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Abstract. Unlike classical continuum mechanics, where the linearized model is described by partial
differential equations, the peridynamic model leads to an integro-differential equation with a non-integrable
kernel. The proposed method belongs to the category of nonlocal models, as particles separated by a finite
distance can interact with each other. This allows the description of processes occurring in structures with
cracks and discontinuities. Fracture is considered a natural result of deformation arising from the equation
of motion and the constitutive model. Consequently, modeling crack growth in the peridynamic framework
does not require additional data or equations that would be necessary in traditional fracture mechanics
to determine crack initiation. The study examines a peridynamic model on a two-dimensional periodic
structure related to graphene -a two-dimensional allotropic form of carbon. It can be thought of as a single
plane of layered graphite separated from the bulk crystal. Estimates suggest that graphene possesses high
mechanical stiffness and record-breaking thermal conductivity. Its exceptionally high charge carrier mobility,
which is the highest among all known materials (for the same thickness), makes it a promising material
for various applications, particularly as a future foundation for nanoelectronics. The work investigates a
hypersingular integro-differential equation describing oscillations in a two-dimensional periodic structure.
A transformation has been found that allows the regularization of the singular integral operator involved in
the equation. This made it possible to obtain a unique solution to the problem in the introduced Sobolev

space.
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ITonHBIZ TEKCT Ha aHTAUNCKOM SI3BIKE

VAK 519.2

IToceauaemcs 80-uro axademuxa AH PY3 II.A. Aaumosa

B0

IlepuanramMuydeckast Mo/1eJIb KOJIeOaHWIT B AByMepPHOM

NePUOJINIECKON CTPYKTYyPpe

A. B. IOadawesa*

MockoBckuit rocypaapCcTBeHHBIN yHUBepcuTeT uMeHu M.B. AomoHOocoBa, TamkeHTcKu puamanr,

100060, r. TamkenT, yA. AMupa Temypa, 22, Y3bekucran

AuHoTanusi. B oTArYMe OT KNAACCUYECKON MEXAHUKN CIIAOIIHOM CPEABI, A€ AWHEAPU30BAHHAST MOAEAD
OIIMCBHIBAETCSI YPABHEHUSIMU B YACTHBIX IIPOM3BOAHBIX, IEPUAMHAMUYECKAST MOAEAB IIPMBOAUT K WHTEIPO-
ARDDEPEHITNANBHOMY YPaBHEHUIO C CUHTYASIDHBEIM SIADOM. OTOT METOA OTHOCUTCS K KaTerOphu
HENAOKAABHBIX, IIOCKOABKY YaCTHUILI, Pa3sAeA€HHBIE KOHEYHBIM PACCTOSIHMEM, MOI'YT B3aUMOAEHCTBOBATH
APYT C APYUOM. OTO IIO3BOASIET OIKCHIBATHL [IPOIECCHI, IIPOUCXOAAIIVE B CTPYKTypPaxX C TPEMIWMHAMUA
¥ paspblBaMu. PaspyllleHue CYUTAETCS €CTECTBEHHLIM PE3YyABTATOM AedOpMAalliy, BO3HUKAIOLIEH U3
VPaBHEHUSI ABUYKEHUSI ¥ KOHCTUTYTUBHOU Mopeau. CAepOBaTeAbHO, MOAEAWPOBAHWE POCTA TPEINUHEI B
IepPUAVHAMUYECKOH CTPYKType He TPebyeT AONOAHUTEABHBIX AAHHBIX WUAM YPaBHEHUN, KOTOPHIE OBIAM
661 HEOOXOAMMEI B TPAAWIIMOHHON MEXaHWKE DPa3PYIIeHUSI AASL ONPEAECAEHUS 3aPOXKAEHUS TPEINUHBI. B
HUCCAEAOBAHUY PACCMATPUBAETCS IIEPUAMHAMUYECKAsT MOAEAb Ha ABYMEDPHOM IIEPUMOAUYECKON CTPYKTYPE,
CBSI3aHHOUM C rpadeHOM — ABYMEPHON anAAOTPONHOM ¢opMoi yraepopa. Fe MOXXHO paccMaTpuBaTh
KaK OAHY IIAOCKOCTBH CAOMCTOrO rpaduTa, OTAEAEHHYIO OT 06beMHOro Kpucrannra. OIEHKU IIOKa3BIBAIOT,
uTo rpadeH obAaAAET BBICOKOM MEXAaHWYECKOUM J>XECTKOCTBIO U PEKOPAHON TEIAONPOBOAHOCTBIO. Hro
UCKAIOYUTEABHO BBICOKAsI IIOABUPKHOCTH HOCUTEAEH 3apsipa, KOTOpasi SIBASIETCSI CaMOMl BEICOKOM CpeAu
BCEX WM3BECTHEIX MaTepuanoB (IPH TOH >Ke TOAIIUHE), AEAAET €ro IEPCIEKTUBHEIM MaTEPHAaAOM AASI
Pa3AUYHBIX IPUAOKEHUH, B YaCTHOCTH, KaK OyAyIIasi OCHOBA AAST HAHOIAEKTPOHUKHU. B pabore uccaepyercs
TUNEPCUHTYASIPHOE HKHTErpo-pAuddepeHnacbHOe yPaBHEHNe, OIUCHIBAIOMIee KOAeDAHUSI B ABYMEpPHOHR
IepUOAMYIECKON CTPyKType. HailiaeHo mnpeobpa3soBaHue, IO3BOASIOLIEE DPETYASIPU30BATb CUHTYASPHBIN
VHTErpaAbHEIY OIepaTop, YYACTBYIOIIWA B YPABHEHUU. DTO MO3BOAUAO IOAYUYNTL €AMHCTBEHHOE DPEIIEeHUE

