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Abstract. Unlike classical continuum mechanics, where the linearized model is described by partial
differential equations, the peridynamic model leads to an integro-differential equation with a non-integrable
kernel. The proposed method belongs to the category of nonlocal models, as particles separated by a finite
distance can interact with each other. This allows the description of processes occurring in structures with
cracks and discontinuities. Fracture is considered a natural result of deformation arising from the equation
of motion and the constitutive model. Consequently, modeling crack growth in the peridynamic framework
does not require additional data or equations that would be necessary in traditional fracture mechanics
to determine crack initiation. The study examines a peridynamic model on a two-dimensional periodic
structure related to graphene -a two-dimensional allotropic form of carbon. It can be thought of as a single
plane of layered graphite separated from the bulk crystal. Estimates suggest that graphene possesses high
mechanical stiffness and record-breaking thermal conductivity. Its exceptionally high charge carrier mobility,
which is the highest among all known materials (for the same thickness), makes it a promising material
for various applications, particularly as a future foundation for nanoelectronics. The work investigates a
hypersingular integro-differential equation describing oscillations in a two-dimensional periodic structure.
A transformation has been found that allows the regularization of the singular integral operator involved in
the equation. This made it possible to obtain a unique solution to the problem in the introduced Sobolev
space.
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Перидинамическая модель колебаний в двумерной
периодической структуре

А.В. Юлдашева∗

Московский государственный университет имени М.В. Ломоносова, Ташкентский филиал,
100060, г. Ташкент, ул. Амира Темура, 22, Узбекистан

Аннотация. В отличие от классической механики сплошной среды, где линеаризованная модель
описывается уравнениями в частных производных, перидинамическая модель приводит к интегро-
дифференциальному уравнению с сингулярным ядром. Этот метод относится к категории
нелокальных, поскольку частицы, разделенные конечным расстоянием, могут взаимодействовать
друг с другом. Это позволяет описывать процессы, происходящие в структурах с трещинами
и разрывами. Разрушение считается естественным результатом деформации, возникающей из
уравнения движения и конститутивной модели. Следовательно, моделирование роста трещины в
перидинамической структуре не требует дополнительных данных или уравнений, которые были
бы необходимы в традиционной механике разрушения для определения зарождения трещины. В
исследовании рассматривается перидинамическая модель на двумерной периодической структуре,
связанной с графеном — двумерной аллотропной формой углерода. Ее можно рассматривать
как одну плоскость слоистого графита, отделенную от объемного кристалла. Оценки показывают,
что графен обладает высокой механической жесткостью и рекордной теплопроводностью. Его
исключительно высокая подвижность носителей заряда, которая является самой высокой среди
всех известных материалов (при той же толщине), делает его перспективным материалом для
различных приложений, в частности, как будущая основа для наноэлектроники. В работе исследуется
гиперсингулярное интегро-дифференциальное уравнение, описывающее колебания в двумерной
периодической структуре. Найдено преобразование, позволяющее регуляризовать сингулярный
интегральный оператор, участвующий в уравнении. Это позволило получить единственное решение
задачи во введенном пространстве Соболева.

Ключевые слова: интегро-дифференциальное уравнение, сингулярный интегральный оператор,
перидинамика
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Introduction

We consider the linearized peridynamic model which leads to integro-differential
equation of the form:

∂2u

∂t2
+

∫
T2

F(x− ξ)[u(x, t) − u(ξ, t)]dξ = f(x, t), x ∈ D, t > 0, (1)

with initial data
u(x, 0) = ϕ(x), ut(x, 0) = ψ(x). (2)

Here x = (x1, x2) ∈ D = [−π, π]×[−π, π]. All the functions considered are 2π-periodic
with respect to each coordinate xk.

We consider a peridynamic continuum model which involves the integration over the
differences of the displacement field ( [6], [9], [12], [13]).

In equations (1) and (2) u : D × [0, T ] → R2 is unknown function, the kernel F is
2× 2 matrix-function with domain D×D, ϕ : D→ R2 and ψ : D→ R2 are initial data,
and f : D× [0, T ] → R2 is the external force (see [13]).

