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Abstract. This article presents a systematic investigation of a new class of Mittag-Leffler-type functions in three
variables. These functions are a natural and significant extension of the classical Mittag-Leffler function, and are
constructed to correspond analogously to the well-known Lauricella hypergeometric functions of three variables.
Our study comprehensively explores the fundamental properties and analytical characteristics of these three-
variable functions. A primary focus is the establishment of their precise interrelationships with other existing
extensions and generalizations of the classical Mittag-Leffler function, thereby situating them within the broader
landscape of special functions. Key analytical findings presented in this work include: The derivation of the
exact three-dimensional regions of convergence for the series defining these functions. The formulation of elegant
Euler-type integral representations, which provide a powerful tool for further analysis. A detailed exploration
of their integral transforms, specifically the derivation of both one-dimensional and three-dimensional Laplace
transforms.The examination of their intimate connections with fractional calculus, demonstrating their natural
emergence as kernels and solutions in the context of the Riemann-Liouville fractional integral and differential
operators. Furthermore, we delve into the associated differential equations, showing that these Mittag-Leffler-
type functions serve as solutions to specific systems of partial differential equations. This work not only enriches
the theory of special functions but also provides a robust mathematical framework for potential applications in
fractional differential equations, anomalous diffusion, and other areas of mathematical physics.
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Hosble pacimmpennbie dynkiuu tTuiia Murrar-Jleddaepa c
TpeMsl TIepeMeHHBIMU

A. Xacanos, X. A. FOadawosa*

WuctuTyT MaTemaTtuky umern B.U. Pomanosckoro ¥Y3AH, 100174, Yusepcurerckasd., 9,
. TamkeHT, Y36eKuCTaH

Annoranmsi. B paHHO! cTaThbe IPEACTaBAECHO CHCTEMATHYECKOE MCCAEAOBAHUE HOBOTO Kaacca (OYHKIUN TUIA
MurTtar-Aedpdbrepa OT TPEX IEpPEMEHHBIX. OTU (QYHKIUU SIBASIOTCSI €CTECTBEHHBIM M CYIIECTBEHHBIM
pacmzpeHueM KAaaccudeckoi yHKmuz Mwurrar-Aeddarepa U IOCTPOEHBEI aHAAOTMYHO  K3BECTHBIM
TUIIEPTeOMETPUYECKUM (PYHKIUAM NaypUdeArbl OT TPEX IIEPEMEHHEBEIX. B HallleM MCCAEAOBAaHWM BCECTOPOHHE
U3y4aroTcs PyHAAMEHTAAbHbIE CBOMCTBA ¥ AaHAAUTUYECKNE XaPAKTEPUCTUKY ITUX TPEX IIEPEMEHHBIX (PYHKIMIA.
OCHOBHOE BHUMAaHUWE YVAEASETCS YCTAHOBAEGHUWIO HUX TOYHBIX B3aUMOCBS3€H C APYTHMU CYINECTBYIOIIMMN
PACIIMPEHUSIMY U OOOBIIIEHNSIMU KAAacCHYeCcKON pyHKIuu Mutrar-Aeddaepa, YTO IO3BOASET IIOMECTUTH UX B
Bbonee IMUPOKUIM CHEKTDP CHENUAABHBIX GYHKIuE. KAloueBble aHAAUTHYECKUE PE3YABTATHI, [IPEACTABAEHHEIE B
AAHHOH paboTe, BKAIOYAIOT: BEIBOA TOYHBIX TPEXMEPHBIX OOAACTEN CXOAMMOCTH AASI PSIAOB, ONPEAEASIOIINX ITU
DyHKIUY; GOPMYAUPOBKY 3AETaHTHBLIX MHTEIPAABHBIX IIPEACTABAEHUM TUIa Ditaepa, KOTOPHIE IPEAOCTABASIIOT
MOIIHBIN UHCTPYMEHT AASI AQABHENIIero anaAu3a. [loapobHoe nCCAepAOBaHNE UX UHTETPAABHBIX IPeobpa3oBaHMil,
B YAaCTHOCTH, BBIBOA, KaK OAHOMEDPHEBIX, TaK M TPEXMEPHEIX IpeobpasoBanumit Aamnnaca. VccaepoBaHme UX TeCHOM
CBSI3M C APOOHBIM HMCYUCAEHUEM, AEMOHCTPHPYIOIEe UX €CTECTBEHHOE BO3HUKHOBEHNE B KadeCTBE SIAED U
peLIeHNI B KOHTEKCTE APOOHBIX WHTETPAABHBIX ¥ AUMPEEPEHIIMAABHBEIX OIIEPATOPOB PrMaHa-ANYBUAAS.
KpoMe Toro, Mpl yraybasieMcsi B CBsI3aHHBIE C HUMU AUPEEPEHIMAAbHBEIE YPaBHEHWs, IIOKa3BIBasi, 4TO
st dyHKuuy THna Murrar-Aeddaepa CAy>KAT peIIeHUSIMM KOHKPETHBIX CHCTEM YPABHEHWM B YaCTHBIX
IIPOM3BOAHBIX. OTa paboTa He TOABKO ODOralliaeT TEOPUIO CIIELUAABHBIX QYHKIWN, HO U IPEAOCTABASIET
HAAEKHYIO MATEMAaTUYECKYIO0 OCHOBY AASI IOTEHIWAABHBIX IPUAOXKEHUN B APODOHBIX AunddEpeHIMaNbHBIX
YPaBHEHUSIX, aHOMAABHON AMDDOY3UN U APYTUX OOAACTSIX MATEMATUYIECKON (PUIUKU.

Karouesvie cnosa: obobwennan dyrxyua muna Mummazs-Aeppaepa; [unepzeomempuneckas GYHKUUA,
cneyuaavHas  (UAU  BbiCcwas  mpaHcyerdenmuan) PyHKYUA, PYHKYuA Aaypunesns, UHMEZPaAbHOE
npedcmasaerue;, cucmema OuPPeperHyuanvHulL YPASHEHUT 6 HACTIHBIT NPOUIBOOHBIT, O00HOMEPHOE U
mpexmeproe mnpeobpaszosarue Aanaaca;, OpobHut uHmezpas Pumara-Auysuans; O0pobHas NPou3sooHas
Pumana-NAuysumna;, gynxuuu Anneas u Kamne de Pepvem; zunepzeomempuyeckan pyrxyus Cpusacmassi-
Aaycmy.