3aAa4U BO BBEAEHHOM IIPOCTPAHCTBE Coboaesa.

Knmoueswie caosa: unmezpo-ouppepenyuanvhoe YpasHeHue, CUHZYAAPHDBLY UHMEZPAAbHBIY ONepamop,

nepuouUHAMUKA

TToayuenne: 03.04.2025; Vcnpasaenue: 15.04.2025; [Tpunsarue: 17.04.2025, [Tybaukanus onaaitn: 18.04.2025
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Introduction

We consider the linearized peridynamic model which leads to integro-differential
equation of the form:
0%u
FYS I F(x—&)[u(x,t) —U(ﬁat)]dﬁzf(&t)) X € D) t> O) (1)

ot?
TZ

with initial data
u(x,0) = ¢(x), w(x,0) =(x). (2)

Here x = (x1,x2) € D = [—m, ] x[—7, 71]. All the functions considered are 27-periodic
with respect to each coordinate xy.

We consider a peridynamic continuum model which involves the integration over the
differences of the displacement field ( [6], [9], [12], [13]).

In equations (1) and (2) w: D x [0, T] — R? is unknown function, the kernel F is
2 x 2 matrix-function with domain D x D, ¢ : D — R? and { : D — R? are initial data,
and f: D x [0, T] — R? is the external force (see [13]).

We consider the periodic kernel, which has the form

(x ®x)
’X’2+cx

F(x) = o(lx])y, Tt>0, xe€D. (3)

The function o € Ci°(R) satisfies for some p > 0 and fixed 0 < 8 < 1, the following
conditions:
1 for r<(1-—09)p,
o(r) =
0 for r>p,

and 0 < o(r) < 1 for r € R. Usually the parameter p, which is known as horizon, is
chosen to be small enough. The value of parameter & is determined by the thickness of
the boundary layer, in which the impact of the surrounding particles is reduced to zero.

The problem with similar type of kernel has been studied by several authors [8], [13],
[17] (see also [1], [2], where the problem was studied for n spatial variables at n > 3.).