We consider the periodic kernel, which has the form

F(x) =
(x⊗ x)
|x|2+α

σ(|x|), τ > 0, x ∈ D. (3)

The function σ ∈ C∞
0 (R) satisfies for some ρ > 0 and fixed 0 < δ < 1, the following

conditions:

σ(r) =

{
1 for r ≤ (1− δ)ρ,

0 for r ≥ ρ,

and 0 ≤ σ(r) ≤ 1 for r ∈ R. Usually the parameter ρ, which is known as horizon, is
chosen to be small enough. The value of parameter δ is determined by the thickness of
the boundary layer, in which the impact of the surrounding particles is reduced to zero.

The problem with similar type of kernel has been studied by several authors [8], [13],
[17] (see also [1], [2], where the problem was studied for n spatial variables at n ≥ 3.).

Using the evenness of the kernel F(x) equation (1) can be converted to the following
form

utt(x, t) −
1

2

∫
D

F(ξ)
[
u(x+ ξ, t) − 2u(x, t) + u(x− ξ, t)

]
dξ = f(x, t). (4)

The object of our investigation is this singular integro-differential equation.
Note that the kernel F(x) has the singularity like |x|−α. In considered case where

α > 2 this kernel is not integrable over D, and the corresponding integral operator is
not bounded in L2(D) [1].

In what follows we assume that

2 < α < 4. (5)

80



Peridynamic Model of Vibrations . . . ISSN 2079-6641

For any β > 0 we define the Sobolev space Lβ2 (D) as the space of vector-functions
f ∈ L2(D) with the finite norm (see [11])

∥f∥2
L
β
2

= 4π2
∑
k∈Z2

|fk|
2(1+ |k|2)β.

Here
fk =

1

(2π)2

∫
D

f(x) e−ikx dx

are the Fourier coefficients of function f.
Set

Φv(x) =
1

2

∫
D

F(ξ)
[
v(x+ ξ) − 2v(x) + v(x− ξ)

]
dξ. (6)

We prove that operator Φ : C∞(D) → L2(D) for any α from interval (5) satisfies
inequality

∥Φv∥L2(D) ≤ const∥v∥Lα−2
2 (D), v ∈ C∞(D). (7)

According to (7), operator Φ can be extended from C∞(D) to the whole Hilbert
space Lτ2(D).

So, in this paper, we study the following Cauchy problem

utt(x, t) − Φu(x, t) = f(x, t), x ∈ D, t > 0, (8)

u(x, 0) = ϕ(x), ut(x, 0) = ψ(x), x ∈ D. (9)

Definition 1. We define the solution of the Cauchy problem (8)- (9) as the function
u(x, t), which belongs to the space Lα−22 (D) for every t ≥ 0, is continuous with respect
to t in the norm of this space on the closed half-line t ≥ 0, is two times continuously
differentiable on the open half-line t > 0 in the norm of L2(D), and satisfies the
conditions (8) and (9).

Note that by imposing condition 2 < α ≤ 3 for Lα−22 (D), we admit the existence of
solutions that are discontinuous in spatial variables.

We prove the validity of the following statement.
Theorem 1. Let γ ≥ α. Assume that the initial functions ϕ(x) and ψ(x)

belong to Sobolev spaces Lγ2(D) and Lγ−α/22 (D) respectively, and external force f(x, t)
continuously depends on t ≥ 0 in the norm of Lγ−α/22 (D).Then the solution of the
Cauchy problem (8)- (9) exists, belongs to Lγ2(D), and is unique.

Reformulation of Hypersingular Operator as a Regular
Integro-Differential Operator

Here and henceforth, we employ the notation established in the paper.
Note that for of any function u ∈ C∞(D) the Fourier coefficients of the function

v = (∇⊗∇)u satisfies equation

vk = (ik⊗ ik)uk. (10)
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Furthermore, define the following differential operator:

ℑ(∇) =
1

τ(τ+ 2)

[
(∇⊗∇) +

1

τ
I∆

]
. (11)

Proposition 1. For α > 2 the following identity

ℑ(∇)
1

|x− ξ|α−2
=

(x− ξ)⊗ (x− ξ)

|x− ξ|α+2
(12)

is valid.
The proof is carried out by direct calculation.

