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Abstract. In this paper, we consider a problem with a free boundary for a diffusive predator-prey system in the one-
dimensional case. Nonlinear problems with free boundary are studied using a method based on constructing a priori
estimates. Therefore, first, using a method based on constructing a priori estimates, we will determine the constraints
on the parameters of the problem, under which it is globally solvable. The first, fundamental estimate, gives the initial
information, starting from which one can receive step by step, moving up the scale of Banach spaces. To do this,
the problem is reduced to a fixed-boundary problem through a change of variables. The resulting problem has time-
and space-dependent coefficients with nonlinear terms. Next, Schauder-type a priori estimates are constructed for
the equation with nonlinear terms and a fixed boundary. Based on these estimates, the uniqueness of the solution to
the problem is proven. Then, the global existence of a solution to the problem was proved using the Leray-Schauder
fixed point theorem.
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Аннотация. В данной работе рассматривается задача со свободной границей для диффузионной
системы хищник-жертва в одномерном случае. Исследование нелинейных задач со свободными
границами методом, основанным на построении априорных оценок. Поэтому сначала с помощью
метода, основанного на построении априорных оценок, определим ограничения на параметры задачи,
при которых она глобально разрешима. Первая, основополагающая оценка, дает ту начальную
информацию, отправляясь от которой можно получать шаг за шагом, двигаясь вверх по шкале
банаховых пространств. Для этого задача сводится к задаче с фиксированной границей через
замену переменных. Полученная задача имеет зависящие от времени и положения в пространстве
коэффициенты с нелинейными слагаемыми. Далее построены априорные оценки типа Шаудера для
решения уравнения с нелинейными слагаемыми и фиксированной границей. На основе полученных
оценок доказана единственность решения задачи. Затем было доказано глобальное существование
решения задачи с помощью теоремы Лерэ-Шаудера о неподвижной точке.
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Introduction

The spreading of predator-prey species are a central topic of biology, and significant
research has been devoted to better understanding the nature of such spread.
Environmental problems require the use of a whole hierarchy of models capable of
describing not only different levels of organization of systems, but also the interaction
between these levels. However, significant advances have been made in species invasion
studies through frontal spread studies (see, eg, [1–3]).

The expansion behavior of biological predator-prey populations in the environment
is not just caused by simple individual random move. For example, the migration of
prey are affected by the spatial distribution of food and water, in addition often affected
by the indirect effects of predators which in turn affects the direction of movement of
predators. So, all expansion behavior of this type in nature will have a certain direction.
In mathematical models, the convection term is generally used to describe this kind
of directional movement. In many studies, the term convection is linear and depends
only on the density gradient of the [2, 4] components. However, in general, convection
is also affected by the density of the components, which in turn leads to nonlinear
convection [5–9]. Such problems are mainly focused on the study of free boundaries, i.e.
studying expanding front of species. Generally, free boundaries are used to describe the
invasion of biological species in mathematical models.

In [10], author first derived the free boundary problem for a predator-prey system
to describe the predator aggregation in prey density areas, where the existence and
uniqueness results were provided. Since then, various reaction-diffusion models have
been proposed to interpret the predator-prey phenomenon [11–13]. In the articles
[14–16], it is assumed that two predator-prey species propagate along the same free
boundary. Similar works, but for two-species competition models, can be found in
[17,18]. Also, many mathematical models with a free boundary have been developed to
study applied problems [19–24].

