elements using functional calculus.
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Conclusion

The paper establishes a C*-algebraic framework for classical results in complex
analysis by defining differentiation on unital commutative C*-algebras where invertibles
are dense, leveraging Robertson’s result. It proves the C*-algebraic Gauss-Lucas
theorem, showing that critical points of polynomials over such algebras lie in positive
convex combinations of the roots. Additionally, it formulates two versions of the C*-
algebraic Sendov’s conjecture—one requiring differentiability and one without—and
verifies the latter for degree-2 polynomials.

Acknowledgments. The author thanks the anonymous reviewer for his/her several
suggestions, which improved the article.
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