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Abstract. In this paper, we consider a problem with a free boundary for a diffusive predator-prey system in the one-
dimensional case. Nonlinear problems with free boundary are studied using a method based on constructing a priori
estimates. Therefore, first, using a method based on constructing a priori estimates, we will determine the constraints
on the parameters of the problem, under which it is globally solvable. The first, fundamental estimate, gives the initial
information, starting from which one can receive step by step, moving up the scale of Banach spaces. To do this,
the problem is reduced to a fixed-boundary problem through a change of variables. The resulting problem has time-
and space-dependent coefficients with nonlinear terms. Next, Schauder-type a priori estimates are constructed for
the equation with nonlinear terms and a fixed boundary. Based on these estimates, the uniqueness of the solution to

the problem is proven. Then, the global existence of a solution to the problem was proved using the Leray-Schauder
fixed point theorem.
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AnHOoTanusi. B paHHOM paboTe paccMaTpHBAaeTCs 3apada CO CBOOOAHOM rpaHuUIleil AAS AUDDY3IUOHHOMN
CHCTEMBI XUIHUK-)XEPTBA B OAHOMEDPHOM cAydae. VccnaepoBaHme HEAMHENHBIX 33aAa9 CO CBOGOAHBIMU
TPaHUIAMU METOAOM, OCHOBAaHHBIM Ha IIOCTPOEHUU ANPUOPHBIX OIEHOK. [I03TOMy CHadana C IIOMOIILIO
MeTOAA, OCHOBAHHOI'O Ha IIOCTPOEHUY AIPUOPHEBIX OLEHOK, OIIPEAEAUM OrPAaHWYEHUs Ha [IapaMeTphHL 33734,
IpY KOTOPHEIX OHA I'AODAABHO paspemuMa. llepBasi, OCHOBOIIOAATAIOINAsl OLEHKA, AAET Ty HAYAABHYIO
uHQOPMAIWIO, OTIPABASISICE OT KOTOPOM MOXKHO [OAYYaTh IMAr 3a WIaroM, ABUIAsiCb BBEPX MO IIKaAE
6aHaXOBBIX IIPOCTPAHCTB. AASI 3TOro 3apada CBOAUTCS K 3apade C (PUKCHPOBAHHON I'paHULEl dYepe3s
3aMeHy HepeMeHHBIX. [lonydueHHasT 3aaada WMeeT 3aBUCSIUE OT BPEMEHU U IIOAOXKEHUSI B IIPOCTPAHCTBE
KO3(PPUIMEHTHI C HEAUHENHBIMU CAAraeMbIMU. Jaaee IIOCTPOEHEI allpUOPHLIE oneHKM Tumna lllayaepa ans
DeLIEHUs] YPaBHEHUsI C HEAWHENHBIMY CAATaeMbIMU U (DUKCUPOBAHHON rpaHuneil. Ha ocHOBe mOAyYEHHEBIX
OIIEHOK AOKa3aHa E€AMHCTBEHHOCTb PELIEHUSI 3aAadll. 3aTeM OBIAO AOKAa3aHO AODAanbHOE CYIIECTBOBAHUE
PEIIeHNsT 3aAa4X C IIOMOIILI0 TeopeMbl Aepa-11Tayaepa 0 HEITOABUIKHOM TOYKE.
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Introduction

The spreading of predator-prey species are a central topic of biology, and significant
research has been devoted to better understanding the nature of such spread.
Environmental problems require the use of a whole hierarchy of models capable of
describing not only different levels of organization of systems, but also the interaction
between these levels. However, significant advances have been made in species invasion
studies through frontal spread studies (see, eg, [1-3]).

The expansion behavior of biological predator-prey populations in the environment
is not just caused by simple individual random move. For example, the migration of
prey are affected by the spatial distribution of food and water, in addition often affected
by the indirect effects of predators which in turn affects the direction of movement of
predators. So, all expansion behavior of this type in nature will have a certain direction.
In mathematical models, the convection term is generally used to describe this kind
of directional movement. In many studies, the term convection is linear and depends
only on the density gradient of the [2,4] components. However, in general, convection
is also affected by the density of the components, which in turn leads to nonlinear
convection [5-9]. Such problems are mainly focused on the study of free boundaries, i.e.
studying expanding front of species. Generally, free boundaries are used to describe the
invasion of biological species in mathematical models.