In this article, we study a prey-predator system with a free boundary:

ut − d1uxx +m1vux = u (a1 − b1u+ c1v) , (t, x) ∈ D, (1)

vt − d2vxx +m2uvx = v (a2 − b2u− c2v) , (t, x) ∈ Q, (2)

u (0, x) = u0 (x) , 0 ≤ x ≤ s (0) ≡ s0, (3)

v (0, x) = v0 (x) , 0 ≤ x ≤ l, (4)

ux (t, 0) = 0, 0 ≤ t ≤ T, (5)

u (t, s (t)) = 0, 0 ≤ t ≤ T, u(t, x) ≡ 0, s(t) < x ≤ l, (6)

s ′ (t) = −µux (t, s (t)) , 0 ≤ t ≤ T, (7)

vx (t, 0) = 0, 0 ≤ t ≤ T, (8)

vx (t, l) = 0, 0 ≤ t ≤ T, (9)

where D = {(t, x) : 0 < t ≤ T, 0 < x < s(t)}, Q = {(t, x) : 0 < t ≤ T, 0 < x < l}; s (t) is
a free boundary, which represent propagation fronts. u (t, x) and v (t, x) represent,
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respectively, densities of predator and prey species that are interacting and migrating
in the region D and Q. The prey species migrates in the interval (0, l) and the
predator disperses through random diffusion only in a part of the interval (0, l), namely
0 < x < s(t), then there is no predator in the remaining part. di denotes its respective
diffusion rate and the real number ai describes its net birth rate, i = 1, 2. b1 and c2
are the coefficients of intra-specific competitions, and b2 and c1 are the coefficients of
inter-specific competitions. And the parameter µ respectively represents the speed of
propagation into new region for u(t, x).

Assume that the data of the problem satisfy the following conditions:
(i) di, mi, ai, bi, ci, µ are positive constants, i = 1, 2;
(ii) u0 (x) , v0 (x) ∈ C2[0, s0], 0 < u0 (x) ≤ a1

b1
in (0, s0) 0 < v0 (x) ≤ a2

c2
in (0, l),

u0 (0) = u0 (s0) = 0, u ′
0 (s0) < 0, v

′
0 (0) = v

′
0 (l) = 0.

Problem (1)–(9) was studied in [10] in the case m1 = m2 = 0.
The rest of paper is organized as follows. In section 2 we establish two-sided bounds

for u(t, x), v(t, x) and s ′(t), and then a Hölder norm bounds for u(t, x), v(t, x). And in
section 3 we prove uniqueness and existence results.

A priori estimates

In this section we establish several a priori bounds which will be used later. First of
all, let us establish the boundedness of the functions u (t, x), v (t, x), s ′ (t). Further, a
priori estimates for the higher derivatives are established.

Theorem 1. Let u (t, x), v (t, x), s (t) be a solution of (1)–(9). Then there hold
estimates:

0 < u (t, x) ≤M1, (t, x) ∈ D, (10)

0 < v (t, x) ≤M2, (t, x) ∈ Q, (11)

0 < s ′(t) ≤M3, 0 ≤ t ≤ T. (12)

Proof. First we prove the positivity of the function v (t, x). Take some arbitrary
point P ∈ Q such that v (P) = 0. At this point, the right-hand side of (1) should be
zero. And also at this point the function v (t, x) reaches its minimum value. Hence,
according to the usual maximum principle v (P) = v (P0) for all P0 ∈ Q0 = {(t0, x) : 0 <

t0 < T, 0 < x < l} and we arrive at a contradiction. The resulting contradiction proves
that v (t, x) > 0 in Q (the proof of the positiveness of u (t, x) is similar in D).

To get the upper bounds, we proceed as follows. Consider the following initial value
problem: {

dv
dt

= v (a2 − c2v) , t > 0,

v(0) = ∥v0∥∞.
The comparison principle applied to the function v− v, shows that

v(t, x) ≤ sup
t≥0
v(t) ≤ max

{
∥v0(x)∥,

a2

b2

}
≡M2,
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where

v(t) =
a2

b2
ea2t
(
ea2t − 1+

a2

c2∥v0∥∞
)−1

.

Similarly, we construct an auxiliary problem for an ordinary differential equation:{
du
dt

= u (a1 + c1M2 − b1u) , t > 0,

u(0) = ∥u0∥∞.
Its solution is given by the following explicit formula:

u(t) =
a1 + c1M2

b1
e(a1+c1M2)t

(
e(a1+c1M2)t − 1+

a1 + c1M2

b1∥u0∥∞
)−1

.

