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Nonlocal Problem for the Time-Fractional Hyperbolic-Type
Equation with the Prabhakar Fractional Derivative

Kh. N. Turdiev*
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Abstract. In this paper, we investigate a nonlocal boundary value problem for a time-fractional hyperbolic-type
partial differential equation involving fractional derivatives of regularized Prabhakar. The fractional differentiation is
defined through the regularized Prabhakar operator, which provides a flexible framework for modeling memory effects
with non-singular kernels. The equation is considered on a bounded rectangular domain in the plane with respect to
two independent variables. The boundary conditions are nonlocal and are prescribed in the form of partial integral
expressions of the unknown solution along each spatial variable, where the corresponding kernels are assumed to be
continuous. Building upon previously obtained representation formulas for the solution of the associated Goursat
problem in terms of Mittag-LefHler type functions, the original boundary value problem is transformed into a coupled
system of Volterra integral equations of the second kind for the traces of the solution on a portion of the boundary. This
reduction allows us to apply classical methods of integral equations to analyze the problem. By employing appropriate
estimates for the regularized Prabhakar kernels and the properties of the resulting integral operators, we rigorously
establish the existence and uniqueness of the solution to the nonlocal boundary value problem. Furthermore, an
explicit representation of the solution is derived in terms of the solutions of the obtained system of integral equations.
The results demonstrate that the regularized Prabhakar framework provides a robust and analytically tractable
approach for treating time-fractional hyperbolic problems with nonlocal boundary interactions.
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HesnokanbHas 3aga49a i JIPOOHO-BPEMEHHOTO yPaBHEHU S
rurepO6oJImYecKoro Tuma ¢ apooHoilt npou3BoaHoil IIpabxakapa

X. H. Typdues*™

®Depra"ckuil rocyaapcTBeHHEbIH yHUBepcuTeT, 150100, 1. Peprana, ya. Mypabbuaapa, 19, VsbexkucTtan

Annoranms. B panHON paboTe MCCAeAyeTCsT HEAOKaAbHAsi KpaeBasi 3ajAada AAS YPaBHEHUS B YaCTHBIX
IPOM3BOAHBLIX THUIEPOOAMYECKOTO THUIA, APOOHO-BPEMEHHOI'O, BKAIOYAIOMIETO APOOHEBIE IPOW3IBOAHEIE
peryasipusoBaHHOro omeparopa IIpabxakapa. ApobHoe aAudDEpPEHIIIPOBAHUE OIPEAEASIETCS Uepe3
DPeryAsIpU30BaHHEIM omepaTop [Ipabxakapa, uro obecmeumBaeT IUOKYIO CTPYKTYPY AASL MOAEAWPOBAHUS
3 PEeKTOB MNaMsTH C HEBBIPOKAEHHBIMH SAPaMU. Y PaBHEHME PACCMATPUBAETC B OrPAHUYEHHONR
IPSIMOYTOABHOM OBAACTM Ha NAOCKOCTH OTHOCUTEABHO ABYX HE3aBUCHMBIX I[I€PEMEHHBIX. ['paHuYHEIE
YCAOBUISI HEAOKAABHBI U 33AAI0TCSI B BUAE BBIPA’KEHUN B YACTHBIX MHTETPAABHEIX (PYHKIUSIX HEU3BECTHOTO
DEeLIEHNsI O Ka’XAOM IIPOCTPAHCTBEHHOM II€PEMEHHOMN, TA€ COOTBETCTBYIOIIVE SIADA MIPEAIOAATAIOTCS
HenpepsIBEBIMUA. ONUpasick Ha paHee IOAYYEHHBIE (DOPMYABI IPEACTABAECHUS PEIIEHNs aCCOLMNPOBAHHOMN
3apaum ['ypca B TepMuHax pyHKIui Tuna Murrar-NAeddaepa, ncxopHast KpaeBasi 3ahada IpeobpasyeTcs: B
CBSI3aHHYIO CUCTEMY MHTErPAAbHEIX YPaBHEHUY BoabTeppa BTOPOro POAA AASI CAEAOB PEIIEHNs Ha YYaCTKe
rpasunsl. Takoe CBEAEHWE IIO3BOASIET IPUMEHSITH KAACCUYIECKUE METOABI MHTETPAAbHBIX YPABHEHUN AASI
aHaAm3a 3apauul. VICIIOAB3YSI COOTBETCTBYIOIINE OLIEHKY PEryASIpU30BaHHEBIX siaep [Ipabxakapa u cBoiicTBa
TIOAYYEHHEIX MHTErPAAbHBIX OIIEPATOPOB, MBI CTPOTO YCTAaHABAMBAEM CYILIECTBOBAaHWE M E€AUHCTBEHHOCTH
peLIeHnsT HEAOKAaAbHOM KpaeBoil 3apa4uu. Boaee Toro, pelreHre IpeACTaBAEHO B SIBHOM BUAE YepPe3 PEIeHNsI
TIOAYYEHHON CHCTEMBI HHTETPAABHBIX YPaBHEHUWN. Pe3yAbTaThl IIOKA3BIBAIOT, YTO PECYASIPU30BAHHBIN
nopxop, Ilpabxakapa obecmeumBaeT HAAEXKHBI M AHAAUTUYECKU TOYHBIM IIOAXOA K PEIIEHUIO APOOHO-