IToayyenue: 16.10.2025; Vcnpasaenue: 06.11.2025; ITpunsarue: 08.11.2025; [Tybaukanus onaaits: 11.11.2025

Hnsa nutupoBaHusi. Hasanov A., Yuldashova H.A. New extended three-variable Mittag-Leffler type functions / /
Becmnux KPAYHI]. Pus.-mam. wayxu. 2025. T.52. Ne 3. C. 24-43. EDN: XQKWGW. https://doi.org/10.26117/2079-
6641-2025-52-3-24-43.

PunancupoBanmue. ViccaepoBaHMe OBIAO IPOBEAEHO 6€3 MOAAEPIKKY (DOHAOB

Koukypupyoiue narepecbl. KOHHAUKTOB HHTEPECOB B OTHOIIEHUY aBTOPCTBA U NYOAWKALUY HET.

ABTOpCKUII BKJAJZ ¥ OTBETCTBEHHOCTb. ABTODHEI yYacCTBOBAaAW B HANWCAHWUW CTaTbW ¥ IIOAHOCTBIO HECYT
OTBETCTBEHHOCTh 3a NIPEAOCTABAEHNE OKOHYATEABHON BEPCUU CTATBU B II€YAThH.

*Koppecnonaennus: (R E-mail: hilolayuldashova77@gmail.com
Koxmenm nybauxyemcs Ha ycaosuazxr Creative Commons Attribution 4.0 International License BY
© Hasanov A., Yuldashova H. A., 2025
(© UKUP ABO PAH, 2025 (opuruHan-MakeT, AU3aiiH, COCTaBAECHUE)

25


https://elibrary.ru/XQKWGW
https://creativecommons.org/licenses/by/4.0/deed.ru

ISSN 2079-6641 Hasanov A., Yuldashova H. A.

Introduction

Throughout this article, R (1) denotes the real part of the complex number p € C
and [2R (p)] means the greatest integer in R (u), and I (z) denotes the classical (Euler’s)
Gamma function defined by

JOO etldt (R(z) > 0)
0
Mz = —nl“_gz—i- ) (ze C\Z;; neN), (1)
(z+3)
\ j=0

which happens to be one of the most fundamental and the most useful special functions
of mathematical analysis and applied mathematics, N, Ny and Z; being the sets of
positive, non-negative and non-positive integers, respectively.

Remark 1. It is regrettable to see that, in many seemingly amateurish-
type publications, the so-called k-Gamma function Ty (z) is being used to claim
“generalization” of the known results which are based upon the classical (Euler’s)
Gamma function T'(z). The classical Mittag-Leffler function E,(z) and its two-

parameter version E, s (z) are defined by (see [1], [2])

;r prp—y (z, x €C; R(a)>0) (2)
and -
%r g (PoBEC R >0 R(B)>0), (3)

respectively. The one-parameter function E, (z) was first considered by Magnus Gustaf
(Gosta) Mittag-Leffler (1846-1927) in 1903 and its two-parameter version Eo g (z) was
introduced by Anders Wiman (1865-1959) in 1905 (see [3] and [4]).

The Mittag-Lefller function E, (z) and its two-parameter version E, g (z) have gained
importance and popularity through their applications in a wide variety of problems
in the mathematical, physical and engineering sciences. For example, these functions
appear as solutions of fractional differential equations and integro-differential equations
which model applied problems. They do play an important role in various fields of
applied mathematics and engineering sciences, such as chemistry, biology, statistics,
thermodynamics, mechanics, quantum physics, computer science, and signal processing.
In addition, the Mittag-Lefler-type functions of several variables arise in solving some
boundary value problems involving fractional-order Volterra type integro-differential
equations (see [5]), initial-boundary value problems for a generalized polynomial
diffusion equation involving the time-fractional derivatives (see [6] and [7]), fractional-
order modeling of the relaxation-oscillation and diffusion equations and initial-boundary
value problems for time-fractional diffusion equations with positive constant coefficients

(see [8]).
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Remark 2. Various claimed one-variable and multi-parameter (or multi-index)
“generalizations” of the familiar Mittag-Leffler functions E, (z) and E. g (z) (see, for
example, [9], [10], [11], [12], [13], [14] and [15]) are no more than fairly obvious
special or limit cases of the substantially much more general Fox-Wright function
p¥q (p,yq € No) or ,¥; (p,q € No). In fact, the familiar and widely investigated Fox-
Wright function ,¥, (p,q € No) or ,¥; (p,q € No) happens to be the Fox-Wright
generalization of the relatively more familiar hypergeometric function ,Fq (p,q € Np),
with p numerator parameters a;, - - -, a, and q denominator parameters by, - - -, by such
that aj € C (j=1,--,p) and b; € C\Z, (j=1,---,q). The general Fox-Wright
function ¥, (p,q € No) or ,¥; (p, q € Ny) are indeed defined by (see, for details [16];
see also [17] and [18])

* (a1)A1))"'>(ap>Ap); _ = (a1)/\1n”'(ap)/\pni

p\yq (th])»" a(bq)Bq); Z] _; (b1)]3]n"'(bq)3qn n! (4)
r(b1)"'r(bq) v} (alaAl)a"'>(apaAp),
r(a1)"'r(ap) P (thl)»"')(bq)Bq)a

q P
Gﬂ&)>0021f~m%SHBQ>OU=1yqqy1+m<21&—§:@>zo),

where and elsewhere in this article, (A), denotes the general Pochhammer symbol or
the shifted factorial, since

(])n:n! (TLEN():NU{O}; N:{])2)3)"'})>

which is defined (for A, v € C and in terms of familiar Gamma function in the eqution
(1)) by

Q%:rm+v):{ 1 (v=0; A€ C\{0})

r(A) AA+T)--A+n—1) (v=neN; AecC),

In which it is assumed conventionally that (0), = T and understood tacitly that the
I'- quotient exists. In general, we suppose that a;,A; € C (j=1,---,p) and b;,B; € C
(j=1,--+,q) and that the equality in the convergence condition in the definition (4)
holds true only for suitably-bounded values of |z| given by

p q
|ﬂ<v:0}m*)-ﬁ]wﬂ.
j=1 j=1

The above-mentioned generalized hypergeoemtric function ,F; (p,q € Ny), with p

numerator parameters ai, ---, a, and q denominator parameters by, ---, b, is a widely- and
extensively-investigated and potentially useful special case of the general Fox-Wright
function ,¥, (p,q € No) when Aj =1 (j=1,--,p)and Bj=1(j=1,---q).