Remark 1. Without loss of generality we can assume that the kernel (3) has the
form

Φ(x) = ℑ(∇)
σ(|x|)

|x|α−2
+ W(x), α > 2, x ∈ D, (13)

where W(x) is a matrix-function with entries w(ij) ∈ C∞
0 (D).

According to (10), for any function u ∈ C∞(D) the Fourier coefficients of the function
v = ℑ(∇)u satisfy equation

vk = [ℑ(∇)u]k = ℑ(ik)uk. (14)

Using the proposition 1, we transform the hyper-singular operator Φ defined by
equation (6) to the regular form.

Proposition 2. For any v ∈ C∞(D) the equation

Φv(x) =

∫
D

σ(|ξ|)

|ξ|α−2
ℑ(∇ξ)v(x− ξ)dξ +

1

2

∫
D

[W(ξ) +W(−ξ)] v(x+ ξ)dξ −

(∫
D

W(ξ)dξ

)
v(x). (15)

is valid.
Proof. Indeed, by integrating we get

1

2

∫
D

(
ℑ(∇ξ)

σ(|ξ|)

|ξ|α−2

)
[v(x+ ξ) − 2v(x) + v(x− ξ)]dξ =

=
1

2

∫
D

σ(|ξ|)

|ξ|α−2
ℑ(∇ξ)[v(x+ ξ) + v(x− ξ)]dξ =

=

∫
D

χ(|y|)

|y|τ
ℑ(∇ξ)[v(x− ξ)]dξ . (16)

At last step we took into account the equation∫
D

σ(|ξ|)

|ξ|α−2
ℑ(∇ξ)[v(x+ ξ)]dξ =

∫
D

χ(|ξ|)

|ξ|α−2
ℑ(∇ξ)[v(x− ξ)]dξ .
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Further,

1

2

∫
D

W(ξ) [v(x+ ξ) − 2v(x) + v(x− ξ)]dξ =

=
1

2

∫
D

[W(ξ) +W(−ξ)] v(x+ ξ)dξ −

∫
D

W(ξ)dξ

 v(x). (17)

Therefore, the equation (15) follows from (16), (17) and (13).
□

Fourier Series Expansion of the Kernel

The main part of the hyper-singular operator Φ, which is defined by equation (6),
is integro-differential operator on the right-hand side of (13).

Consider for 2 < α < 4 the function

L(x) =
σ(|x|)

|x|α−2
, x ∈ D . (18)

Set
Λ(k) = (2π)2

[
Lkℑ(k) −Wk −W−k +W0

]
, k ∈ Z2. (19)

Here Lk are the Fourier coefficients of L:

Lk = (2π)−2
∫
D

L(x)e−ikx dx.

Denote byWk the matrix which elements w(ij)
k are Fourier coefficients of the elements

w(ij) of matrix W(x), i. e.

w
(ij)
k = (2π)−2

∫
D

w(ij)(x)e−ikx dx.

It follows from (13) that for any v ∈ C∞(D) the Fourier coefficients of the Φv have
the form

(Φv)k = −Λ(k)vk, k ∈ Z2. (20)

We start by estimating the Fourier coefficients of the function (18).
Proposition 3. For any natural N the Fourier coefficients Lk of the kernel L satisfy

the estimate

Lk =
C

|k|4−α
+ O

(
|k|−N

)
, k ̸= 0, (21)

where the constant C depends only on α.
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Proof. To calculate the coefficients, we use the Weber formula (see [15], Chapter
XVIII, (18.3.4)):

Lk = (2π)−2
∫
D

L(x)e−ikx dx = (2π)−2
∫
D

σ(|x|)

|x|α−2
e−ikx dx =

= (2π)−1
2ρ∫
0

J0(r|k|) ·
χ(r)

rτ
· r dr.