BPEMEHHBIX I‘I’IHSPGOJ\H‘{GCKHX 3apa4v C HEAOKAABHBIMY I'PaHUYHBIMI B3aHMOAeﬁCTBHHMH.

Knmowesvie caosa: Tenezpagroe ypasHeHue, HEAOKAALHAA 3a0a4a, UHME2PAALHOE YpasHeHue, 3a0a4a
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Introduction

Fractional differential equations have a strong theoretical framework and deep
physical significance, and their relevance has increased notably in recent years. These
equations incorporate fractional derivatives or fractional integrals and have attracted
attention across multiple fields, such as physics, biology, and chemistry. Fractional
differential equations are extensively employed in the analysis of dynamical systems
characterized by chaotic or quasi-chaotic behavior, in the investigation of complex
materials and porous media dynamics, as well as in modeling random walks that exhibit
memory effects [1].

The derivation of the telegraph equation is attributed to Heaviside, as indicated
in [2]. The telegraph equation is primarily applied in the transmission of signals and
energy; however, it also serves as a fundamental framework for modeling and analyzing
various phenomena associated with the propagation of electromagnetic waves in guided
media. Numerous researchers have investigated this equation using classical spectral
parameter and system equations, notably in works such as [3] and [4].

Lately, many researchers have become interested in studying nonlocal and inverse
problems of the telegraph equation that include fractional-order operators.

Recent studies [5—-7] have examined various nonlocal problems associated with
fractional-order telegraph equations. In [5], R.A. Pshibikhova investigated a nonlocal
boundary value problem for a generalized telegraph equation involving fractional
derivatives. The solution was expressed in terms of Wright-type functions and reduced
to a system of Volterra integral equations, through which the existence and uniqueness
of the solution were established. In [6], R.R. Ashurov and Yu.E. Fayziyev considered
initial-boundary value problems with time-nonlocal conditions for a subdiffusion
equation containing Riemann-Liouville time-fractional derivatives. They proved the
existence and uniqueness of the solution and addressed inverse problems aimed at
identifying the right-hand side term and a function within the time-nonlocal condition
using Fourier’s method, with possible extensions to more general elliptic operators.

Furthermore, Kh. Turdiev [7] studied two nonlocal boundary value problems for
a system of coupled telegraph equations defined on a mixed pentagonal domain,
derived the corresponding second-kind Volterra integral equation, and demonstrated
the uniqueness of its solution based on the general theory of integral equations.

In addition, various aspects of fractional-order telegraph equations have been
examined in prior works such as [8-13].