We now to turn to a series of monumental works (see, for example, [19], [20],
[21] and [22]) by Edward Maitland Wright (1906-2005). In fact, as long ago as 1940,
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Wright introduced and systematically studied the asymptotic expansion of the following
Taylor-Maclaurin series (see [20]):

Fus (02) =32 B &0 (0B €0 R >0 RE)>0, ()

where ¢ (t) is a function satisfying suitable conditions.

The above-cited contributions by Wright were motivated essentially by the earlier
developments reported for simpler cases by Magnus Gustaf (Gosta) Mittag-Leffler
(1846-1927) in 1905, Anders Wiman (1865-1959) in 1905, Ernest William Barnes (1874—
1953) in 1906, Godfrey Harold Hardy (1877-1947) in 1905, George Neville Watson
(1886-1965) in 1913, Charles Fox (1897-1977) in 1928, and other authors. In particular,
the aforementioned work [19] by Bishop Ernest William Barnes (1874-1953) of the
Church of England in Birmingham considered the asymptotic expansions of functions
in the class which is defined below:

B (5;2) = Zn+.< S P (o, B € C; R(x) >0 R(B)>0), (6)

n=0

for suitably-restricted parameters k and s. Clearly, we have the following relationship:

. (x) 1
lclir(l){E“)ﬁ (s; z)} TB)CD(Z,S,K)

with the classical Lerch transcendent (or the Hurwitz-Lerch zeta function) O (z,s, k)
defined by (see, [16])

o0
D (z,s,K) E

n=0
(k € C\Z;; s € C when [z| < 1; %R (s) > 1 when |z| =1). The reader us referred to
a series of recent works by Srivastava for detailed systematic study of the following

interesting unification of the definitions in (5), (6), and other earlier developments in
the literature, for a suitably-restricted function ¢ (T) given by

cop (2,52 = ) P (@B G R(a) >0 R(B)>0), (1)

n=0

where the parameters «, 3, s and k are appropriately constrained as above. Furthermore,
in the aforementioned works, some general families of Riemann-Liouville-type operators
of fractional calculus involving the functions E, g (¢;z) and €44 (@; 2, s, z) in their kernel
were investigated .

An interesting multiple-series generalization of the Mittag-Leffler function E, (z)
involving several variables was proposed by Luchko and Gorenflo [7], who applied an
operational method to solve a boundary-value problem for linear fractional differential
equations with constant coefficients. The solution of the boundary-value problem was
expressed by then in terms of the following Mittag-Lefller-type function in m variables
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which, in the special case when m = 2, was studied Bin-Saad et al. [23].

Motivated essentially by some of the above-mentioned and other developments in the
theory and applications of the Mittag-Leflier-type functions in one and more variables,
we propose in this article to study the Mittag-Leffler-type functions 3% A FB), l_:g) and
FS , which are associated with the familiar three-variable Lauricella hypergeometric
functions FA, F](f), F(g) and FD, respectively. We investigate and establish several
properties and characteristics of these three-variable Mittag-Leffler-type functions. The
results for the Mittag-Leffler-type functions F},', FY’, F® and FY', which we investigate
in this article, include their relationships with other extensions and generalizations
of the classical Mittag-Leffler functions, their three-dimensional convergence regions,
their Euler-type integral representations, their one, two as well as three-dimensional
Laplace transforms, their connections with the Riemann-Liouville operators of fractional
calculus, and the systems of partial differential equations which are associated with
them.

Multivariable Hypergeometric Functions and Associated
Mittag-Lefller-Type Functions

In the year 1969, Srivastava and Daoust [24] extended the Fox-Wright function ,¥,,
which is defined by (4), to two variables in the following form:

ABB' [ X asp [ (@) :0,0]:[(b) :];[(b):T;
Scop: ( y ) Scop: ( [(c):8,¢]:[(d):m];[(d) :n]; x,y>

A B
[ (e +mo+ne) [T (b +m¢JHr L))
. o

_ — -1 men
- Z C D D’ m! n!
mn=0 Hr(cj+m6 + M HF i +mn;) HF(dj’Jrnnj’)
j=1 j=1 j=1
A B B/
M) [T ] [T (b))
:JE[ e pasr (1(0):0,01:1(0)WH0) 05 Y
D D’ D\ [(e) 18yl [(d) m);[(d) s Y )

which also includes, as a very specialized case, the general Kampe de Feriet function
Fég%, (x,y) in the modified notation introduced by Srivastava and Panda (see, [25])

when we set each of the parameters 0;, d)]',lbj,ll)j/, dj, €5,m; and le/ equal to 1.
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Here, and elsewhere in this paper, we find it to be convenient to use the abbreviation
(a) to represent the array A of (real or complex) parameters a;, a, - - -, ax, with similar
interpretations for (b), (b’), (c),(d) and (d’). We tacitly assume the following conditions
on the coefficients and parameters involved:

0;,; € RT (j=1,--,A); P,y eRT (j=1,--,B; k=1,---B)
and
5, R™ (j=1,---,C); n,m€R" (G=1,--,D;k=1,---,D’).
Each of the following two-variable Mittag-Lefller-type functions E; and E;, which

were considered by Garg et al. [26], happens to be a special or limit case of the
Srivastava-Daoust function

defined by (8):

n

E, ( Y1, X15Y2, B1;

51) X2, [52)62) X33 63) 63)

Z (Y1) aym (V2D gy xm y
F 61 + oom + an) (62 —+ Oég,m) I (53 —+ [5311)

(Y1>Y2> 61>62» 63)X>y € C) min{(xh X2, X3, Bh 623 [33} > O)

EZ Y1, &1, BﬂYZ» X723
61» X3, [32; 52) X4, 63) [53;

x )\ v Maymipin Y2)em m =
= :OF(61 +om + Bon) T (8; + oum) T (83 + B3n)
(9)

(‘YH‘YZa 51>62’ 63)X>y S C) min{cxh K2y X3, X4, Bh BZ) BS} > O) .