Comparing u(t, x) with u(t) yields that

u(t, x) ≤ sup
t≥0
u(t) ≤ max

{
∥u0(x)∥,

a1b2 + c1a2
b1b2

}
≡M1.

We now turn to prove (12). Since the condition (6) and the positivity of the function
u(t, x) in the domain D, we find ux(t, s(t)) < 0. Hence, from (7) we get s ′(t) > 0.

Next we prove an upper bound of s ′(t). To do so, we define

Ω =

{
(t, x) : 0 < t < T, s(t) −

1

N
< x < s(t)

}
,

where N is a positive constant to be determined later. And we construct an auxiliary
function on Ω as follows

w(t, x) =M1

[
2N(s(t) − x) −N2(s(t) − x)2

]
.

We will choose N so that w(t, x) ≥ u(t, x) holds over Ω. Direct calculations show
that, for (t, x) ∈ Ω,

wt = 2M1Ns
′(t)(1−N(s(t) − x)),

−wxx = 2M1N
2,

−wx = 2M1N (1−N(s(t) − x)) .

It follows from s ′(t) > 0, (10) and (11) that

wt − d1wxx +m1vwx ≥
(
2d1N

2 − 2m1M2N
)
M1 ≥ (a1 + c1M2)M1

> u(a1 − b1u+ c1v) = ut − d1uxx +m1vux

on Ω, provided that

N ≥ (a1 + c1M2) +
√
m2
1 + 2d1(a1 + c1M2)

2d1
.

Also note that
w

(
t, s(t) −

1

N

)
=M1 ≥ u

(
t, s(t) −

1

N

)
,
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w(t, s(t)) = 0 = u(t, s(t)).

Thus, if we can choose N such that u0(x) ≤ w(0, x) for x ∈
[
s0 −

1
N
, s0
]
, then we

can apply the maximum principle to w− u over Ω to deduce that u(t, x) ≤ w(t, x) for
(t, x) ∈ Ω. It would then follow that

ux(t, s(t)) ≥ wx(t, s(t)) = −2NM1,

s′(t) = −µux(t, s(t)) ≤M3 ≡ 2NM1µ.

To complete the proof, we need only find some N independent of T such that

u0(x) ≤ w(0, x) for x ∈
[
s0 −

1

N
, s0

]
,

then we can apply the maximum principle to w− u.
By the definition of w, we have

w(0, x) =M1

[
2N (s0 − x) −N

2 (s0 − x)
2
]

if x ∈
[
s0 −

1
N
, s0 −

1
2N

]
, then w(0, x) ≥ 3

4
M1; if x ∈

[
s0 −

1
2N
, s0
]
, then

wx(0, x) = −2M1N [1−N (s0 − x)] ≤ −M1N.

Therefore upon choosing

N = max

{
(a1 + c1M2) +

√
m2
1 + 2d1(a1 + c1M2)

2d1
,
4 ∥u0∥C1([0,s0])

3M1

}
we will have

wx(0, x) ≤ u′
0(x) for x ∈

[
s0 −

1

2N
, s0

]
Since w (0, s0) = u0 (s0) = 0, the above inequality implies

w(0, x) ≥ u0(x) for x ∈
[
s0 −

1

2N
, s0

]
Moreover, for x ∈

[
s0 −

1
N
, s0 −

1
2N

]
, we have

w(0, x) ≥ 3

4
M1, u0(x) ≤

∥u0∥C1([0,s0])