Nevertheless, problems concerning fractional-order hyperbolic-type equations
involving the regularized Prabhakar operator remain largely unexplored. Accordingly,
the present work investigates the unique solvability of a nonlocal boundary value
problem for a time-fractional hyperbolic-type equation incorporating the regularized
Prabhakar operator.
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Formulation of problem

We consider the following time-fractional hyperbolic-type equation

Y «
o~ PEDEPYR (t,x) + Au(t,x) =  (t, %), (1)

in a domain Q ={(t,x) : 0 <t < b,0 < x < a}. Here f (t,x) is a given function and

. X, m—[,— dm
DGy (1) = IR sy (1)

represents regularized Prabhakar fractional derivative [14] and
t
PR, _ BTy Y
A7y (1) = [ (6= 8L, (e £y (£ dE, €0
0

represents Prabhakar fractional integral [15]. We note that above-given definitions are
valid for «, B3, v, d, a,b,q,p € Rsuchthat x >0and m—1< 3 <m.
Here E) ; (z) is the generalized Mittag-Leffler function [15]:

m

e WM. oz
Bsl@ =2 M(oam+ p)m!”

m=0

Problem N. We are interested to find a regular solution of the equation (1) with
0 < B < 1in Q, satisfying initial condition

u(0,x) =9 (x), 0<x<a. (2)
and nonlocal condition
u(t,0) + J M(x)u(t,x)dx =t(t), 0<t<b, (3)
0

where ¢ (x), t(t) and M(x) are given functions (M(x) > 0, 0 < x < a), such that
@©(0) + [ M(x)@(x)dx = T(0).
0

Definition. We call a function u (t,x) as a regular solution of problem (1), (2)-(3),
if u(t,x) € C(Q), uy(t,x) € C(Q), FCDIP" u(t,x) € C(Q).
We note that at 3 =1, 6 =0, Eq. (1) becomes classical hyperbolic-type equation:

U (B, x) + Au(t, x) = f(t, x).

Main results

Let us introduce a notation

u(t,0) =9P(t), 0<t<hb. (4)



Nonlocal problem for the time-fractional ... ISSN 2079-6641

Theorem 1. If @ (0) = (0), ¢ (x) € C[0,a] N C'(0,a), ¥ (t) € C[0,b]NC'(0,b),
and f(t,x) = t9x2f; (t,x), where f; (t,x) € C (Q) and 0 < 9 < B, 0 < &5 < 1,
then the solution of Goursat problem hyperbolic-type equation (1), that satisfies
boundary condition (4) and the initial condition (2) will be represented as follows:

u(tx) =9 X)+ ¥ (t)—e(0)-

—A(x—&)th
5t ) de—

X

Y, 1,Y;
—AtBJ(P (&) Evz
By, B+ 15v,v;1,1;1,1;

Y, 1,v;

— - — -
Axl(tl)(n) et Eu(Baa)B;v,v;LZﬂJ;

—Ax(t—m)P
d(t—m)” ) anr

Ax—&) (t—m)P
5t —m)° )dadn. (5)

The solution to the Goursat problem exists and is unique (see for details [16]).
Here, Eq3(-) is the bivariate Mittag-Leffler type function [16]:

o o1;
Eu( 1y B1, 01 x) _
Yy
+o0 +o0

o2, 32, 025 &3, O35 gy 84; B3, O5;
=y Mlogm + Brm + &) x"y™
n=0 m=0 I (oon + Bom +8,) T (agn +83) T (oumn + 84) T (Bzm + 65)°

x t
N ‘Y>1>~Y;
+ t—n)PTf &n)E
J)'J( n) ( n) 12<B)“)B)‘Y»‘Y)1)1,1,1,

(X»y) o, B, 6j € R, min{o‘b Bi, 5]} > 05 (1 = 13_4» i= 13_3) j = 17_5))
in which the double series converges for x,y € R, if A; > 0 and A; > 0. Here
A =0+ o3+ g —ouy, Ay =P+ Ps— .