In [10], author first derived the free boundary problem for a predator-prey system
to describe the predator aggregation in prey density areas, where the existence and
uniqueness results were provided. Since then, various reaction-diffusion models have
been proposed to interpret the predator-prey phenomenon [11-13]. In the articles
[14-16], it is assumed that two predator-prey species propagate along the same free
boundary. Similar works, but for two-species competition models, can be found in
[17,18]. Also, many mathematical models with a free boundary have been developed to
study applied problems [19-24].

In this article, we study a prey-predator system with a free boundary:

u — diuy + mpvu, = u(a; —bju+¢yv), (t,x) € D, (1)
v — davex + Muuvy, = v (a; —bou—cyv),  (t,x) € Q, (2)
u(0,x) =uo (x), 0<x<s(0) = s, (3)
v(0,x) =v (x), 0<x<1, (4)

u, (t,0) =0, 0<t<T, (5)
u(t,s(t)) =0, 0<t<T ult,x)=0, s(t)<x<l, (6)
s'(t) = —mu, (tys (), 0<t<T, (7)

v (t,0) =0, 0<t<T, (8)

() =0, 0<t<T, (9)

where D = {(t,x):0<t<TO0<x<s(t)}, Q ={(t,x): 0<t<TO<x <1} s(t) is
a free boundary, which represent propagation fronts. u(t,x) and v (t,x) represent,
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respectively, densities of predator and prey species that are interacting and migrating
in the region D and Q. The prey species migrates in the interval (0,1) and the
predator disperses through random diffusion only in a part of the interval (0, 1), namely
0 < x < s(t), then there is no predator in the remaining part. d; denotes its respective
diffusion rate and the real number a; describes its net birth rate, i = 1,2. b; and ¢,
are the coefficients of intra-specific competitions, and b, and c¢; are the coefficients of
inter-specific competitions. And the parameter p respectively represents the speed of
propagation into new region for u(t,x).

Assume that the data of the problem satisfy the following conditions:
(i) di, my, ai, by, ci, 1 are positive constants, i =1, 2;
(it) uo (%), vo (x) € C?[0,s0l, 0 <o (x) < g in (0,80) 0 <wo(x) < 2 in (0,1),

Uo (0) =up (s0) =0, uj(so) <0, vy (0) =vi(l) =0.

Problem (1)—(9) was studied in [10] in the case m; = m, = 0.

The rest of paper is organized as follows. In section 2 we establish two-sided bounds
for u(t,x), v(t,x) and s’(t), and then a Holder norm bounds for u(t,x), v(t,x). And in
section 3 we prove uniqueness and existence results.

A priori estimates

In this section we establish several a priori bounds which will be used later. First of
all, let us establish the boundedness of the functions u (t,x), v(t,x), s’ (t). Further, a
priori estimates for the higher derivatives are established.

Theorem 1. Let u(t,x), v(t,x), s(t) be a solution of (1)—(9). Then there hold
estimates:

0<u(t,x) <M, (t,x)eD, (10)
0<v(t,x) <My, (t,x) €Q, (11)
0 < s'(t) < M, 0<t<T (12)

Proof. First we prove the positivity of the function v (t,x). Take some arbitrary
point P € Q such that v (P) = 0. At this point, the right-hand side of (1) should be
zero. And also at this point the function v (t,x) reaches its minimum value. Hence,
according to the usual maximum principle v (P) = v (Py) for all Py € Qo = {(to,x) : 0 <
to < T,0 < x < 1} and we arrive at a contradiction. The resulting contradiction proves
that v (t,x) > 0 in Q (the proof of the positiveness of u (t,x) is similar in D).