N
≤ 3

4
M1.

Therefore u0(x) ≤ w(0, x) for x ∈
[
s0 −

1
N
, s0
]
.

This completes the proof. □
Initial estimates have been received. Now, using the results of the work [25], we

establish a priori estimates for ux, vx and higher derivatives.
Further, for each equation of the system, we separately formulate the corresponding

problem:
ut − d1uxx +m1vux = u (a1 − b1u+ c1v) , (t, x) ∈ D, (13)

u (0, x) = u0 (x) , 0 ≤ x ≤ s0, (14)
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ux (t, 0) = 0, u (t, s(t)) = 0, 0 ≤ t ≤ T, (15)

s ′ (t) = −µux (t, s (t)) , 0 ≤ t ≤ T, (16)

and
vt − d2vxx +m2uvx = v (a2 − b2u− c2v) , (t, x) ∈ Q, (17)

v (0, x) = v0(x), 0 ≤ x ≤ l, (18)

vx (t, 0) = 0, 0 ≤ t ≤ T, (19)

vx (t, l) = 0, 0 ≤ t ≤ T. (20)

First, we obtain a priori estimates for v(t, x). The equation (17) satisfies the
conditions of Theorem 3 in [25]:

|B2|

A2
≤ K2(v2x + 1), K2 > 0. (21)

where A2 = d2, B2 = v (a2 − b2u− c2v) −m2uvx.
Therefore, it takes place:
Theorem 2. If the conditions (21) are fulfilled, then the following estimate is

valid
|vx(t, x)| ≤M4(M1,M2, d2, K2, δ), (t, x) ∈ Qδ, (22)

where Qδ = {(t, x) : 0 < δ ≤ t ≤ T, δ ≤ x ≤ 1− δ} .
In addition, the following estimate is true in the domain {(t, x) ∈ Q, |u| ≤

M1, |v| ≤M2, |vx| ≤M4}

|v|Q
2δ

2
3

≤M5(M1,M2, d2, K2, δ).

If v(t, x) is summable in Q with a square generalized derivatives vtx, vxx, then there
hold estimates

|v|Q
2δ

1+α ≤M6(M1,M2, d2,M4, K2, δ), 0 < α < 1, (23)

|v|
Q4δ

2+α ≤M7(M1,M2, d2,M4, K2, δ). (24)

If vx(t, 0) = vx(t, l) = 0, then the estimates (22)–(24) are true in Q.
Next, we will prove a priori bounds for u(t, x). Due to the boundary conditions (13)–

(16), we cannot use the results of the work [25]. Therefore, we introduce the following
transformation

t = t, y =
x

s (t)

to straighten the free boundary. Then the domain D is transformed into the domain
D1 = {(t, y) : 0 < t < T, 0 < y < 1}, and the bounded function U (t, y) = u (t, x) is a
solution to the problem

Ut −A1Uyy = B1(U,V,Uy), (t, y) ∈ D1, (25)

U (0, y) = U0 (y) ≡ u0(s0y), 0 ≤ y ≤ 1, (26)
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Uy (t, 0) = 0, U (t, 1) = 0, 0 ≤ t ≤ T, (27)

where D1 = {(t, y) : 0 < t ≤ T, 0 < y < 1}, A1 = d1
s2(t)

,

B1(U,V,Uy) = U (a1 − b1U+ c1V) −
m1U−ys

′(t)
s(t)

Uy, s ′(t) = − µ
s(t)
Uy(t, s(t)).

Without loss of generality, we may assume that U(0, y) = 0.
Theorem 3. Suppose that a function U(t, y) continuous in D1 satisfies the

conditions of problem (25)-(27) Assume that, for (t, y) ∈ D1, |U| ≤M1 and any Uy,
continuous functions A1 and B1 satisfy the condition

A1 ≥ A0 > 0,
|B1|

A1
≤ K1(U2y + 1), K1 > 0.

(28)

Under the conditions (28), the following estimate is valid

|Uy(t, y)| ≤M8(M1,M2, A0,
d1

s20
, K1, δ), (t, y) ∈ Dδ

1. (29)

In addition, in the domain {(t, y) ∈ D1, |U| ≤M1, |V | ≤M2, |Uy| ≤M8} we have the
estimate

|U|
D2δ

1
2
3

≤M9(M1,M2,
d1

s2(t)
, K2, δ).