Previously, in [17], 11 similar functions were introduced and studied.
To determine the function YP(t), we will use condition (3). Following the
representation (5), and considering the nonlocal condition (3), we obtain

Dt + J M(x) () dx + (W(t) — @(0)) J M (x)dx—
0 0

a X

Y, 1,v;
—AtBJM(X)J(P (&) Exz
Byo, B+ T1;v, v 1, 151,14

—A(x—&)th
5t ) dédx—

0 0

—AJxM(x) j (W () — @ (0)) (t—m)P"x
0 0

1,v; — —P
XE]Z (Y) Y }\X(t T])

o dndx+
B)“»B;‘Y)Y;])z;])]; 6(t—1’]) )
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+JM(X)J
0 0
1,3
XE]Z (Y Y

Byo, B5v,v; 1, 1,1, 1;

(t—m)P ' (&,m) x

O — =

—A(x—&)(t
6(t —m)

—n)°

N dédndx = t(t). (6)
Here, since 0 < 3 < 1, it follows that (t —n)F el (0,t).

Given that ¢(x) € C[0,a] N C'(0,a), P(t) € C[0,b] N C'(0,b), M(x) € Cl0, al,

and that Ei;(-), the bivariate Mittag-Leffler type function, is continuous, the order of
integration in the integrals in equation (6) can be interchanged as follows:

b(t) +jM(x)cp(x)dxw(t)JM(x)dx— @(O)JM(x)dx
0 0 0

aa _] .
AP ”M(x)cp (£)Ery (V’ Y
0 &

_ _ B
Alx t(xa)t ) dxdé—

By, B+T1v,v;1, 11,14 5
t ( 1 Ax(t—m)?
— Y, 1Y, — Xt—T]

Al t=m)P" JxMxE o | dxdn+
l( b ”‘2<rs,oc,rs;v,v;1,z;1,1; 5(t —n) ) "
t a 1 }\ ( )(5

— Y, 1LY, — Xt—T]
+Ag (0 ”xMx t—n)"'E o dxdn+
(p”oo TR g syt 21,1 st i
a x t
+JM(X)JJ(t—n)B_’f(£,n)X
0 00
y 1,Y; A x — )P
B [TDY A(x—§&) (ta n) dedndx = (1), )
By, B;y,v; 1,151, 1; 6(t—m)

Let us introduce the following notation:

A=1 +JM(x)dx,
0

Y, 1,Y;
Byo, By, v; 1,21, 15

=
=
=
|
——e

XM(X)E]z < é(t—n)“

—Ax(t—n)ﬁ> ax.

glx) = T(t) — J M(x)@(x)dx + @(O)JM(x)dx+
0 0

N (x _ £)4B
A(x &)t>dxda_

ot*

0 Y, 1,Y;
+7\tﬁJJM(X)<P (&) Enz
31 By, B+ 157,71, 1,1, 1;
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Y 1LY

B B
Ax(t—m) dxdn—
Byo, By, v; 1,21, 15

5(t—m)®

—A@ (0) | | xM(x)(t —1)P"Ey, (
I

—JM(x) (t—m)P ' (&,m)
0

Ot
o

v, 1,v;
XE]Z
Byo, By, v; 1, 1; 1, 15

Considering the introduced notations, from equation (7) we deduce

A=) (t—m)P
5(t — 1) ) d&dndx.

A1) —AJ (t— 1) "Pm)My (n, t)dn = g(t).
0

Let A # 0. Then, denoting

My, t) )
Mz(ﬂ»’ﬁ) - A ) G(t) - A )
from the last relation, we deduce
t
90 A | (6= Pl Ma(n, tidn = G(o) (8)
0

Theorem 2. Let x>0, 0<pB <1,y>0,6<0,A>0.If o(0) = G(0), T(t) €
Cl0,b] N C'(0,b), @(x) € C[0,al N C'(0,a), M(x) € C[0,a], f(t,x) =t “1x2f (t,x),
f, (t,x) € C (ﬁ) and 0 < g1 < B, 0 < & < 1, then the solution to the problem N
exists and 1S unique.