To get the upper bounds, we proceed as follows. Consider the following initial value
problem:

{% :v(az—CZv), t> O,
5(0) = [[vol.-

The comparison principle applied to the function v — v, shows that

v(t,x) <supv(t) < maX{Hvo(x)H, %} = My,
£0 2
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where

—1
a a
V(t) = Zet (eﬂzt —1+ —2) .

b, C2[[Vol| o

Similarly, we construct an auxiliary problem for an ordinary differential equation:

{% =u(a +eMy —biw), t>0,
u(0) = [luol|q-
Its solution is given by the following explicit formula:
-
u(t) = LC‘MZe(a]mMz)t (e(a1+C1Mz)t 14 a; + ¢ Mz) .
b b1 [[uoll.,

Comparing u(t,x) with u(t) yields that

b
u(t,x) < suptu(t) < max {||uo(x)||, M} =M.
>0 bib;

We now turn to prove (12). Since the condition (6) and the positivity of the function
u(t,x) in the domain D, we find wu,(t,s(t)) < 0. Hence, from (7) we get s’(t) > 0.
Next we prove an upper bound of s’(t). To do so, we define

Q:{(t,x):O<t<T,s(t)—%<x<S(t)}>

where N is a positive constant to be determined later. And we construct an auxiliary
function on Q) as follows

w(t,x) = My [2N(s(t) —x) — N*(s(t) —x)*] .

We will choose N so that w(t,x) > u(t,x) holds over Q. Direct calculations show
that, for (t,x) € Q,
we = 2MNs/(1) (1 — N(s(t) — x)),

—Wxx = 2M1N2>
—wy, = 2MyN (1 — N(s(t) — x)).
It follows from s’(t) > 0, (10) and (11) that

Wy — diWi + Tyvwy > (241N = 2mMoN) My > (g + ¢ Ma) My
>u(a; —bju+¢v) = u — diuy + myvu,

on (), provided that

S (a1 +¢1Ma) + vm? + 2di(ar + ¢1M,)
- 2d,

Also note that
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w(t,s(t)) =0 =u(t,s(t)).

Thus, if we can choose N such that uy(x) < w(0,x) for x € [so — %,so}, then we
can apply the maximum principle to w —u over Q to deduce that u(t,x) < w(t,x) for
(t,x) € Q. It would then follow that

Ux(t, s(t)) = wi(t, s(t)) = —2NMy,

s'(t) = —uuy(t, s(t) < Mz = 2NM.

To complete the proof, we need only find some N independent of T such that
1
uo(x) <w(0,x) for xe€ [so — N,so} ,

then we can apply the maximum principle to w —u.
By the definition of w, we have

w(0,x) = M, [ZN (so —x) — N? (s —x)z]
if x € [so— 5 S0 — 317), then w(0,x) > 3My; if x € [so — 3x, o], then
Wy (0,x) = —2M N [T — N (sp — x)] < —M;N.

Therefore upon choosing

N — max (a7 +c1M,y) + \/m% + 2d;(a; + ¢1My) 4 HuOHC‘([O,so])
N 2d, ’ 3M,

we will have

N

Since w (0, s9) = o (so) = 0, the above inequality implies

1
wy (0,x) <uy(x) for xe€ {so — ]

1
> -
w(0,x) > ug(x) for x € [so N’ 501

Moreover, for x € [s) — &, So — 2 |, We have

3 [[wolf e [0,50]
w(0,x) > ZM]’ Ug(x) < #

S,
Therefore uo(x) < w(0,x) for x € [so — , So]-

This completes the proof. [J

Initial estimates have been received. Now, using the results of the work [25], we
establish a priori estimates for u,, v, and higher derivatives.