And if it is also known that U(t, y) possesses in D1 summable with a square
generalized derivatives Uty, Uyy, then

|U|
D2δ

1

1+α ≤M10(M1,M2, A0,
d1

s20
,M8, K1, δ), 0 < α < 1, (30)

If Uy(t, 0) = U(t, 1) = 0, then the estimates (29) and (30) are also valid in D1.

Proof. Since the estimates |u (t, x)| ≤ M1, |v (t, x)| ≤ M2, |s ′ (t)| ≤ M3, have
been established, respectively, the boundedness of the functions U (t, y) and V (t, y)

is obtained, by virtue of Theorem 3 in the paper [25], the inner estimates hold (29),
(30).

If U(t, 1) ≡ 0, then we redefine the function U(t, y) in the rectangle R+ = {(t, y) :

0 ≤ t ≤ T, 1−4δ < y < 1+4δ}, 0 < δ < 1
5

by the formula U(t, y) = −W(t, 1−4δ(2y−1)),
V(t, y) = V(t, y). The function constructed in the rectangle Dδ

1∪R+ (for which we retain
the notation U(t, y)) is continuous together with their derivative and everywhere, except
for points of the line y = 1, satisfies an equation of the form (25) for which the conditions
(26) and (27) are satisfied:

Wt = 64δA1Wyy + B1(t, y,−W,Wy, V), (t, y) ∈ R+,

W(0, y) = 0, 1− 4δ ≤ y ≤ 1+ 4δ,
W(t, 1− 4δ) = 0, W(t, 1+ 4δ) = 0, δ ≤ t ≤ T.

(31)

Now, applying Theorem 2 in [25] to the problem (31), we obtain the estimate |Wy| ≤M5

in the domain R+. Hence,

|Uy| ≤M8(M1,M2, A0,
d1

s20
, K1, δ) (t, y) ∈ R+.
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Similarly, we set U(t, y) = W(t, 4δ(1 − 2y)), V(t, y) = V(t, y) in the rectangle
R− = {(t, y) : 0 ≤ t ≤ T,−4δ < y < 4δ} and the system (25)–(27) takes the following
form 

Wt = 64δA1Wyy + B1(t, y,−W,Wy, V), (t, y) ∈ R+,

W(0, y) = 0, −4δ ≤ y ≤ 4δ,
Wy(t,−4δ) = 0, Wy(t, 4δ) = 0, δ ≤ t ≤ T.

(32)

Estimates in the domain R− ∪Dδ
1 ∪ R+ give a general estimate of |Uy| ≤M8 in D1.

Further, using Theorem 3 in [25], we obtain the estimate

|U|1+α ≤M10(M1,M2, A0,
d1

s20
,M8, K1) in D1.

The estimate for the highest derivative in D1 is established using the results for the
linear parabolic equations [26,27]. □

Theorem 4. Let the coefficients of equation

a (t, x)uxx + b (t, x)ux + c (t, x)u− ut = f (t, x) , (t, x) ∈ D1 (33)

satisfy the Hölder conditions

a (t, x) ≥ a0 > 0, |a|D1

β + |b|D1

β + |c|D1

β =M11 <∞,
Let the function u (t, x) be a solution of the parabolic equation (33), |u|

D1

2+β < ∞,
M1 = max |u (t, x)|. Then

|u|
D4δ

1

2+β ≤M12(|f|
D1

β +M1)

where M12 depends on β, M11, δ.
If u|Γ = 0, then there exists M12 =M12 (β, a0,M11), such that |u|

D4δ
1

2+β ≤M12 |f|
D1

β .

Uniqueness and existence of a solution

To prove the uniqueness of the solution, we derive an integral representation
equivalent to (8)

d1

µ
s (t) =

d1

µ
s0 +

s0∫
0

u0 (ξ)dξ−

s(t)∫
0

u (t, ξ)dξ+m1

t∫
0

u (η, 0) v (η, 0)dη

+

t∫
0

dη

s(η)∫
0

u (a1 − b1u+ c1v+m1vx)dξ.

(34)

Theorem 5. Suppose that the conditions of Theorem 1 is satisfied. Then the
solution of problem (1)–(9) is unique.