We refer here to two related sequels (see [23], [27] and [28]) in which boundary-value
problems involving some time-fractional derivatives were solved in terms of E; in [27].

In the case of hypergeometric functions of three variables, we recall that a general
triple hypergeometric series F©®) (x,y,z), which was introduced in the year 1967 by
Srivastava (see [29]) is a unification and generalization of Lauricella’s fourteen
hypergeometric functions Fj,- - -, Fi4 (see [30]) including the ten hypergeometric
functions studied by Shanti Saran (1928-1983) (see [31]), as well as Srivastava’s three
additional functions Ha, Hg and H¢ (see [32] and [33]).

(@a) = (bg);  (bg);  (bE):  (ec);  (c&);  (edn); Uz
(ee) = (gg);  (9&); (g&):  (h);  (Mfy); M) 77
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where
A B B/ B/
H( )/ mAn+p H m+n H b1/>n+p H <bj”)p+m
Almyn,p) = @
[T (minip TT0mn H )i L1970
] C (]:' c” |
H (¢)n H H )p
- (1)
b LT, TT(),
j=1 j=1 j=1
and (aa) abbreviates the array of the A parameters a;,ay,- - -,aa, with similar

interpretations for other abbreviations used above. The triple hypergeometric series
in (10) converges absolutely when
I1+E+G+G"+H-A—-B—-B"—C>0
1+E+G+G"+H —-A—-B—-B'—C’'>0 (12)
1+4E+G'+G"+H"—A—-—B'—B"—-C" >0,

in which the equalities hold true for appropriately restricted values of |x/, [y| and |z|.

As long ago as in the year 1893, in his above-mentioned work [30], Giuseppe
Lauricella (1867-1913) extended the four Appell functions to the corresponding
hypergeometric functions FE{”, F](gn), F(Cn " and Fgl ) of n variables. Furthermore, in the
particular case when n = 3, Lauricella listed a set of 14 triple hypergeometric functions
Fiy -+ -y Fa, for which we have

2 IBR 2 022
FE\):FZZFO:M? Fl(a):FS—Fmo
and
2 _ 2:00 2) _ . _ gl
F& =Fa=Fgips o' =Fr=Fig

in terms of the four Appell functions Fy, F;, F; and F4 of two variables (see [34] and
[35])-

In a sequel to their paper [24], which was also published in the year 1969, Srivastava
and Daoust introduced and studies the following general family of hypergeometric
functions n variables:

A:BM,....BM
F c:D;....pM (21, zn)
B(. BM (M n) MYy .M (m) (m)
:F A ) ) [(a) 0 ) ’e ] [(b ) ll" :|’ ’[(b ) Il) Z1, yZn
c:pM,....pM [(c) 5(1)) )5(71)] [(d(U) ;d)U)} : ,[(d(”)) q)(n)] :
P ;B(n) Z;n] Zgln
= Z IC -~~;D(n) (m1)--.,mn)m—]!~..mn!) (13)
myp,---mn=0

where, for convenience,

A:BU: B

ke ot (ma, -y ma)
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A B B
(M (m)
a; . bj") (o)
H( J)ei“)m1+-~~+e§ Jmn o ( i pm,y o i)y,
== i e (14)
(a) o) (dm> (dw)
ok ) 5). myte4d T mn Y j d)l-mﬂu ok ) d)]gn)m1
The multiple hypergeometric series in (13) converges for
|Z1| < ]> >|Zn| < ]>
provided that (see, for details [36])
C D A B(®)
¢ ¢ i ¢
> 57+ =Y 0= p'+1=0 (ve=1,-,mn). (15)

=1 j=1 j=1 =1

Various special cases of the above-defined Srivastava-Daoust hypergeometric
function of n variables, especially when we set the parameters 05, ¢;,1; and d; equal to
1, have found applications in many different contexts in the mathematical and physical
contexts (see, for example [37]). In particular, for the Lauricella functions Fﬁ\“), Fg‘],
F(Cn " and FgL Vofn variables, we record the following correspondence with the Srivastava-
Daoust function defined by (14) with, of course, the parameters 6;, ¢;,; and §; equal
to 1:

(M) _ gllst, M) _ r0:2;-72
FA - FOI]?"'ﬂ’ FB =F 1:0;-++50

and
m) _ 2:0;---:0. M) _ 111
FC - FO:];--';I’ FD =F 1:0;---,0°

In particular, the triple hypergeometric functions Ff), Fg), F(g ) and FS) correspond,
respectively, to the functions F7, 5, F5 and Fo of the above-mentioned Lauricella’s set
of 14 hypergeometric functions Fi, - - -, Fj4 of three variables.

We conclude this section by remarking that special (or higher transcendental)
functions including (for example) the Mittag-Leffler-type functions are closely related to
the operators of fractional calculus (see [5], [18], [38], [39] and [40]), as well as to the
operators of generalized fractional calculi (see, for example [39]). Many special functions
can be represented as fractional order integrals or fractional-order derivatives of some
elementary functions and such representations can potentially lead to some alternative
definitions for special functions (see, for details [39]). Many recent works on special
functions and their applications in solving problems from control theory, mechanics,
physics, engineering, economics, and so on, can be found in (for example) [38], [41],
[42] and [43].