Using the evenness of the kernel F(x) equation (1) can be converted to the following
form

utt(xv t) - % JD F(E) [LL(X + E) t) - ZU,(X, t) + U(X - E») t)] d‘t—: — f(X) t)' (4)

The object of our investigation is this singular integro-differential equation.
Note that the kernel F(x) has the singularity like |x|*. In considered case where
« > 2 this kernel is not integrable over D, and the corresponding integral operator is

not bounded in L,(D) [1].
In what follows we assume that

2<a<4. (5)
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For any 3 > 0 we define the Sobolev space LE (D) as the space of vector-functions
f € L,(D) with the finite norm (see [11])

IfllFs = 4 > IRl(1 + k)P,

kez?
Here
fi, = ] Jf(x) e ™ dx
LT (2ne?
D
are the Fourier coefficients of function f.
Set :
Ov(x) = zJF(a) Wx+ £) — 2v(x) + v(x — £)] d. (6)
D

We prove that operator @ : C*°(D) — L,(D) for any « from interval (5) satisfies
inequality
OV, 0y < comst|[v]|g2ip), veCT(D). (7)

According to (7), operator ® can be extended from C*(D) to the whole Hilbert
space L3(D).
So, in this paper, we study the following Cauchy problem

ug(x,t) — du(x,t) = f(x,t), xeD, t>0, (8)

LL(X,O) = CI)(X), ut(x,O) = II)(X)) x € D. (9)

DerFINITION 1. We define the solution of the Cauchy problem (8)- (9) as the function
u(x,t), which belongs to the space LY ?(D) for every t > 0, is continuous with respect
to t in the norm of this space on the closed half-line t > 0, is two times continuously
differentiable on the open half-line t > 0 in the norm of [,(D), and satisfies the
conditions (8) and (9).

Note that by imposing condition 2 < o < 3 for LY #(D), we admit the existence of
solutions that are discontinuous in spatial variables.

We prove the validity of the following statement.

Theorem 1. Let vy > «. Assume that the imitial functions ¢(x) and P(x)
belong to Sobolev spaces L} (D) and Lz_“/z(D) respectively, and external force f(x,t)
continuously depends on t > 0 in the norm of Lf“/z(D).Then the solution of the
Cauchy problem (8)- (9) exists, belongs to L) (D), and is unique.

Reformulation of Hypersingular Operator as a Regular
Integro-Differential Operator

Here and henceforth, we employ the notation established in the paper.
Note that for of any function u € C*(D) the Fourier coefficients of the function
v = (V ® V)u satisfies equation
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Furthermore, define the following differential operator:

(Ve V) + Yial. (11)

IV) = T(T+ 2) T

Proposition 1. For o« > 2 the following identity

N 1  x=EHeKx—E)
J(V) |X _ E’locfz T ’X _ a|a+2 (12)

is valid.
The proof is carried out by direct calculation.

Remark 1. Without loss of generality we can assume that the kernel (3) has the

form
o([x|)

D) = V) s

+ W(x), a>2, xeD, (13)

where W(x) is a matrix-function with entries w¥ € C(D).

According to (10), for any function u € C*(D) the Fourier coefficients of the function
v = J(V)u satisfy equation

vie = B(V)ue = J(k) we. (14)

Using the proposition 1, we transform the hyper-singular operator ® defined by
equation (6) to the regular form.

