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Abstract. Spherical codes, with a rich history spanning nearly five centuries, remain an area of active mathematical
exploration and are far from being fully understood. These codes, which arise naturally in problems of geometry,
combinatorics, and information theory, continue to challenge researchers with their intricate structure and unresolved
questions. Inspired by Polya’s heuristic principle of “vary the problem,” we extend the classical framework by
introducing the notion of noncommutative spherical codes, with particular emphasis on the noncommutative
Newton–Gregory kissing number problem. This generalization moves beyond the traditional Euclidean setting into the
realm of operator algebras and Hilbert C*-modules, thereby opening new avenues of investigation. A cornerstone in
the study of spherical codes is the celebrated Delsarte–Goethals–Seidel–Kabatianskii–Levenshtein linear programming
bound, developed over the past half-century. This bound employs Gegenbauer polynomials to establish sharp upper
limits on the size of spherical codes, and it has served as a fundamental tool in coding theory and discrete geometry.
Remarkably, a recent elegant one-line proof by Pfender [J. Combin. Theory Ser. A, 2007 ] provides a streamlined
derivation of a variant of this bound. We demonstrate that Pfender’s argument can be extended naturally to the
setting of Hilbert C*-modules, thereby enriching the theory with noncommutative analogues.
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Некоммутативные сферические коды
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Аннотация. Сферические коды, имеющие богатую историю, охватывающую почти пять веков, остаются
областью активных математических исследований и далеки от полного понимания. Эти коды, естественным
образом возникающие в задачах геометрии, комбинаторики и теории информации, продолжают бросать
вызов исследователям своей сложной структурой и нерешенными вопросами. Вдохновленные эвристическим
принципом Пойа «вариации задачи», мы расширяем классическую модель, вводя понятие некоммутативных
сферических кодов, уделяя особое внимание некоммутативной задаче Ньютона–Грегори о контактных числах.
Это обобщение выходит за рамки традиционной евклидовой модели, охватывая область операторных
алгебр и гильбертовых C*-модулей, открывая тем самым новые направления исследований. Краеугольным
камнем в изучении сферических кодов является знаменитая граница линейного программирования
Дельсарта–Гёталса–Зейделя–Кабатянского–Левенштейна, разработанная за последние полвека. Эта граница
использует полиномы Гегенбауэра для установления точных верхних пределов размера сферических кодов и
служит фундаментальным инструментом в теории кодирования и дискретной геометрии. Примечательно, что
недавнее элегантное однострочное доказательство Пфендера [J. Combin. Theory Ser. A, 2007 ] представляет
собой упрощенный вывод варианта этой границы. Мы показываем, что аргумент Пфендера может быть
естественным образом распространен на случай гильбертовых C*-модулей, тем самым обогащая теорию
некоммутативными аналогами.

Ключевые слова: сферический код, число Кисса, линейное программирование, C*-модуль Гильберта.
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Introduction

A finite set of points distributed on the surface of a unit sphere in a Euclidean space,
and satisfying specific criteria, is a concept with profound implications across numerous
scientific disciplines, including Mathematics, Physics, Chemistry, Engineering, and
Biology. This topic represents one of the most enduring areas of scientific inquiry. Several
classic problems focus on the study of such finite point arrangements on a sphere. Few
are given below.

(i) Tammes Problem: This problem investigates how to arrange a given number
of points on a sphere such that the minimum distance between any two points is
maximized.

(ii) Thomson Problem: Also known as Problem 7 in Steve Smale’s list of
“Mathematical Problems for the Next Century,"this problem seeks the configuration
of a given number of points on a sphere that minimizes the total electrostatic potential
energy.

(iii) Spherical Designs Problem: This area deals with finding sets of points that
provide highly uniform distribution on the sphere, such that they accurately
approximate the integration of polynomials over the sphere’s surface.

(iv) Spherical Codes Problem: Similar to the Tammes problem, this problem aims
to maximize the minimum angular separation (or distance) between points, relevant
for applications in communication and coding theory.

(v) Equiangular Lines Problem: This problem involves finding the maximum number
of lines passing through the origin that are all pairwise separated by the same angle.

In this article, we are concerned about spherical codes. We recall the definition. Let
d ∈ N and θ ∈ [0, 2π). A set {τj}nj=1 of unit vectors in Rd is said to be a (d, n, θ)-spherical
code [1] in Rd if

⟨τj, τk⟩ ≤ cos θ, ∀1 ≤ j, k ≤ n, j ̸= k. (1)

Since

⟨τ,ω⟩ = 2− ∥τ−ω∥2

2
, ∀τ,ω ∈ Rd,

we can rewrite Inequality (1) as

∥τj − τk∥ ≥
√
2(1− cos θ), ∀1 ≤ j, k ≤ n, j ̸= k.