Proof. The theorem is proved first for small t ∈ [0, t0], and then it is established that
it is valid for any 0 < t < ∞. Let s1 (t) , u1 (t, x) , v1 (t, x) and s2 (t) , u2 (t, x) , v2 (t, x)
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be solution of (1)–(9) and, in addition, let y (t) = min (s1 (t) , s2 (t)) , z (t) =

max (s1 (t) , s2 (t)). Due to (34) we get

d1

µ1
|s1 (t) − s2 (t)| ≤

y(t)∫
0

|u1 (t, ξ) − u2 (t, ξ)|dξ+

z(t)∫
y(t)

|ui (t, ξ)|dξ

+m1M2

t∫
0

|u1 (η, 0) − u2 (η, 0)|dη

+m1M1

t∫
0

|v1 (η, 0) − v2 (η, 0)|dη

+

t∫
0

dη

y(η)∫
0

| (a1 − b1 (u1 + u2) − c1v2 −m1v2x)U|dξ

+

t∫
0

dη

y(η)∫
0

|c1u1V −m1u1Vx|dξ

+

t∫
0

dη

z(η)∫
y(η)

|ui (a1 − b1ui + c1vi) |dξ

(35)

where ui, vi (i=1,2) are solutions between y (t) and z (t), i.e.,

ui (t, x) =

{
u1 (t, x) if s2 (t) < s1 (t) ,

u2 (t, x) if s2 (t) > s1 (t) .

Next, we need to estimate the differences V (t, x) = v1 (t, x) − v2 (t, x), U (t, x) =

u1 (t, x) − u2 (t, x).
From problem (17)–(20) for the function V (t, x) we find

Vt = d2Vxx + r21Vx + r22 (t, x)V + r23 (t, x)U (t, x) , (t, x) ∈ Q,
V (0, x) = 0, 0 ≤ x ≤ l,
Vx (t, 0) = 0, Vx (t, l) = 0, 0 ≤ t ≤ T,

(36)

where the coefficients r21 (t, x), r22 (t, x) are bounded functions, i.e.

r21 (t, x) = −m2u1, r21 (t, x) = a2 − b2u1 − c2(v1 + v2), r23 (t, x) = −m2v2x − b2v2.

From problem (36) by the maximum principle we find

|V (t, x)| ≤M13 ·max
D

|U (t, x)| t,

where M13 depends on r22 (t, x).

71



ISSN 2079-6641 Rasulov M. S., Jamoldinova Sh.M.

Set U (t, x) = u1 (t, x) − u2 (t, x). Then the problem (13)–(16) can be rewritten as
follows:

Ut = d1Uxx + r11 (t, x)Ux + r12 (t, x)U+ r13 (t, x)V, 0 ≤ t < t0, 0 < x < y(t)
U (0, x) = 0, 0 ≤ x ≤ y(0),
Ux(t, 0) = 0, 0 ≤ t ≤ t0,
U (t, y (t)) ≤ N max

0≤η≤t
|s1 (η) − s2 (η) |, 0 ≤ t ≤ t0,

(37)

where r12 (t, x) = m1v1, r12 (t, x) = a1 − b1 (u1 + u2) + c2v2, r13 (t, x) = c1u1 −m1u2x.
Applying the maximum principle to the problem (37), we have

|U (t, x)| ≤ N max
0≤η≤t

|s1 (η) − s2 (η)|+M14max
Q

|V (t, x)| t, (38)

where M14 depends on M13 and r13 (t, x).
Let us now estimate the components of (35):