Further, for each equation of the system, we separately formulate the corresponding
problem:

w — djlg + mpvie = u (@ —bju+cv), (t,x) €D, (13)

u(0,x) =uy (x), 0<x < sy, (14)
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we(t,0) =0, u(ts(t)=0, 0<t<T, (15)
$'(t) = —puy (4,5 (1), 0<t<T (16)
and
Vi — daVix + Mauv, = v (a; —bou—cyv),  (t,x) € Q, (17)
v(0,x) =wvo(x), 0<x<1, (18)
v (t,0) =0, 0<t<T, (19)
vw(t)=0, 0<t<T. (20)

First, we obtain a priori estimates for v(t,x). The equation (17) satisfies the
conditions of Theorem 3 in [25]:

B
B2l <K (v +1), Ky >0. (21)
Az
where A; = dy, B, = v (a; — bu —¢pv) — mouy,.
Therefore, it takes place:

Theorem 2. If the conditions (21) are fulfilled, then the following estimate is
valid
ity x)] < My(My, My, d2, Ky, 8),  (t,%) € QF, (22)
where Q° ={(t,x):0< 6 <t<T,8 <x<1-8}.
In addition, the follounng estimate is true in the domain {(t,x) € Q,u| <
My, v < My, [ve] < My}

25
|V|§ S MS(MHMZ) dZ)Kbé)-

Ifv(t,x) is summable in Q with a square generalized derivatives vy, Vi, then there
hold estimates

|V|]Q_ii S MG(MMMZ) d23M4)K2)6)> O<a< ]> (23)

45
VIS € Mz (M, My, dg, M4, Ko, 8). (24)

If vy (t,0) = vy (t,1) = 0, then the estimates (22)—(24) are true in Q.

Next, we will prove a priori bounds for u(t, x). Due to the boundary conditions (13)-
(16), we cannot use the results of the work [25]. Therefore, we introduce the following
transformation N

t= t, - m
to straighten the free boundary. Then the domain D is transformed into the domain
Dy ={(t,y): 0<t<T 0<y< 1}, and the bounded function U (t,y) = u(t,x) is a

solution to the problem
ut_Aluyy :B1(u)\/)uy)) (tﬂJ) GDM (25)
U (0,y) = Uo (y) = uolsoy), 0<y<T, (26)
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U, (t,0) =0, U(t,1)=0, 0<t<T (27)
where D; = {(t,y) : 0 < t < T 0<y<1},A1:S§1—(‘t),

Bi(L, V, Uy) = U (@ — bl 4 ¢ V) — U0y /(1) = — U (4, (1)),

s(t) s(t)
Without loss of generality, we may assume that U(0,y) = 0.
Theorem 3. Suppose that a function U(t,y) continuous in D; satisfies the
conditions of problem (25)-(27) Assume that, for (t,y) € Dy, Ul < M; and any Uy,

continuous functions Ay and B; satisfy the condition

A1 > Ao > O,
B, | ) (28)
A_1 < K1(Uy +]), K; > 0.
Under the conditions (28), the following estimate s valid
d
|uy(t>y)’ < MS(MHMZ»AO’S_Z]»Khé)) (tay) € D? (29)

0

In addition, in the domain {(t,y) € Dy, |U| < My, [V| < M, IUy| < Mg} we have the
estimate
D28 d;
|u|; < M?(MHMLZ—)Kbé)-
3 s%(t)
And if it is also known that U(t,y) possesses in D; summable with a square
generalized derivatives Uy, Uy, then

d
S—Z],Mg,Khé), O<OC<], (30)

0

UPT < Mio(My, My, A
| |1+oc— 10( 1y IVL2y 720y

If Uy(t,0) = U(t,1) =0, then the estimates (29) and (30) are also valid in D;.

Proof. Since the estimates |u(t,x)] < My, [v(t,x)] < My, |s'(t)] < M3z, have
been established, respectively, the boundedness of the functions U (t,y) and V (t,y)
is obtained, by virtue of Theorem 3 in the paper [25], the inner estimates hold (29),
(30).