Here, G(0) = g(0)/A,

a

g(0)=(0) |1 +JM(x)dx
0

Proof. First, let us consider the following lemma:
Lemmal. Ifa>0,0<fB<1,y>0,06<0,A>0, then the following holds [16]:

A(x— &) tf5>

<
5t* =G

(v) 1y
BCEYEATAARER
where C 1s any positive real constant.

According to the theory of integral equations, a Volterra integral equation of the
second kind has a unique solution if its kernel, (t —n)" "M, (n,t), has a weak singularity
and the right-hand side G(t) is continuous.

Since 0 < p < 1, the term (t —1)®" exhibits weak singularity. If we can show that
the functions M;(n,t) and G(t) are continuous, then, according to the above theory,
the integral equation (8) admits a solution, which is unique. We will prove this below:
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For the integral equation (8) to have a continuous M;(n, t) kernel, the M; (n, t) kernel
must be continuous. If M(x) € C[0, a], we will prove the continuity of the M;(n, t) kernel
using Lemma 1:

v 1y
Byo, B5y,v; 1,251, 1,

—Ax(t - n)ﬁ> i

M](nat) ZJXM(X)EQ ( 5(t_n)oc

< JxM(x)dx < C,.
0

If g(t) is continuous, then G(t) will be also continuous. If t(t) € C[0,b], @o(x) €
Cl0,al, M(x) € C[0,a] and f(t,x) =t “'x2f; (t,x), f1 (t,x) € C(Q) and 0 < & < B,
0 < ¢&; < 1, then we could prove the continuity of the function g(x) using Lemma 1:

mmzwuwﬂﬁum@me+@wﬂﬁummw
0 0

_ _ B
A(x at>wﬁ_

ot*

i Y, 1,Y;
+7\tBJJM(X)<P (&) Exz
31 Byo, B+ T1;v,v; 1, 151,14

Y 1,Y;

N””H&Mm“ " E”(&%&%wumm;éﬁ—m“

a x t
—JM(x)”(t—n)ﬁ1f(£,n)
0 00
y)LV; —A (X—E,) (t—n)ﬁ
E dédndx < Cs.
Xu(&%&%%hkhk 5(t—n)" ) snde= G
O
Conclusion

In this paper, a nonlocal boundary value problem for a time-fractional hyperbolic-
type equation involving the regularized Prabhakar fractional derivative was formulated
and rigorously analyzed. By employing the representation of the solution to the
corresponding Goursat problem in terms of the Mittag-Leffler type bivariate function,
the original problem was successfully reduced to a system of second-kind Volterra
integral equations for the unknown boundary traces. The continuity of the kernel
functions and the right-hand sides of these integral equations was established under
appropriate smoothness assumptions on the given data. Consequently, the existence and
uniqueness of the regular solution to the investigated nonlocal problem were proved by
applying the classical theory of Volterra integral equations.
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The obtained results extend previously known findings for fractional telegraph
and hyperbolic-type equations with Caputo and Riemann-Liouville operators to the
broader class of problems involving the regularized Prabhakar derivative. The methods
and representations developed herein can be further adapted to study more complex
fractional models, including systems of coupled equations, problems with variable
coefficients, and inverse problems associated with Prabhakar-type operators.

Although the present study is mainly theoretical, the analytical framework and
results can find potential applications in modeling physical and engineering processes
exhibiting memory and hereditary effects-such as wave propagation in viscoelastic or
complex media, anomalous diffusion, and heat transfer with fractional dynamics. These
connections highlight the practical relevance and prospective interdisciplinary impact
of the theoretical developments obtained in this work.

Acknowledgement. The authors express their gratitude to Professor E.T. Karimov
for discussing the results of this article.
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