I1 ≤
y(t)∫
0

|u1 (t, ξ) − u2 (t, ξ)|dξ, I2 ≤
z(t)∫
y(t)

|ui (t, ξ)|dξ ≤M1 · max
0≤η≤t

|s1 (t) − s2 (t)|
2
,

I3 = m1M2

t∫
0

|u1 (η, 0) − u2 (η, 0)|dη ≤ m1M2 max
0≤η≤t

|s1 (η) − s2 (η)| · t,

I4 = m1M1

t∫
0

|v1 (η, 0) − v2 (η, 0)|dη ≤ m1M1 max
0≤η≤t

|s1 (η) − s2 (η)| · t,

I5 ≤
t∫
0

dη

y(η)∫
0

| (a1 − b1 (u1 + u2) − c1v2 −m1v2x)U|dξ ≤M15

t∫
0

dη

y(η)∫
0

|u1 (t, ξ) − u2 (t, ξ)|dξ,

I6 =

t∫
0

dη

y(η)∫
0

|c1u1V −m1u1Vx|dξ ≤M16 max
0≤η≤t

|s1 (η) − s2 (η)| · t,

I7 =

t∫
0

dη

z(η)∫
y(η)

|ui (a1 − b1ui + c1vi) |dξ ≤M17 max
0≤η≤t

|s1 (t) − s2 (t)| · t,

where M15 = a1 +m1M4, M16 = (c1M2 +m1M4)M1, M17 = (a1 + c1M2)M1.
Let be A (t0) = max

0≤t≤t0
|s1 (t) − s2 (t)| > 0. Then A (t0) ≤M3t0, t0 < 1.

At the same time, we find

I1 ≤
y(t0)∫
0

|u1 (t, ξ) − u2 (t, ξ)|dξ, I2 ≤M1A
2 (t0) , I3 ≤ m1M2A (t0) t0, I4 ≤ m1M1A (t0) t0,
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I5 ≤M15

t∫
0

dη

y(η)∫
0

max
D

|U|dξ, I6 ≤M16A (t0) t0, I7 ≤M17A (t0) t0.

we have

A (t0) ≤
y(t)∫
0

|U (t, ξ)|dξ+M15

t∫
0

dη

y(η)∫
0

max
D

|U|dξ+M1A
2 (t0) +M18A (t0) t0. (39)

where M18 = m1M1 +m1M2 +M16 +M17.
Next, we divide (39) by A (t0) and we get

1 ≤
y(t)∫
0

max |U (t, ξ)|

A (t0)
dξ+

t∫
0

dη

y(η)∫
0

max |U|

A (t0)
dξ+ (M1M3 +M18)t0. (40)

Now for the function U (t, x) = u1 (t, x) − u2 (t, x) from (38) we have

|U (t, x)| ≤ NA (t0) +M13M14 |U (t, x)| t2, 0 ≤ t ≤ t0,

or
|U (t, x)| ≤M19A (t0) ,

where
M19 =

N

1−M13M14t
2
0

, t0 <
1√

M13M14

.

Let us estimate the integral term

y(t)∫
0

max |U (t, ξ)|

A (t0)
dξ =

y(0)∫
0

max |U (t, ξ)|

A (t0)
dξ+

y(t)∫
y(0)

max |U (t, ξ)|

A (t0)
dξ

≤
y(0)∫
0

max |U (t, ξ)|

A (t0)
dξ+M19t0.

Consider the auxiliary problem
Wt = d1Wxx + r11 (t, x)Wx + r12 (t, x)W + r14V, 0 ≤ t < t0, 0 < x < y(t)
W (0, x) = 0, 0 ≤ x ≤ y(0),
Wx(t, 0) = 0, W (t, y (0)) = 1, 0 ≤ t ≤ t0,

where
r14 (t, x) =

r13 (t, x)

M19A (t0)
.

Hence, according to the maximum principle

|W (t, x)| ≤ max
Q

|r14V (t, x)| t0 + 1 =M10.

73



ISSN 2079-6641 Rasulov M. S., Jamoldinova Sh.M.

Let us introduce the function

Z (t, x) =
U (t, x)

M19A (t0)
−W (t, x) , 0 < x < y (0) , 0 ≤ t ≤ t0.

We find
Zt = d1Zxx + r11 (t, x)Zx + r12 (t, x)Z,

Z (0, x) = 0, Zx (t, 0) = 0,

Z (t, y (0)) =
U (t, y (0))

M19A (t0)
−W (t, y (0)) ≤ 0.