The Three-Variable Mittag-Leffler-Type Functions

In the preceding section, we systematically investigated the definitions and mutual
relations of various families of generalized hypergeometric functions in one, two, three
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and n variables (n € N\ {1, 2, 3}). Here, in this section, we introduce the Mittag-Leffler-
type functions FY, FY), F¥ and FJ in three variables, which are motivated by (and
associated with) Lauricella’s triple hypergeometric functions FES), F](f), F(C3 ) and Fg),

respectively, as follows:

6 _ £3) a, &1, B1,Y1; by 023 by 32503, v2; ,y, 2
A= . . . . : . %Y,
C1,y &3;C2, B3; C3y V35 Cay 045 Cs5, B4 Coy Va3

_ i (a)mmwmﬂlp (51) aym (b2) g0 (b3)y2p x™ y" zP (16)
0 I(cr+ozm) T (ca+ Ban) T (c3 +v3p) T'(ca+ oam) T (c5 + Ban) I (ce + vap)
(a,bi,¢5,%,Y,2€ C; o, Br, Y € Ry min{oy, By, i} > 0
i={1,2,3}, j={1,---,6}, k={1,---,4}))
and
R _ F0) ( (11)061;02>f31;0371/1;b1') Ocz;bz.» Bz;b?f}/z; Ix,y,z>
¢, &3, B3,7Y3;C1y X5 C2, B4 €3, V4
B (@1) gym (a2) gy (@3),,, (B1) 4, (B2)g,, (B3),,,
- mn,p=0 (C)(Xsm+I33ﬂ+Y3P
- El Gl (17)

T (c1 + oum) T (cz+ Ban) T (c3 +vap)
(C> aubuCuX)U)Z € C; Kky Bk»Yk S R; min{ock, Bk>Yk} >0 (1 :{]>2>3} k :{]> e »4})) .

In a similar manner, we define below the other two Mittag-Lefller-type functions ?(g)

and ?S) in three variables:

F() _ ) a, &1, B1,Y1; by 02y B2, Y25 b, 2
=Fc . . . . . . %Y,
C1y &35 C2, B3>C3)Y3>C4) X4; Cs, [34» CeyY4;

m 1:Jn 2P

(18)

= i (a)“1m+[51ﬂ+Y1P (b)oczm+[52n+y2p S
mmeo (€1 oam) T ez + Ban) T (es +y3p) T'(es + oam) T(es + Ban) T (c6 +vap)

(a,b,ci,x,y,zec; o‘kaf’k»YkER; min{o‘k)ﬁbyk}>0 (1:{1>>6} k:{1»"'»4}))»

in which the triple series converges for x,y,z € C if min{A;, A, A} > 0, where
Ar=oz+og—o—ar, A=B3+Ps—P1—P2 and As;=7vi+vi—v1i—7Y2
The triple series in (18) converges absolutely for [x| < p1, [y| < p; and |z| < p; if

Ay = Ay = A; = 0, where p; = I?%no(m’ P2 = ulglielgo(Kz) and p3 = J?%Iio(K3)
(K, v,0>0),
K] — “4+0(3 (a'?))o‘s ((x'4)0(4
(cap+ B1v+v10)™ (cap + B2v + v20)*’
K, — vPi+B3 (Bs)™ (Ba)™
(e + Brv +v10)P" (cap 4 Brv +v20)P2
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and

K, — TS (v3)" (ya)™
(a4 B1v+v10)" (xap + Bov +v20)"

= - a, b1, 000, b ;b ;
Fg) :FS) y &1, B1,7Y1 | 1y 2. 2>f5% 3>Y'2 %y,
C, &3, 33,73;C1y X4;C2P4;5C3, V45

o0

S (@) gy mapyniyip (P aym (02)pn (B3, xm y zP
I(c1 +oum) T (cz2+ Ban) T (c3 +v4p)

n

(19)

m,n,p=0 (C)cxgm+[53n+y3p
((1, ¢, by, ci,x,y,z€ Gy o, Pry Yk €ER; min{o‘k) Bk)Yk} >0 (i= {1>2>3} k = “) T >4}))

respectively.

It is not difficult to observe that each of the generalized Mittag-Lefller-type functions
FOFY), FY) and FY in three variables, which we have defined by means of the equations
(16) to (19), is itself a special or limit case of the case n = 3 of the n variable Srivastava-
Daoust hypergeometric function defined by the equation (14).

System of partial differential equations

We begin this section by presenting Lemma 1 and Lemma 2 below.
Lemma 1. Ifc € C and «, 3,y € N then the following equalities hold true:

x

IMNc+oa+am+pn+yp)

I(c+oam+pn+vyp) :n(c_i+“(m+1)+ﬁn+vp)a (20)
Me+P+am+pn+vyp) : '
e By _g(c—1+am+ﬁ(n+1)+vp) (21)
and Y
r(c+y+ocm+f5n+yp):H(c—i+ocm+f?m+¥(]9+”)° (22)

IN(c+ oam+ pn+vyp)

i=1
Proof. The demonstration of Lemma 1 would make use of the recurrence relation in
the definition (1) of the classical Gamma function I' (z). We choose to skip the details
as an exercise for the interested reader. J
Lemma 2. Let sz%, b=y % and G:za%. If ce C and «, 3,y € N then
the following equalities hold true:

F(c+cxm)ﬁ(c+o¢—i+o¢9)xm:F(c+cx(m+1))xm, (23)
i

I (v 4 oom + Bn)H(y—i—oc—i—l—cxe-i-BdD)menZF(Y+0€(m+”+ﬁn)Xm9n (24)

i=1

and
[0 4

I'(c+oam+ Bn—l—vp)H(c-i—oc—i—i—oce—i-B(])—i—yo)xmy“zp

i=1
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=T (c+oa(m+1)+ pn+yp)x"y"zP". (25)

Proof. The proof of Lemma 2 is based upon some Gamma-function properties
and elementatary derivative formulas followed by straightforward simplification. We
therefore, omit the details involved. [