If U(t,1) = 0, then we redefine the function U(t,y) in the rectangle R, = {(t,y) :
0<t<T1-40<y<1448},0<0< % by the formula U(t,y) = —W(t,1—-45(2y—1)),
V(t,y) = V(t,y). The function constructed in the rectangle D}UR, (for which we retain
the notation U(t,y)) is continuous together with their derivative and everywhere, except

for points of the line y = 1, satisfies an equation of the form (25) for which the conditions
(26) and (27) are satisfied:

Wt = 646A1Wyy + B1 (t)y) _VV» Wy>v)> (tyy) € R+)
W(0,y) =0, 1-45 <y <1+45, (31)
W(t,1-48)=0, W(t,1+48)=0, 5<t<T

Now, applying Theorem 2 in [25] to the problem (31), we obtain the estimate |W,| < M5
in the domain R, . Hence,

d
|uy| < MS(Mh M2>AO> 5_2]’K1’6) (tay) S R+-
0
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Similarly, we set U(t,y) = W(t,46(1 — 2y)), V(t,y) = V(t,y) in the rectangle
Ro={(t,y) : 0 <t <T —45 <y < 45} and the system (25)—(27) takes the following

form
Wt = 646A1Wyy + B1(t>y>—VV» Wy>v)> (t)y) € R-H

W(O)y) = O» —46 < Yy < 46) (32)
W, (t,—48) =0, W,(t,45) =0, 5<t<T

Estimates in the domain R_ U D} UR, give a general estimate of |U,| < M; in D;.
Further, using Theorem 3 in [25], we obtain the estimate

d . —
’u|1+oc§M]O(MHMZ)AO)S_Z])MS)K]) in Dj.

0

The estimate for the highest derivative in D; is established using the results for the
linear parabolic equations [26,27]. [J

Theorem 4. Let the coefficients of equation

a(t,x)uy, +b(t,x)uy+c(t,x) u—u, =f(t,x), (t,x)€ Dy (33)
satisfy the Holder conditions
a(t,x) > a0 >0, [ap" +[bl" + " =My < oo,

Let the function u(t,x) be a solution of the parabolic equation (33), !LLIZEJ:B < 00,
M; = max|u(t,x)|. Then
D45 =9
Wl < Mua (D" + M)
where My, depends on 3, My, 0.
45 =
If ulr = 0, then there exists M, = My, (B, ap, M11), such that |LL|2D+][5 <My, IfIE‘ .

Uniqueness and existence of a solution

To prove the uniqueness of the solution, we derive an integral representation
equivalent to (8)

Rl S t)

s (t) = —Lso + Juo (&) d& —
n

t
u(t, &) da+m1ju(n,0)v(n,0) an
0 0

34
s(n) ( )

+1dn | uw(a;—bu+civ+ myv,) dé.

O —_— (S

0

Theorem 5. Suppose that the conditions of Theorem 1 s satisfied. Then the
solution of problem (1)—(9) is unique.

Proof. The theorem is proved first for small t € [0, to], and then it is established that
it is valid for any 0 < t < oo. Let s7 (t),u; (t,x),vq (t,x) and s; (t),uy (t,x), v (t,%)
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be solution of (1)-(9) and, in addition, let y(t) = min(s;(t),s2(t)), z(t) =
max (s7 (t),s2(t)). Due to (34) we get

z(t)

y(t)

d

sy (1) =2 (1) < Jm(t,a) w (b E)dE+ | hute)ae
0 y(t)

t
~

+my MZ |u1 (Tbo) — W (T\)ON dﬂ
0
t

+miM; | lvi(M,0) —v2(1,0)|dn

t y(p) (35)
+ | dn | [(a; —b1 (W +up) — cyvy — myvy) UldE

o0

t H(P)
+ [dn | [cowV —muuwVy|dE

o0

t Z(p)
+ |dn | lw (@ —bw+civi)|dE

0 Ufn)

where u;,v; (i=1,2) are solutions between y (t) and z (t), i.e.,

) wtyx) i s (t) <sp(t),
i (tx) = { w (t,x) if s (t) > s (t).