Proposition 2. For any v € C*(D) the equation

J(Ve)v(x — &) dE +

J W(E) + W(=E)lv(x + &) dE — (J W(E) dE) v(x). (15)
D D

N —

is valid.
Proof. Indeed, by integrating we get

1
2, (ﬂva) ffzﬁ'i'l) W(x+£) = 2000) +V(x — £)] d&, =

_ %J UL 5 )i+ £) + vi(x — )] dE, —

D |fi|°‘_2

— | X avonix-anae. (o
p Myl

At last step we took into account the equation

J MjWa)[v(wra)]dg _ J X (&])
D

|2 o Wﬁ'(va)[v(x— &) dg, .
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Further,

1

EJ WIE) x4+ &) — 2v(x) + v(x — £)] dE =

J[W(a)+vv(—anv(x+a) ai — JW(a)da v(x). (17)
D

D

1
2

Therefore, the equation (15) follows from (16), (17) and (13).
U

Fourier Series Expansion of the Kernel

The main part of the hyper-singular operator @, which is defined by equation (6),
is integro-differential operator on the right-hand side of (13).
Consider for 2 < « < 4 the function

L(x) = |(;(||TX’2), xeD. (18)
Set
Alk) = 2n)?[LI(k) — Wi — W+ W], ke Zh (19)

Here Ly are the Fourier coefficients of L:

L, = (2n)~? J L(x)e ™ dx.
D

)

Denote by W) the matrix which elements w](f ) are Fourier coefficients of the elements

w) of matrix W(x), i. e.

w](:j] = (Zn)_zjw(m(x)e_ik" dx.
D

It follows from (13) that for any v € C*°(D) the Fourier coefficients of the ®v have
the form

(Ov)y = —A(K)w, keZ? (20)

We start by estimating the Fourier coefficients of the function (18).

Proposition 3. For any natural N the Fourier coefficients L, of the kernel L satisfy
the estimate

Ly + O (™), k # 0, (21)

= e

where the constant C depends only on «.
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Proof. To calculate the coefficients, we use the Weber formula (see [15], Chapter
XVIII, (18.3.4)):

Ly = (Zﬂ)_ZJL(x)e_ik" dx = (Zﬂ)_zj o2 e dx =
D D
2p
= (2m)"" J]o(r!kl) . m -rdr.
TT
0
By substitution t = r|k| we get
2plk|
t
L, = (2n) "k J Jo(t)o (M) 2% dt. (22)

0

Taking into account the relation
[t ()] = tfo(t)

and integrating by parts we can transform the integral (22) to the following form

2p[K| ) N . N a0k
l To(t)x (m) Bedt = (Ol (m) e T
2plk| . 2plK] : .
_ . 2—o o Lot 3«
2—«) J I1(t)x<’k’)t dt l{ ]1(t)’k|x (M)t dt . (23)
P

We begin by evaluating the first integral on the right hand side of (22). Namely, we
prove that for any natural N the following estimate

2plk]

t
J Ji(t)x (m) t7%dt = ¢y + O (IkI_N) , k # 0, (24)
0
is valid, where the constant c, depends only on «.
We have
2pl| [e’e) o]
t t
J Ji(t) - x (m) t 7t dt = JL ()t dt — J J1(t) [1 —X (m)] t " dt. (25)
0 0 plk|
Set

o

o = | i(t)tF*adt.
|
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Note that for 0 < « < 5/2 this integral is converging and for 5/2 < « < 4 the

following equation is valid:
a3 —a/2)
Co = 27 ———
I (a/2)
(see [16], formula 13.24(1)).
To estimate the second integral on the right-hand side of (23), we again integrate it
by parts:

o0

t e t L
J J1(t) {1 —0 (m)] o dt = t2),(t) {1 —0 (m)] t

plk|

T t\1' ., . T t L
— J]z(t) {1 —c(m)} 7% dt + « J I (t) {1 —c(m”t‘ dt.

plkl plk|

t=00

t=pl[k|

When integrating, we used the formula

[t]2(1)] "= ().
Therefore,

0o 2pk|

o l 2—«x — l /<i) 2—o
Jh(t) {1 G(M)}t dt ™ J]z(t)o o 2 dt +

plkl plkl

+ o J J2(t) {1 —0 (I_ltlﬂ t'* dt.

plk|
Repeating this process enough times we can get the estimate

o0

J I(t) [1 _X(l_ltclﬂ t7dt = O (k). (26)

plk|

Therefore, the estimate (24) follows from (25) and (26).
Now we evaluate the second integral on the right hand side of (23). Namely, we
prove that for any natural N the following estimate

2p[k]

[ (,tﬂ) vt = o (™) (27)

plk|

is valid. We just note that the proof of this estimate is carried out in the same way as
it was done for the estimate (26).