Theorem 1. Let oy, Py, Yx € N (k={1,---,4}) and a,b,ci,x,y,z € C

(i ={1,---,6}). Then the function ?(Cg) satisfies the following system of partial
differential equations:

x3 a 0.1 a
[H (c1 + o — 1+ ocha) H <c4 + oy —1i+ oqxa) x!

i=1 i=1

—ﬁ a+oc—i+ocxi+[3 iJr zi
] " ox ]yay v 0z

i=1

= , d d 0\ | =3
-g(b—i-ocz—l—i- oczx&-l-ﬁzlj@ —H/Zza_z)] F& =0, (26)

B3 Ba
[H (Cz + B3 -1+ 5313%) 11 (CS +Bs—i+ B4y%) y

i=1 i=1
—ﬁ a+[3—i+ocxi+[5 i—k zi
L] 1 X535 1yay Y1 2z
B2

, d d 0\ ] =
TT (02 + B2 — i+ coxam + Bry=- +vaz~m ) | FY =0 27
] ( 2+ pBr—1 oczxax By o 2162)] ¢ (27)

and

Y3 a Ya a
. . -1
[H (03 +v3 —1+ygza—z) H (c6+v4 —1+y4za—z) z

i=1 i=1

—ﬁ a-+ —i+ocxi+[3 i+ zi
v ox 1yay 1752

i=1
Y2

. 0 0 0 =(3)
. | | b — — 4+ — 4+ — )| F&7 = 0. 28
L | ( 3t+vy2—1+ OézXaX B2y dy Yzlaz>] c ( )

Analogous systems of partial differential equations are satisfied by the other three-
variable Mittag-Leffler-type functions FY', FS) and FJ.

Proof. For the validity of the first partial differential equation (26), we substitute
the defining triple series for function l_:(g) into its right-hand side, so

= - O\ 1 . O\ 1]z
[H(c1+a3—1+a3xa)H(C4+cx4—1+oc4x&)x ]FC

i=1 i=1

— i i (a)“l m+pBin+yip (b)oczm+[52n+y2p
oo Mertas (m—1))T (e + Bsn) T (es +v3p)

35



ISSN 2079-6641 Hasanov A., Yuldashova H. A.

mel y n ZP

T(ca+ou(m—1))T (cs+ Ban) T (c6 + vap)

(29)

ﬁ a+oc—i+ocxi+[5 i—l— zi X
! Tox TPy T,

ﬁ b+oc—1+ocxi+[3 i—k 0 Fi)
1 2 2 Ox 2y oy Yza C

i=1

n

(30)

Z 061 (m4+1)+Bin+y1p (b)oéz(mH)JrBzﬂJerP x™ Yy zP
F

Wyl (c1 +ozm) T (c2 + B3n) T (c3+v3p) I'(cq + ogm) T (c5 + Ban) T (ce + vap)

Now, upon substituting (29) and (30) into the equation (26), if we replace the
summation index m by m + 1, we complete the demonstration of the first assertion
(26) of Theorem 1 after some simplification and interpretation.

The proofs of the validity of the second assertion (27) and the third assertion (28)
are similar, so we omit their proofs. []

Euler-Type Integral Representations

The Euler-type integral representations for the three-variable Mittag-Leffler-type
function Fg) are presented as Theorem 2 below. One can analogously derive the
corresponding Euler-type integral representations for the other three-variable Mittag-
Leffler-type functions FY', F}’ and FY

Theorem 2. If a,b,ci,x,y,z € C (i = {1,---,6}), o, Pr,Yx € R and
min{og, B, Yk} > 0 ( k = {1,---,4}), then the following integral representations
holds true:

=(3) a, 1, B1, Y1, by 02y B2, V25 I (w)
FC ) ) ) ) ) ) Ix,y,z = r(a)

C1y &3; C2, B3; C3,Y3; Cay 045 Csy Ba; C, Va3 I'u—a)

.f g1 (1 — a1 fO ( Hy oery B1, Y13 by 2, B2, Y23
C . . . . . .
0 C1, &35 C2, 335 €3, Y35 Cay 045 €5, Ba; Coy Va5

(R () >R (a) >0),

xEX ,yafi’n ,Zt{y] > dg, (31)

£3) a, o, B1, Y13 b, 02, B2, 725 Xz | = I (w)
C1y 035 C2, B3;C3y Y35 Cay 043 C5y Pas Coy Yy ro)rp—>m)

1 . .
J £b-1 (1 — gt ]-E(Ca) < a, &1, B1, Y15 1y 02, B2, Y25 ‘Xaaz)yaﬁz)2£y2> dE (32)
0 C1, &3; C2,y B35 €3,7Y3; C4y X4; C5, B4; Coy Va3
(R (W) >R(b) >0),
101 1
| [ [ermereramg g g
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R < a, o1, B1, Y15 by &2y B2, Y25

_ _ _ . . [xE%,ynP3,ze | dédndr
C1y X35 C2, (-)’3) C3,7Y3;Cay K45 Cs, B4»C6)‘Y4»

= by 2, B2,Y2;
-T r r F(3) a, a1, B1,v13 b, a2, B2,v2; X z 33
() T (u2) T ks) ¢ C1, &3 + H1; €2, B3 + M2;€3,Y3 + H3;Cq, Xa; C5, Ba; Co, Va; by, (33)

(R (1) >0, R (u2) >0, R(uz) >0).

Proof. For proving the Euler-type integral representations (31) to (33), which are
asserted by Theorem 2, we express ?(g ) as a triple series, justifiably invert the order of
the series and integrals involved, and then evaluate the resulting integrals by means of
the well-known integral representing the classical Beta function B («, 3):

1
J (1 —0f ' dt  (min{%R (a), R (B)) > 0),
B(o,B) =4 (34)

FOEBL (o peavzy).

The details are being left as an exercise for the interested reader. [

Laplace Transform

Named after the French scholar and polymath, Pierre-Simon Laplace (1749-1827),
the Laplace transform is defined by

LA{f(t):s}= J e S f(t)dt  (R(s)>0), (35)
0
provided that the integral exists. The need for simultaneous operational calculus (based
upon multidimensional Laplace transformation) presents itself naturally when problems
dependent on several variables are to be treated operationally (see, for example [44]).
The multidimensional Laplace transform defined by

En{f(th'" )tn):sh"' »Sn}:J J eXp(—Slt]—"'—Sntn)f(t],--- )tn)dtl"'dtn
0 0

(R(s) >0 (G={1,---n}),

So that, obviously, £ = L;.