Next, we need to estimate the differences V (t,x) = v; (t,x) — v, (t,x), U (t,x) =

g (t) X) —Ww (t> X)-
From problem (17)—(20) for the function V (t,x) we find

vt dZVXx =+ T’21\/ + T2 (t X) V+ T23 (t X) u (t) X) ) (t) X) S Q)
V(0,x)=0, 0<x<1, (36)
Vx(t)o):O> Vx(tal)zo) 0<t<T

where the coefficients 1, (t,x), 12, (t,x) are bounded functions, i.e.
T (4, x) = —maw, T (%) = @z —bawy —ca(vi +v2), T3 (LX) = —muva — bav,.
From problem (36) by the maximum principle we find
IV (t,x)] < M3 - m§X|U (t,x)[t,
where M3 depends on 15, (t, x).
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Set U (t,x) = uy (t,x) —uy (t,x). Then the problem (13)—(16) can be rewritten as
follows:

(U = dyUpe + 111 (%) U + 12 (5, ) U113 (1,%)V, 0<t<ty, 0<x<y(t)
u(0,x) =0, 0 <x <y(0),

(37)
U, (t,0) =0, 0<t< 1t
U (t,y (t)) < Nmaxls;(m)—s2(m)l, 0 <t <ty
\ 0<n<t

where 115 (t,%) = myvy, 112 (£, %) = a1 — by (W +u2) + vz, T3 (£, %) = crwy — MU,
Applying the maximum principle to the problem (37), we have

U (t,%)] < N max |s (n) — s ()] + Mg max [V (t,x)] 1, (38)
0<n<t Q

where My, depends on M3 and 173 (t, x).
Let us now estimate the components of (35):

y(t) z(t)
L < J w (4, &) —wp (t,&)[dE, L < | h(t,&)dE <M, - max|31( t) —s; (1),
0

y(t)

t
Ly = Mz [ s (1,0) = (n,0)] dn < myMa e s (n) —s2 )] -,

t
Ly = muMy [ s 1,0) = vz (1,001 cn < mu My zmax 51 () = 2 ()] -,
0 222

t y(m) t ym)
SJdn J (@) — by (1 +142) — €1v2 — myva) UJE < M15Jdn J hur (6 &) — 12 (¢ )] dE,
0 0
t ym)
= J dn J lciw V —mywy Vi |dE < Myg max [s1 (n) —s2 (n)] - t,
0<n<t
0 0
t z(n)
L — J an | s (@) — by + crw) [dE < My max [s1 (£) — 2 (£)] - £,
0<n<t

0 ym)
where M5 = a; + myMy, Mg = (¢iMy + miMy )My, Myy = (a1 + ¢iM ) M.
Let be A (to) = OI<I%La<Jt( |S1 (t) — S (t)| > 0. Then A (to) < Mgto, th < 1.
>x1o

At the same time, we find

y(to)
L < J hw (8,8) —wa (t,8)1dE, T < MyA% (to), I3 < miMLA (to) to, Lo < myMyA (to) to,

0
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ym)

t
Is < M15Jdn J IIl5:1X|U| d&, Is < MygA (to) to, I7 < MyzA (to) to
0

we have

y(t) t oy
Alto) < [ IU(EIde+Mis [dn | maxlUlde + MiA® (t) + MuA (to) o, (39)
0 0

where Mg = miM; + miM, + My + My7.
Next, we divide (39) by A (ty) and we get

y(t) t ym)

< [ P d£+Jdn | B ae+ M+ Mo a0
0
0

0

Now for the function U (t,x) = w (t,x) — u; (t,x) from (38) we have
U (t, %) < NA (to) + MisMig [U (4, x)[ 17, 0 <t < to,

or
U (t,x)] < MjoA (to),
where N :
Mo=—-"—— tH < ———.
UMMt T UMMy

Let us estimate the integral term

y(t) y(0) y(t)
J maXIU(t,E)Ida: J max |U (t, &)
A (to) A (to) A (to)
0 0 y(0)
y(0)
< J max U (t, &)

d Miotp.
A (to) &+ Moty

Consider the auxiliary problem

W, = d]Wxx—f‘T‘]](tX)W +T1z(t X)W+T14V 0<t<to,0<x<y()
W (0,x) =0, 0 < x <y(0),
Wx(t>0):O» W(t>y(0)):1) OStStO)

where
T13 (t» X)

MioA (to)