Thus, the required estimate (21) follows from equations (22) and (23), and from
estimates (24) and (27).

U
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For any 2 x 2 matrix G = (g'V)) set
5 12
ij)|2
Gl = <Z 9] ) :
ij=1
Proposition 3. For any N € N the following relation is valid
AK) = 2r)*CA(K)K™ + Wo + O(KI™N), ke Z2, (28)

where A(k) is defined by (19).
Proof follows from above and from the fact that the matrix-function W belongs to

C(D).
Corollary 1. The following estimate s valid:

AR < C(1+IKP) 2 ke 72 (29)

Proposition 4. Let 2 < o« < 4. Then for any function v € C*(D) the estimate

[OV][ao) < Clviig2m) (30)

1s valid.

Proof. According to above, the hyper-singular integral (6) exists as regular one for
any function v € C°(R?). Then, according to (20) and estimate (29) we get

(D) < ClwlP(1 + (kP2
Therefore, by Parseval theorem we can write

Hq)VH%Z(D) = (ZTF)ZZ ‘(Bv)k|2 <

kez?

< C ) MmPO+IKD? < CIvIEy 2
kez?
O
Corollary 2. The hyper-singular operator ©® : C*(D) — L,(D) can be extended
as continuous operator O : Lg"z(D) — (D).

Solvability Analysis of Differential Equations in Hilbert Spaces

Now we consider the differential equation (8) with initial conditions (9).
Moving to Fourier coefficients we get the following Cauchy problem for differential
equation:
d 2w (t)

w Al (t) = fi(t), keZ? t>0, (31)
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with initial conditions
duk

w(0) =y, F(O) = Uy (32)
The matrix A(k) is defined by equation (19).

To find the solution of the problem (31)-(32) we use two matrix-functions depending
on parameter t, which were introduced and studied in [5]:

o0
t2m+1

P(t,A) = mZ_O(—Umm/\m»
and
Qt,A) = mZ_O(—U o
Proposition 5. The function
wlt) = QU ALk + PILAKD Y+ [ Plt— s, AGA(s) ds (33
0

is a solution of the Cauchy problem (31)-(32).
Proof. We have

% = —/\(k)P(t’ A(K)) by + Q(t, A(k))y + P(O) A(K))fi(t) + J Q(t —s, A(K))fi(s) ds.
0

Then, taking into account that P(0, A) =0 and Q(0,A) =1, we get

d*u

pFroiie —AK)Q(t, A(k)) b — A(K)P(t, A(K))bx +

+ Q0, A(K)f(t) — | A(K)P(t—s, A(k))f(s)ds =

o

— A Q(t,A)¢k+P(t,A)¢k+JP(t—s,A)fk(s)ds L flt) =
0
= — A(K)u(t) + fi(t).

Hence, the equation (31) is satisfied. It is clear that the initial conditions (32) are
also fulfilled.

O

Proposition 6. Let ¢(x) and P (x) belong to [,(D), and f(x, t) continuously depends
on t > 0 in the norm of [;(D). Then functions (33) are a sequence of Fourier coefficients
of some function u(x,t) that continuously depends on t > 0 in the norm of [,(D) .
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Proof. Using Proposition 4.4 from [5], we get for the functions (33) the following

estimate:
t

(0] < Caldl + Crlel + Cr [Ifulsllds 0<t<T
0

According to Parseval equation, the right hand side belongs to 1,. Hence, we may
state that the sequence wy(t) also belongs to 1,.