By substitution t = r|k| we get

Lk = (2π)−1|k|α
2ρ|k|∫
0

J0(t)σ

(
t

|k|

)
t3−α dt. (22)

Taking into account the relation

[tJ1(t)]
′ = tJ0(t)

and integrating by parts we can transform the integral (22) to the following form

2ρ|k|∫
0

J0(t)χ

(
t

|k|

)
t3−α dt = [tJ1(t)]χ

(
t

|k|

)
t2−α

∣∣∣∣t=2ρ|k|
t=0

+

(2− α)

2ρ|k|∫
0

J1(t)χ

(
t

|k|

)
t2−α dt −

2ρ|k|∫
ρ|k|

J1(t)
1

|k|
χ ′
(
t

|k|

)
t3−α dt . (23)

We begin by evaluating the first integral on the right hand side of (22). Namely, we
prove that for any natural N the following estimate

2ρ|k|∫
0

J1(t)χ

(
t

|k|

)
t2−α dt = cα + O

(
|k|−N

)
, k ̸= 0, (24)

is valid, where the constant cα depends only on α.
We have

2ρ|k|∫
0

J1(t) · χ
(
t

|k|

)
t−τ dt =

∞∫
0

J1(t)t
−τ dt−

∞∫
ρ|k|

J1(t)

[
1− χ

(
t

|k|

)]
t−τ dt. (25)

Set

cα =

∞∫
0

J1(t) t
2−α dt.

84



Peridynamic Model of Vibrations . . . ISSN 2079-6641

Note that for 0 < α < 5/2 this integral is converging and for 5/2 < α < 4 the
following equation is valid:

cα = 22−α
Γ (3− α/2)

Γ (α/2)

(see [16], formula 13.24(1)).
To estimate the second integral on the right-hand side of (23), we again integrate it

by parts:

∞∫
ρ|k|

J1(t)

[
1− σ

(
t

|k|

)]
t2−α dt = t2J2(t)

[
1− σ

(
t

|k|

)]
t−α
∣∣∣∣t=∞
t=ρ|k|

−

−

∞∫
ρ|k|

J2(t)

[
1− σ

(
t

|k|

)] ′
t2−α dt + α

∞∫
ρ|k|

J2(t)

[
1− σ

(
t

|k|

)]
t1−α dt.

When integrating, we used the formula[
t2J2(t)

] ′
= t2J1(t).

Therefore,

∞∫
ρ|k|

J1(t)

[
1− σ

(
t

|k|

)]
t2−α dt =

1

|k|

2ρ|k|∫
ρ|k|

J2(t)σ
′
(
t

|k|

)
t2−α dt +

+ α

∞∫
ρ|k|

J2(t)

[
1− σ

(
t

|k|

)]
t1−α dt.

Repeating this process enough times we can get the estimate

∞∫
ρ|k|

J1(t)

[
1− χ

(
t

|k|

)]
t−τ dt = O

(
|k|−N

)
. (26)

Therefore, the estimate (24) follows from (25) and (26).
Now we evaluate the second integral on the right hand side of (23). Namely, we

prove that for any natural N the following estimate

2ρ|k|∫
ρ|k|

J1(t)χ
′
(
t

|k|

)
t1−τ dt = O

(
|k|−N

)
(27)

is valid. We just note that the proof of this estimate is carried out in the same way as
it was done for the estimate (26).

Thus, the required estimate (21) follows from equations (22) and (23), and from
estimates (24) and (27).

□
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For any 2× 2 matrix G = (g(ij)) set

|G| =

(
2∑

i,j=1

∣∣g(ij)∣∣2)1/2 .
Proposition 3. For any N ∈ N the following relation is valid

Λ(k) = (2π)2CτAτ(k)|k|
τ−2 + W0 + O

(
|k|−N

)
, k ∈ Z2, (28)

where Λ(k) is defined by (19).
Proof follows from above and from the fact that the matrix-function W belongs to

C∞
0 (D).