Hence, according to the maximum principle

T4 (t,X) =

W (t,x)| < mSX TV (£, %) to + 1 = Myo.
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Let us introduce the function

U (t,x)
L(t,x)=——F"F"—F—W(t,x), 0<x<y(0), 0<t<ty.
(6%) = 12y~ W () y(0) :
We find
Zi = d1Z + 111 (t,x) Ze + 112 (8, %) Z,
Z (O)X) = O) Zx (t,O) = O)
u(t,y(0))
Z(t,y(0)=—"7—""—-—W(t,y(0)) <O0.
(t,y (0)) Mo/ (to] (t,y(0))
Hence, according to the maximum principle
U (t,x)

— - < Wt 0 <t<t,.
MioA (to) — (tx),0st<t

Since }Eir%W(t,x) =0, 0<x<y(0), then
—

y(0)
Er& J W (t,x) dx = 0.
0
Therefore,
gl
i | Ak 9

Since the right side of (40) tends to zero as ty — 0, then (40) does not hold for
sufficiently small t, and we arrive at a contradiction. Hence s; (t) = s, (t) and further
w (t,x) =wa (t,x), vi (t,x) =va2(t,x), 0 <t < to.

The uniqueness of the problem solution for any 0 < t < oo is established as follows.

Let t; = sup{t : ss(n) = s2(M),0 < n < t}. If t; = oo, then the issue will be
resolved. Otherwise, assuming that the parameter t; is bounded and repeating the
above calculations in the interval t; < t < t; + At, we again arrive at a contradiction.
O

Theorem 6. Suppose that the conditions of Theorems 2 and 3 are satisfied.
Then, in D U Q there exists a solution u(t,x) € C**(D), v(t,x) € C***(Q), s(t) €
C**(0 <t < T) of problem (1)—(9).

Proof. To prove the solvability of the nonlinear problem, we can use different
theorems from the theory of nonlinear equations taking into account the fact that the
theorem on uniqueness of the classical solution is true for this problem. We use the
Leray-Schauder principle [26], the established a priori estimates | - |;,, for all possible
solutions of nonlinear problems, and the theorems on solvability in Holder classes for
the linear problems. Moreover, the theorems on existence for systems are the same as
the theorem on existence for a single equation because each equation can be regarded
as a linear equation for u(t,x) and v(t,x) with Holder-continuous coefficients.

Problem (1)—(9) is considered simultaneously with a one-parameter family of
problems of the same type. The linear problem specifies the transformation w =
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F(w,k),0 <k <1, and the Leray-Schauder principle is applied to this transformation.
This operator is nonlinear and depends on k = 1. The fixed points of this operator for
k =1 are solutions of the problem.

By H'**, « € (0,1), we denote a Banach space of functions u(t,x), v(t,x) on D and
Q with the norm || - || = |- i+, Which satisfy the corresponding initial and boundary
conditions of the problems (13)—(16) and (17)—(20).

For every function ii,v € H'™® and any number k € [0, 1], by u* and V¥, we denote
the solutions of the linear problems (13)—(16) and (17)—(20). These solutions exist and
are unique; moreover, u*, vk € C>**, s(t) € C'**, In this case, in D and Q, we perform
the transition to the parabolic equation with Holder-continuous coefficients in a fixed
domain.

The uniform continuity and complete continuity of the operator of transformation
F with respect to k, estimates for the solutions uniform in k, and the solvability of the
linear problems follow from the established a priori estimates for the Holder norms. A
more detailed exposition of the technique can be found, for example, in (Chap.VII, [26];
Chap.V, [27]).

This completes the proof of the theorem. []

Conclusion

This paper is devoted to the study of the free boundary problem for diffusive
predator-prey system with nonlinear advection term. The solution of this problem is
of great practical importance in many fields, such as biological and ecological sciences,
and others. The paper presents methods for obtaining a priori Schauder-type estimates
for solving the (1)-(9) problem. Based on the estimates obtained, the uniqueness and
existence of the solution is proved.

The proposed techniques and results can be further applied to other types of
boundary value problems in mathematical physics.
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