Theorem 3. Let Ly, L, and L3 denote the operators of the one-dimensional,
the two-dimensional and the three-dimensional Laplace transforms, respectively.
Then the following Laplace transformations are valid:

_ _ 1= a, oty B1, Y15 b, &2, B2,Y2;
£3 t]q 1t2cz ]t3C3 ]F(C) ‘ ) )‘B Y v ) )‘E’ Y »‘ ‘ |Xt1a3,yt2ﬁ3,2t3YS ©S1,82,53
C1y &3; €2,y B35 €3,Y3; C4y X4; C5, B4; Coy Va3

_ T 1 1 o5 a, &1, B1, Y15, 2, B2, v2;
5191 852830 €\ 1,0;1,0;1,0; ¢4, 0ta; C5, Bas Co, Vs

X Yy z
?)E»?) (36)
2

(min {R (o), R (B3), R (v3)} >0),
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_ _1=(3 a, x b, ;
/CZ {t]c1 ]tzcz ]FE':] < ) 1)6])Y1) y A2y BZ)YZ) Xt]“3,yt§3,z> :S],Sz} (37)
C1, 03; €2, B35 €3, Y35 C4y 045 C5, Pa; Coy Va5
_ 1 l_(3) a, “1)61>Y1;b)“2> BZ)YZ; X i 7
- c2 C . . . . . . x3) .C2)
$1¢ 522 ])O»])O»CS)Y&C% &4; Cs, B4>C6>Y4) 313 322

(min {R () , R (B3)} > 0)

and

- ;b ;
E] {t]cl_]F?) ( a, &q, B])‘Yh y X2, BZ)‘YZJ |Xt$€3)y)z> :S]} (38)

C1y &3; €2, 33; C3,Y3; Cay 045 Cs5, PBa; Co, Va3
X
—_— V4
S;XS )y)
(R (x3) > 0),

provided that each member of the equations (41), (42) and (43) exists. Analogous
one-dimensional, two-dimensional and three-dimensional Laplace transformations
hold true also for the other three-variable Mittag-Leffler-type functions ?f), ?g) and
R,

Proof. The above results can easily be proved on using the definitions of L;, £,
L3 and ]_:(g’ Jin conjunction with the following familiar formula:

LTS a, &1, 31,13 by 02, B2, Y25
1,0; €2, B3; €35 Y3} Cay 043 Csy Pa; Coy Va3

r(A)
A

Al
L{tM s} = 5

(R(A) >0; R(s)>0).

0 Remark 3. The Eulerian integral defining the classical Laplace transform in (37) as

well as its following s-multiplied version studied by the American transmission theorist,
John Renshaw Carson (1886-1940):

LC{f(T):s8}= SJ e *'f (1) dt = Fre (s), (39)

0

which has one distinct advantage over the Laplace transform (35) in the fact that the
Laplace-Carson transform of a constant in (39) is the same constant. Regrettably, many
obviously trivial and inconsequential variations have been and continue to be made in
the parameter (or index) s or in the integration variable t or T (or in both s and t or 7),
ridiculously giving a “new” name to each of such parametric and argument variations of
the classical Laplace transform in (35) or its s-multiplied version in (39) by forcing-in
some obviously redundant (or superfluous) parameters. Yet another somehow missed-
out instance of such trivialities can be exemplified by Yang’s attempt to produce what
he called a “new” integral transform by replacing the parameter (or index) s in (35)
by % (see, [45] and [46] ). Such demonstratively trivial and obviously inconsequential
parametric and argument variations as those that we have recalled above continue to
flood the literature merely to unnecessarily repeat or translate the already-published
developments using the Laplace transform itself rather successfully.
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Connections with the Riemann-Liouville Operators of Fractional
Calculus

The Riemann-Liouville fractional integral operator ®'J%  of order «
(x € C; M () > 0) is defined as follows (see, for example, [5], [18] and [40]):

1 x _
RLJ?J(X) :—J (x — )% "f)dt (x> R(x)>0). (40)
Ma) Je
Correspondingly, the Riemann-Liouville fractional derivative operator ®*D¥, of order «
(xeC; n—1<R(x) <n; neN) is defined by

DL (x) = (d%) O} (R 20 n=R()+1), (41)
where f is locally integrable R () denotes the real part of the complex number € C
and [R ()] means the greatest integer in R («).

Theorem 4 below lists the applications of the Riemann-Liouville fractional integral
and fractional derivative operators involving the three-variable Mittag-Leffler-type
function l_:(g). Analogous results for the other three-variable Mittag-Leffler-type functions
l_:f), FS) and l_:g') can be derived similarly.

Theorem 4. Let a,b,ci,w; € C (1 ={1,2,3}), o, P, Yx € R and min{oy, By, Vi} >
0 (k=A{1,---,4}). Then

1= a, o b, ;
RL’J?_,_{(X—T)Q 1F(C3]< ) hBhY] ) Z)BZ)YZ |0_]’0_2’0_3>}

C1y 035 C2y [33; C3, Y3} C4y K43 Cs54 Ba; Coy V4

Na—« 1= a— o, o b, ;
_ ( )(X—T)a 1F(C3) . ) .hBh'.Yl ) .2> [52)'?/2 . ’0—1,0—2, 03 (42)
C1y X35 C2, B3)C3>Y3) C4y X4; Cs, 64; C6yY4,;

(R(a) >R(«) >0),
where

or=w (x—1), o=w(x—71P" and o3=w;(x—1)". (43)

For the Riemann-Liouville fractional derivative operator "'D% , it is asserted
that