Fundamental problem associated with spherical codes is the following.
Problem. Given d and θ, what is the maximum n such that there exists a

(d, n, θ)-spherical code {τj}
n
j=1 in Rd?

The case θ = π/3 is known as the famous (Newton-Gregory) kissing number
problem (KNP). KNP is still not completely resolved in every dimension (but resolved
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in dimensions d = 1 (n = 2), d = 2 (n = 6), d = 3 (n = 12), d = 4 (n = 24), d = 8

(n = 240), d = 24 (n = 196560)) [2–20]. We refer [21–38] for more on spherical codes.
Problem has connection even with important sphere packing problem [39]. Repeatedly
used method for obtaining upper bounds on spherical codes is the Delsarte-Goethals-
Seidel-Kabatianskii-Levenshtein bound. It is obtained using Gegenbauer polynomials.
Let n ∈ N be fixed. The Gegenbauer polynomials are defined inductively as

G
(n)
0 (r) := 1, ∀r ∈ [−1, 1],

G
(n)
1 (r) := r, ∀r ∈ [−1, 1],

...

G
(n)
k (r) :=

(2k+ n− 4)rG
(n)
k−1(r) − (k− 1)G

(n)
k−2(r)

k+ n− 3
, ∀r ∈ [−1, 1], ∀k ≥ 2.

Then the family {G
(n)
k }∞k=0 is orthogonal on the interval [−1, 1] with respect to the weight

ρ(r) := (1− r2)
n−3
2 , ∀r ∈ [−1, 1].

Theorem 1. [32, 33] (Delsarte-Goethals-Seidel-Kabatianskii-Levenshtein
Linear Programming Bound) Let {τj}

n
j=1 be a (d, n, θ)-spherical code in Rd. Let

P be a real polynomial satisfying following conditions.

(i) P(r) ≤ 0 for all −1 ≤ r ≤ cos θ.

(ii) Coefficients in the Gegenbauer expansion

P =

m∑
k=0

akG
(n)
k

satisfy

a0 > 0, ak ≥ 0, ∀1 ≤ k ≤ m.

Then

n ≤ P(1)

a0
.

In 2007, Pfender made a breakthrough by giving a one-line proof for a variant of
Theorem .

Theorem 2. [18] (Delsarte-Goethals-Seidel-Kabatianskii-Levenshtein-
Pfender Bound) Let {τj}

n
j=1 be a (d, n, θ)-spherical code in Rd. Let c > 0 and

ϕ : [−1, 1]→ R be a function satisfying following.

(i)
∑n

j=1

∑n
k=1ϕ(⟨τj, τk⟩) ≥ 0.

(ii) ϕ(r) + c ≤ 0 for all −1 ≤ r ≤ cos θ.

Then

n ≤ ϕ(1) + c

c
.

In particular, if ϕ(1) + c ≤ 1, then n ≤ 1/c.
In this paper, we introduce the notion of noncommutative spherical codes. We show

that Theorem has an extension to Hilbert C*-modules.
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Noncommutative Spherical Codes

Let A be a unital C*-algebra. For d ∈ N, let Ad be the standard (left) Hilbert
C*-module [40] equipped with the inner product

⟨(aj)dj=1, (bj)dj=1⟩ :=
d∑
j=1

ajb
∗
j , ∀(aj)dj=1, (bj)dj=1 ∈ Ad

and the norm

∥(aj)dj=1∥ :=

∥∥∥∥∥
d∑
j=1

aja
∗
j

∥∥∥∥∥
1
2

, ∀(aj)dj=1 ∈ Ad.

We introduce noncommutative spherical codes as follows.
Definition. Let d ∈ N and θ ∈ [0, 2π). Let A be a unital C*-algebra. A set {τj}

n
j=1 of

vectors in Ad is said to be a noncommutative (d, n, θ)-spherical code or (d, n, θ)-
modular code in Ad if following conditions hold.

(i) ⟨τj, τj⟩ = 1 for all 1 ≤ j ≤ n.

(ii) 2− ⟨τj, τk⟩− ⟨τk, τj⟩ = ⟨τj − τk, τj − τk⟩ ≥ 2(1− cos θ), ∀1 ≤ j, k ≤ n, j ̸= k. (2)

We call the case θ = π/3 as the noncommutative kissing number problem.
Note that, even though Inequality (2) reduces to Inequality (1) whenever A = C,

Inequality (2) is challenging even for commutative C*-algebras. Reason is that we are
comparing positive elements in C*-algebras which is difficult to handle than inequalities
arising from norm.

Example 1. Let {τj}
d
j=1 be an orthonormal basis for Ad. Then {τj}

n
j=1 is (d, d, θ)-

modular code in Ad for every θ ∈ [0, π/2).
Example 2. Let {τj}

n
j=1 be any collection (in particular, a frame) in Ad such that

⟨τj, τj⟩ = 1 for all 1 ≤ j ≤ n. Choose θ ∈ [0, 2π) such that ⟨τj−τk, τj−τk⟩ ≥ 2(1− cos θ)

for all 1 ≤ j, k ≤ n, j ̸= k. Then {τj}
n
j=1 is (d, n, θ)-modular code in Ad.