Corollary 1. The following estimate is valid:

|Λ(k)| ≤ C
(
1+ |k|2

)(α−2)/2
, k ∈ Z2. (29)

Proposition 4. Let 2 < α < 4. Then for any function v ∈ C∞(D) the estimate

∥Φv∥L2(D) ≤ C ∥v∥Lα−2
2 (D) (30)

is valid.
Proof. According to above, the hyper-singular integral (6) exists as regular one for

any function v ∈ C∞
0 (R2). Then, according to (20) and estimate (29) we get

|(Φv)k|
2 ≤ C |vk|

2(1+ |k|2)α−2.

Therefore, by Parseval theorem we can write

∥Φv∥2L2(D) = (2π)2
∑
k∈Z2

∣∣(Bv)k∣∣2 ≤

≤ C
∑
k∈Z2

|vk|
2(1+ |k|2)α−2 ≤ C ∥v∥2

Lα−2
2 (D

.

□

Corollary 2. The hyper-singular operator Φ : C∞(D) → L2(D) can be extended
as continuous operator Φ : Lα−22 (D) → L2(D).

Solvability Analysis of Differential Equations in Hilbert Spaces

Now we consider the differential equation (8) with initial conditions (9).
Moving to Fourier coefficients we get the following Cauchy problem for differential

equation:
d 2uk(t)

dt2
+ Λ(k)uk(t) = fk(t), k ∈ Z2, t > 0, (31)
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with initial conditions
uk(0) = ϕk,

duk

dt
(0) = ψk. (32)

The matrix Λ(k) is defined by equation (19).

To find the solution of the problem (31)-(32) we use two matrix-functions depending
on parameter t, which were introduced and studied in [5]:

P(t,Λ) =

∞∑
m=0

(−1)m
t2m+1

(2m+ 1)!
Λm,

and

Q(t,Λ) =

∞∑
m=0

(−1)m
t2m

(2m)!
Λm.

Proposition 5. The function

uk(t) = Q(t,Λ(k))ϕk + P(t,Λ(k))ψk +

t∫
0

P(t− s,Λ(k))fk(s)ds (33)

is a solution of the Cauchy problem (31)-(32).
Proof. We have

duk

dt
= −Λ(k)P(t,Λ(k))ϕk +Q(t,Λ(k))ψk + P(0,Λ(k))fk(t) +

t∫
0

Q(t− s,Λ(k))fk(s)ds.

Then, taking into account that P(0,Λ) = 0 and Q(0,Λ) = I, we get

d2u

dt2
= −Λ(k)Q(t,Λ(k))ϕk − Λ(k)P(t,Λ(k))ψk +

+ Q(0,Λ(k))fk(t) −

t∫
0

Λ(k)P(t− s,Λ(k))fk(s)ds =

= −Λ

Q(t,Λ)ϕk + P(t,Λ)ψk +

t∫
0

P(t− s,Λ)fk(s)ds

+ fk(t) =

= − Λ(k)uk(t) + fk(t).

Hence, the equation (31) is satisfied. It is clear that the initial conditions (32) are
also fulfilled.

□

Proposition 6. Let ϕ(x) and ψ(x) belong to L2(D), and f(x, t) continuously depends
on t ≥ 0 in the norm of L2(D). Then functions (33) are a sequence of Fourier coefficients
of some function u(x, t) that continuously depends on t ≥ 0 in the norm of L2(D) .
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Proof. Using Proposition 4.4 from [5], we get for the functions (33) the following
estimate:

|uk(t)| ≤ CT |ϕk|+ CT |ψk|+ CT

t∫
0

|fk(s)|ds 0 ≤ t ≤ T.

According to Parseval equation, the right hand side belongs to l2. Hence, we may
state that the sequence uk(t) also belongs to l2.

In this case, according to Riesz-Fischer theorem, there exists a function u(x, t) such
that its Fourier coefficients coincide with the sequence uk(t).

Note that the right hand side of (33) continuously depends on t ≥ 0. Hence, the
functions uk(t) are continuous on the half-line t ≥ 0. Because of Parseval equation, the
function u(x, t) also is continuous on the half-line t ≥ 0 in the norm of L2(D).

□
In the next Section, we show that the function u(x, t), whose existence is guaranteed

by Proposition 6, is indeed a solution to the Cauchy problem (8)-(9).