Hence, according to the maximum principle

U (t, x)

M19A (t0)
≤W (t, x) , 0 ≤ t ≤ t0.

Since lim
t→0W (t, x) = 0, 0 ≤ x ≤ y (0), then

lim
t→0

y(0)∫
0

W (t, x)dx = 0.

Therefore,

lim
t→0

y(0)∫
0

|U (t, ξ)| ξ

M19A (t0)
dξ→ 0.

Since the right side of (40) tends to zero as t0 → 0, then (40) does not hold for
sufficiently small t0 and we arrive at a contradiction. Hence s1 (t) ≡ s2 (t) and further
u1 (t, x) ≡ u2 (t, x), v1 (t, x) = v2 (t, x), 0 ≤ t ≤ t0.

The uniqueness of the problem solution for any 0 < t <∞ is established as follows.
Let t1 = sup{t : s1 (η) = s2 (η) , 0 ≤ η ≤ t}. If t1 = ∞, then the issue will be

resolved. Otherwise, assuming that the parameter t1 is bounded and repeating the
above calculations in the interval t1 ≤ t ≤ t1 + ∆t, we again arrive at a contradiction.
□

Theorem 6. Suppose that the conditions of Theorems 2 and 3 are satisfied.
Then, in D ∪Q there exists a solution u(t, x) ∈ C2+α(D), v(t, x) ∈ C2+α(Q), s(t) ∈
C1+α(0 ≤ t ≤ T) of problem (1)–(9).

Proof. To prove the solvability of the nonlinear problem, we can use different
theorems from the theory of nonlinear equations taking into account the fact that the
theorem on uniqueness of the classical solution is true for this problem. We use the
Leray-Schauder principle [26], the established a priori estimates | · |1+α for all possible
solutions of nonlinear problems, and the theorems on solvability in Hölder classes for
the linear problems. Moreover, the theorems on existence for systems are the same as
the theorem on existence for a single equation because each equation can be regarded
as a linear equation for u(t, x) and v(t, x) with Hölder-continuous coefficients.

Problem (1)–(9) is considered simultaneously with a one-parameter family of
problems of the same type. The linear problem specifies the transformation w =

74



A diffusive predator-prey system with a free boundary ISSN 2079-6641

F(ω,k), 0 ≤ k ≤ 1, and the Leray-Schauder principle is applied to this transformation.
This operator is nonlinear and depends on k = 1. The fixed points of this operator for
k = 1 are solutions of the problem.

By H1+α, α ∈ (0, 1), we denote a Banach space of functions u(t, x), v(t, x) on D and
Q with the norm || · || = | · |1+α, which satisfy the corresponding initial and boundary
conditions of the problems (13)–(16) and (17)–(20).

For every function �u, �v ∈ H1+α and any number k ∈ [0, 1], by uk and vk, we denote
the solutions of the linear problems (13)–(16) and (17)–(20). These solutions exist and
are unique; moreover, uk, vk ∈ C2+α, s(t) ∈ C1+α. In this case, in D and Q, we perform
the transition to the parabolic equation with Hölder-continuous coefficients in a fixed
domain.

The uniform continuity and complete continuity of the operator of transformation
F with respect to k, estimates for the solutions uniform in k, and the solvability of the
linear problems follow from the established a priori estimates for the Hölder norms. A
more detailed exposition of the technique can be found, for example, in (Chap.VII, [26];
Chap.V, [27]).

This completes the proof of the theorem. □

Conclusion

This paper is devoted to the study of the free boundary problem for diffusive
predator-prey system with nonlinear advection term. The solution of this problem is
of great practical importance in many fields, such as biological and ecological sciences,
and others. The paper presents methods for obtaining a priori Schauder-type estimates
for solving the (1)-(9) problem. Based on the estimates obtained, the uniqueness and
existence of the solution is proved.

The proposed techniques and results can be further applied to other types of
boundary value problems in mathematical physics.
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