Let {τj}
n
j=1 be a noncommutative (d, n, θ)-spherical code in Ad. Since square root

respects the order of positive elements in a C*-algebra, we have

∥τj − τk∥ ≥
√
2(1− cos θ), ∀1 ≤ j, k ≤ n, j ̸= k. (3)

However, note that Inequality (3) may not give Inequality (2). Following is the
noncommutative version of Theorem .

Theorem 3. (Noncommutative Delsarte-Goethals-Seidel-Kabatianskii-
Levenshtein-Pfender Spherical Codes Bound) Let A be a unital C*-algebra and
A+ := {a∗a : a ∈ A} be the set of all positive elements in A. Let {τj}

n
j=1 be a

noncommutative (d, n, θ)-spherical code in Ad. Let c ∈ (0,∞) and ϕ : A+ → R be a
function satisfying following.

(i)
∑

1≤j,k≤nϕ(⟨τj − τk, τj − τk⟩) ≥ 0.
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(ii) ϕ(a) + c ≤ 0 for all a ∈ A+ with a ≥ 2(1− cos θ).

Then

n ≤ ϕ(0) + c

c
.

In particular, if ϕ(0) + c ≤ 1, then n ≤ 1/c.
Proof. Define ψ : A+ ∋ a 7→ ψ(a) := ϕ(a) + c ∈ R. Then

∑
1≤j,k≤n

ψ(⟨τj − τk, τj − τk⟩) =
n∑
j=1

ψ(0) +
∑

1≤j,k≤n,j ̸=k

ψ(⟨τj − τk, τj − τk⟩)

= n(ϕ(0) + c) +
∑

1≤j,k≤n,j̸=k

(ϕ(⟨τj − τk, τj − τk⟩) + c)

≤ n(ϕ(0) + c) + 0 = n(ϕ(0) + c).

We also have ∑
1≤j,k≤n

ψ(⟨τj − τk, τj − τk⟩) =
∑

1≤j,k≤n

(ϕ(⟨τj − τk, τj − τk⟩) + c)

=
∑

1≤j,k≤n

ϕ(⟨τj − τk, τj − τk⟩) + cn2.

Therefore

cn2 ≤
∑

1≤j,k≤n

ϕ(⟨τj − τk, τj − τk⟩) + cn2 =
∑

1≤j,k≤n

ψ(⟨τj − τk, τj − τk⟩) ≤ n(ϕ(0) + c).

□

Corollary. (Noncommutative Delsarte-Goethals-Seidel-Kabatianskii-
Levenshtein-Pfender Kissing Number Bound) Let {τj}

n
j=1 be a noncommutative

(d, n, π/3)-spherical code in Ad. Let c ∈ (0,∞) and ϕ : A+ → R be a function
satisfying following.

(i)
∑

1≤j,k≤nϕ(⟨τj − τk, τj − τk⟩) ≥ 0.

(ii) ϕ(a) + c ≤ 0 for all a ∈ A+ with a ≥ 1.

Then

n ≤ ϕ(0) + c

c
.

In particular, if ϕ(0) + c ≤ 1, then n ≤ 1/c.
Following generalization of Theorem is clear.
Theorem 4. Let {τj}

n
j=1 be a noncommutative (d, n, θ)-spherical code in Ad. Let

c ∈ (0,∞) and

ϕ : {⟨τj − τk, τj − τk⟩ : 1 ≤ j, k ≤ n}→ R

be a function satisfying following.
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(i)
∑

1≤j,k≤nϕ(⟨τj − τk, τj − τk⟩) ≥ 0.

(ii) ϕ(a) + c ≤ 0 for all a ∈ {⟨τj − τk, τj − τk⟩ : 1 ≤ j, k ≤ n, j ̸= k}.

Then

n ≤ ϕ(0) + c

c
.

In particular, if ϕ(0) + c ≤ 1, then n ≤ 1/c.
We remark that all results in the Gegenbauer polynomials use the real numbers

properties such as commutativity, inverse of nonzero numbers, Lebesgue measure, and
total order properties of real numbers. As these are not available for C*-algebras,
Gegenbauer polynomials cannot be used in the noncommutative setting.
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Conclusion

We made a far-reaching generalization of spherical codes by introducing
noncommutative spherical codes. We showed that the Pfender bound obtained for
spherical codes extends to Hilbert C*-modules. Unlike the real case, we observed
that noncommutative spherical codes are extremely hard to resolve. As spherical
codes themselves are not completely understood after five centuries, we believe that
noncommutative spherical codes will not be completely understood even after millennia.
Therefore, the article will be in continuous citation and reference forever.
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