= a, & b, o ;
Rpe ) (x — gjero T y &1y B1, Y150y %25 B2, Y2 (01, 02, 0
C1,y 035 C2, B3; €3, Y3; Cay 0a; Csy PBa; Cy Y45
_Tlata (x — 1) a+ &, o, Br, Y15 b, %2, B2, v2; o1, 00,03 | (4)
I (a) €\ 1,050, B3;3,Y3Cay 04 €5y Bai oy Va0

(R (a) >R () >0),

where 01, 0, and 03 are gien by (43).
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Proof. For the Riemann-Liouville fractional integral operator defined by (40), it is
easily seen that (see [18])

r(ll‘f'” (X_T)LL-HX

RLjoc
MNu+oa+1)

A=) = (R (x) >0; R(u)>-1). (45)
Similarly, from the definition (44) of the Riemann-Liouville fractional derivative

operator R'D% , we have (see [18])

T+

Mp+1)

RLAx |2
D e =1 = )

x—1)"%  (R(x) >0, R >-1). (46)

The assertions (42) and (44) of Theorem 4 can now be established by using the
formulas (45) and (46), respectively, in conjunction with the triple-series representing
the three-variable Mittag-Leffler-type function ]_:(g . O

Some corollaries and consequences of the above developments are recorded below.

Result 1. For n € N, we have

n
d at+n—1 £(3) a, &, B1>Y1;b) X2, BZ»YZ;
W (X_T) FC 3 A B . . . |G1>GZ>G3
dx C1y 0635 C2y [33; €353} Cay X4; C54 P45 Coy Va;

_T(a+mn) (x — 1) F a-+mn, i, B1,v1; by &2y B2y V2 o1, 00,03 | (47)
I (a) C1y 035 C2y B3;C3, Y3; Cay 04 C5y Pas Coy Ya;

where 07, 0; and o3 are given, as before, by (43).
Result 2. For vi,v,,v; € C (min{R (vq), R(vz), R(v3)} >0), we have

moy By s { -0 -0 2o

=03 a, &1, B1,v1; b, 2, B2,Y2; _
‘F(c)< y 01y 1, Y13 by 0, B2,y |Gh02’03>}

C1y &3; C2, 33; C3,Y3; Cay 045 Csy Ba; Co, Va3

_ (X— T)CHrV]*] (y _T)C2+V2*1 (Z_T)C3+V3f1
= a, o b, o :
,Fg) ) 1»[31)Y1) y W2y BZ)‘YZ» |(_T1,(_)‘2,C_)‘3 (48)
c1 + Vi, &35 ¢2 + V2, B3; €3 + V3,Y3; Cay 0u; Csy Pa; Coy Va3
where
o1 =w (x —T)“S , 02=w(y —T)BS y 03=Wwj; (Z—T)Y3 y (49)

it being tacitly assumed that the Riemann-Liouville fractional integral operators

RLyY1  RL3Y2 and RLJY3 apply, individually and respectively, on the first, second and

third variables of the the threevariable Mittag-Leffler-type function l_:(g').
Result 3. For v{,v,,v; € C (min{R (vq), R(vz2), R(v;3)} > 0), we have

RLD;/_L RLD;/_Z,_ RLDE’_ {(X o T)C1*1 (U _ T)CZ*] (z — T)63*1

= a, b, o ; -
F(g)( ) 1)[31)V1 y Z)BZ)YZ ’0_1)0_2’0_3>}

C1y 0435 C2y 335 C3, Y3} Cay Xa; Cs5y Ba; Coy Va3
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— (X . T)C1*V1*1 (y o T)¢2*V271 (Z . T)c3*V2*1
= a, o b, o :
W o 51.»1/1» ) 02, ﬁz,YZ» | | 161, 52, 55 (50)
C1 — Vi, &3;C2 — V2, 33;C3 — V3,7Y3; Cay 0u; Cs, Pa; Coy Va3

where Gy, 0, and 03 are given by (49), it being tacitly assumed that the Riemann-
Liouville fractional derivative operators **D)! | BEDY2 and RLD)3 apply, individually and
respectively, on the first, second and third variables of the the three-variable Mittag-
Leffler-type function I_:(Cg ),

Result 4. For vi =p, v, =qand v3; =r (p,q,r € Ny) the above result (50) reduces

to the following simple form:

ap+q+r c1—1 cr—1 c3—1
——  J(x=1) —)2 (g 1)
TR {0y -0 2= )
= a, b, x :
.F(g) y Ay Bhyh y A2, B2)V2) |61> 52, 03
C1y &3; C2, B3; C3,Y3; Cay 045 Csy Ba; Co, Va3

C1—p—1 (y _T)Cz—q—] (Z_T)Cg—r—]

FO ( a, o, By Y13 by &2y B2, V25 51, 5, 63> (51)

= (x—1)

C1 — P, &3;C2 — q, 33; €3 — I, 'Y3; C4y X4; Cs54 P45 Coy Va5

where 07, 0; and 03 are given by (49).

Conclusion

In this article, we have first investigated various families of multi-variable
hypergeometric functions including (for example) the four Lauricella functions FE{”,
Fgﬂ, F? ) and Fg‘ ) of n variables for n € N\{1,2} and their generalized forms
which are known as the Srivastava-Daoust hypergeometric functions of two and more
variables. We have then introduced and studied a set of four three-variable Mittag-

Leffler-type functions l_:f), ]_:](33), l_:(g) and FS) ,which are analogous to the the Lauricella

functions Ff), Fg), F(C3 ) and Fg) of three variables. Among the various properties and
characteristics of the three-variable Mittag-Leffler-type functions FY, F and FY', which
we have presented in this article, include their relationships with other extensions
and generalizations of the classical Mittag-Lefller functions, their three-dimensional
convergence regions, their Euler-type integral representations, their one as well as
three-dimensional Laplace transforms, their connections with the Riemann-Liouville
operators of fractional calculus, and the systems of partial differential equations which
are associated with them. We believe that, analogous to the lines of the developments
in [27] and [28] based upon the two-variable Mittag-Leffler-type functions E; (x,y) and
E; (x,y), our obtained results are potentially useful in similar future investigations.

Acknowledgments. The authors are deeply grateful to the referee for a number of
comments that contributed to the improvement of the article.
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