Proof of Theorem 1

We seek the solution to the problem in the form

u(x, t) =
∑
k∈Z2

uk(t)e
ikx. (34)

where coefficients uk(t) are defined by (33), is a solution to the Cauchy problem (8)-(9).
Proposition 7. Let the Condition Theorem1 be fulfilled. Then the function (34)

belongs to Lγ2(D) with respect to variable x and is continuous function of variable t ≥ 0
in the norm of Lγ2(D).

Proof. It follows from above that the estimate

|uk(t)| ≤ |ϕk|+
C |ψk|

(1+ |k|2)(α−2)/4
+

C

(1+ |k|2)(α−2)/4

t∫
0

|fk(s)|ds

is valid.
Therefore,

|uk(t)|(1+ |k|2)γ/2 ≤ |ϕk|(1+ |k|2)γ/2 + |ψk|(1+ |k|2)γ/2−(α−2)/4 +

+ (1+ |k|2)γ/2−(α−2)/4

t∫
0

|fk(s)|ds.

According to condition Theorem 1, the right hand side belongs to L2(D). Hence, the
left hand side also belongs to L2(D). This means that u ∈ Lγ2(D).

The continuous dependence on t is proved in the same way as above. □
Proposition 8. Let the Condition Theorem 1 be fulfilled. Then u(x, t) defined by

(34), is two times continuously differentiable with respect to t on the half-line t ≥ 0 in
the norm of Lγ+2−α2 (D).
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Proof. From (33) we obtain

d2uk(t)

dt2
= −Λ(k)uk(t) + fk(t), k ∈ Z2, t > 0. (35)

Further,
d2uk(t)

dt2
(1+ |k|2)(γ+2−α)/2 =

= −Λ(k)uk(t)(1+ |k|2)(γ+2−α)/2 + fk(t)(1+ |k|2)(γ+2−α)/2.

It follows from (29) that

|
d2uk(t)

dt2
|(1+ |k|2)(γ+2−α)/2 ≤

≤ C|uk(t)| · (1+ |k|2)γ/2 + |fk(t)| · (1+ |k|2)(γ+2−α)/2.

According to the given conditions and Parseval equation, the right hand side belongs
to l2. The same we can say about left hand side. This means that the function

utt(x, t) =
∑
k∈Z2

u ′′
k (t)e

ikx

belongs to Lγ+2−α2 (D).
□

Proof of the Theorem 1. From Propositions 7 and 8 it follows that u(x, t) satisfies
equation (8) and the initial conditions (9).

This implies the existence of a solution to the considered problem. It remains to
prove the uniqueness of the obtained solution.

Assume that there exist two solutions u1(x, t) and u2(x, t) to the problem (8)-(9).
Then the difference v = u1 − u2 is the solution of homogeneous problem

∂2v(x, t)

∂t2
− Bv(x, t) = 0, x ∈ D, t > 0,

with initial conditions

v(x, 0) = 0, vt(x, 0) = 0, x ∈ D.

Solution of this problem is

vk(t) = −

t∫
0

(t− s)Λ(k)vk(s)ds.

The Volterra type integral operator on the right hand side is quasinilpotent, hence
this equation has only trivial solution vk(t) ≡ 0. Therefore v(x, t) ≡ 0, and u1(x, t) =
u2(x, t).
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Conclusion

This study focused specifically on analyzing how the solution’s regularity varies with
the kernel’s singularity order, while the dependence on the horizon parameter was not
investigated. Our central result establishes that the pseudo-differential operator’s order
α− 2 precisely matches the singularity exponent of the hyper-singular integral kernel.

Theorem 1 proves that for regular problem data, the solution maintains smoothness
of order α− 2 in Sobolev spaces. This implies:

• Enhanced spatial regularity with increasing α.

• Continuous solutions when α > 3 (via Sobolev embedding).

• The necessity of weakly singular kernels for generating non-smooth solutions.

The findings demonstrate a direct relationship between kernel singularity strength
and solution regularity, suggesting that discontinuous solutions require operators with
milder singularities.
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