In this case, according to Riesz-Fischer theorem, there exists a function u(x,t) such
that its Fourier coefficients coincide with the sequence u(t).

Note that the right hand side of (33) continuously depends on t > 0. Hence, the
functions uy (t) are continuous on the half-line t > 0. Because of Parseval equation, the
function u(x,t) also is continuous on the half-line t > 0 in the norm of [,(D).

O

In the next Section, we show that the function w(x, t), whose existence is guaranteed
by Proposition 6, is indeed a solution to the Cauchy problem (8)-(9).

Proof of Theorem 1

We seek the solution to the problem in the form

ux,t) = > wlt)e™. (34)
kez?
where coefficients wy (t) are defined by (33), is a solution to the Cauchy problem (8)-(9).
Proposition 7. Let the Condition Theoreml be fulfilled. Then the function (34)
belongs to L) (D) with respect to variable x and is continuous function of variable t > 0
in the norm of L} (D).

Proof. It follows from above that the estimate

Ifi(s)] ds

()] < Iyl + — ¢ J
0

0+ )27 (T4 k)27

is valid.
Therefore,

(D14 K22 < Il (14 kP72 4 [l (1 + [kf?)y7/2 o2l 4
t
(1R [ 5)] s,
0
According to condition Theorem 1, the right hand side belongs to [,(D). Hence, the
left hand side also belongs to L,(D). This means that u € L}(D).
The continuous dependence on t is proved in the same way as above. []
Proposition 8. Let the Condition Theorem 1 be fulfilled. Then u(x,t) defined by

(34), is two times continuously differentiable with respect to t on the half-line t > 0 in
the norm of Uz”“z_“(D).
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Proof. From (33) we obtain

dzuk(t)

ST = —A(Kw(t) + fil(t), keZ? t>0. (35)

Further,
dzuk (t)
dt?

= — AR we(t) (14 KH)OH22 4y (1) (1 + K522,

(1 +|k|2)(y+270c)/2 —

It follows from (29) that

2
: 5‘5” (14 )= <

< Chu(t)] - (T4 kP2 + [fi(t)]- (14 [k 2772,

According to the given conditions and Parseval equation, the right hand side belongs
to 1,. The same we can say about left hand side. This means that the function

U (x, 1) = Zu{!(t)em

kez?

belongs to L} %(D).

O

Proof of the Theorem 1. From Propositions 7 and 8 it follows that u(x, t) satisfies
equation (8) and the initial conditions (9).

This implies the existence of a solution to the considered problem. It remains to
prove the uniqueness of the obtained solution.

Assume that there exist two solutions u;(x,t) and u,(x,t) to the problem (8)-(9).
Then the difference v = u; — u; is the solution of homogeneous problem

0%v(x, )

T — Bv(x,t) = 0, xeD, t>0,

with initial conditions
v(x,0) =0, vi(x,0) =0, x € D.

Solution of this problem is
t
w(t) = — J(t — s)A(K)v(s) ds.
0

The Volterra type integral operator on the right hand side is quasinilpotent, hence
this equation has only trivial solution vi(t) = 0. Therefore v(x,t) = 0, and w;(x,t) =
u(x,t).
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Conclusion

This study focused specifically on analyzing how the solution’s regularity varies with

the kernel’s singularity order, while the dependence on the horizon parameter was not
investigated. Our central result establishes that the pseudo-differential operator’s order

o« — 2 precisely matches the singularity exponent of the hyper-singular integral kernel.

Theorem 1 proves that for regular problem data, the solution maintains smoothness

of order &« — 2 in Sobolev spaces. This implies:

e Enhanced spatial regularity with increasing «.
e Continuous solutions when « > 3 (via Sobolev embedding).

e The necessity of weakly singular kernels for generating non-smooth solutions.

The findings demonstrate a direct relationship between kernel singularity strength

and solution regularity, suggesting that discontinuous solutions require operators with
milder singularities.
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