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Annoranusi. HenoKanbHBEIE KpaeBble 3apauél AAsI IIapabOAMYECKUX YpPaBHEHWH, B TOM €UCAE YPaBHEHUS
TEIIAONPOBOAHOCTY, CTAaAW OOBHEKTOM HCCAEAOBAHUN AOCTATOYHO AABHO. VIHTEpeC K TAaKOro popa 3aaadaM BEISBAH
HEOOXOAMMOCTBIO AAABHEMIIEro PasBUTUSI TEOPUU KPaeBHIX 3aAad CO cMeleHueM (3apad Haxymesa), a Takke B
CBSI3U C KX MHOTOYUCAEHHBEIMY IPUAOKEHUSIMU. HacTosIIast CTaThsi IOCBSIIEHa NCCAEAOBAHUIO BOIIPOCA OAHO3HAYHOMN
Pa3peluMOCTH OAHOIO KAAcCa HEAOKAaABHBIX KPAaeBBIX 33AaY AASI YPaBHEHUSI TEIAONPOBOAHOCTH. PaccMoTpena
3apada OTBICKAHWSI DPErYASIDHOTO PEIIeHWs YPaBHEHWSI TEIAOIPOBOAHOCTA C ApPOOHON mpowsBopHON Pumana-—
AUYBUAAST B TI'PAaHUYHEBEIX YCAOBUSIX. PaccMoTpeHa 3apada Ko AAsT ypaBHEHUs, SKBUBAAEHTHOI'O HCXOAHOMY
YPaBHEHUIO, IIPY 3TOM AOKA3aHO, YTO PacCMaTpUBaeMasi KPaeBasi 3aAada PeAYILIUPYETCS K IEPBOY KPaeBoy 3aAade AAST
YPaBHEHUSI TEIAOIPOBOAHOCTH NIPH YCAOBUU, UTO 3apada KOIIM MMeeT eAMHCTBEHHOE pellleHWe B KAacce PYHKIWIA,
yaoBaeTBopstiomux ycaoBusiM A. H. Tuxonosa. [Ipu 3ToM pemieHre IpeACTaBAMO B BUAE WHTETPAABHOIO YPAaBHEHUS,
copeprkammuM pyHKIuo BapperTa B siape. Tak>ke peAyKIMER K cuCTEME AUMDDEPEHIINANBHBIX YPAaBHEHUE ¢ APOOHOM!
IPOM3BOAHON PuMana— NAUYBHAAS DPEIIAETCS BOIPOC €AMHCTBEHHOCTH U CYIIECTBOBAHUS PELIEHUSI IIOCTaBAEHHON
3aAa4y, KOTAQ B YCAOBHUY CTOSIT 3HAUEHUS PEIEeHUsI Ha APYroM KoHile. [ToaydyeHHBIe B paboTe pe3yAbTATHI IIOCAY>KAT
OCHOBOY AASI AAABHEMINEro KUCCAEAOBAHWUSI HEAOKAABHEIX KPAEBBEIX 33Aa4Y AAS AUGDOEpPEeHIVANBHBIX ypPaBHEHUN
napaboAMYECKOro TUIIA, AESKAIINX B OCHOBE MAaTEMATHIECKOI'0 MOAESANPOBAHUS IIPOLIECCOB B CUCTEMAX C PPaKTAABHOR
CTPYKTYPOIi, & TaK>Xe PasBUTUSI Teopuu AUMDDEPEHIINAABHEIX YPAaBHEHNM APOOHOTO IOPSIAKA.
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On a Class of Non-Local Boundary Value
Problems for the Heat Equation
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Abstract. Non-local boundary value problems for parabolic equations, including the equations of thermal
conductivity, have been the object of research for a long time. Interest in such problems is caused by the need
for further development of the theory of boundary value problems with displacement (Nakhushev's problems), as
well as in connection with their numerous applications. This article is devoted to the study of the question of
the unambiguous solvability of one class of nonlocal boundary value problems for the heat equation. The problem
of finding a regular solution of the thermal conductivity equation with a fractional Riemann—Liouville derivative
under boundary conditions is considered. The Cauchy problem for an equation equivalent to the original equation is
considered, and it is proved that the boundary value problem under consideration is reduced to the first boundary
value problem for the heat equation, provided that the Cauchy problem has a unique solution in the class of functions
satisfying the conditions of A. N. Tikhonov. In this case, the solution is represented as an integral equation containing
the Barrett function in the kernel. Also, by reducing to a system of differential equations with a fractional Riemann—
Liouville derivative, the question of the uniqueness and existence of a solution to the problem is solved when the values
of the solution at the other end are in the condition. The results obtained in this work will serve as a basis for further
research of nonlocal boundary value problems for parabolic differential equations underlying mathematical modeling
of processes in systems with fractal structure, as well as the development of the theory of fractional differential
equations.

Key words: class of nonlocal boundary value problems, Tikhonov conditions, regular solution, Cauchy problem,
homogeneous problem, fractional differentiation operator, fractional differential equations.
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BBeaenne

HenokanbHBIE 33Aa9K BOSHMKAIOT BO MHOTHX OOAACTSAX (pU3MKM, OMOAOTHY, TEOPUHU
BAaroneperoca. K mepsBbiM paboTaM IO HEAOKAABHEIM 3aAad¥aM CAEAYET OTHECTY PAbOTHI
A.W. Kamemauaa, A.P. Yyasosckoro, B. A. CreknoBa. K bonee mozpHuM paboTam
oTHOCATC paborer A. B. Bumaaze, A. A. Camapckoro, A. M. Haxymesa, E. . Mouceesa,
H. . Vloukuna u Ap.

[Ipepnrosxkennnie A. M. HaxymeBbim B 1969 roay HeAOKAaAbHBIE 33Aa4Y¥ HOBOI'O THUIIA
TIOAOKUAM Had9aAO Ba’KHOMY 3TaIly B CTAHOBAECHUU ¥ PAa3BUTUU TEOPUY KPAEBHIX 33AaY,
KOTOpble OBIAM Ha3BaHBl KPAEBBIMU 3aAddaM¥ CO CMEIIEHWEM, a BIOCAEACTBUU —
3apagamu HaxymeBa. Omu obobmiaiorT 3apady TpukoMu # BKAIOYAIOT B cebs Kaacc
33Aa4 C CAMOCOIPSDKEHHBIMU OIepaTopaMu. B paboTax, MCCAEAYIOIIAX 3aAadé CO
CMeIEHNEeM AASI YPAaBHEHUM CMEIIAHHOTO TUIIA, KPAEBbIE YCAOBUS OOBLIYHO COAEPIKAT
KAACCUYIECKUE OIEPATOPHL. A B HEAOKAABHBIX KPAEBBIX 33Aa9aX COAEPKATCSI OIIEPATOPEI
Hboaee CAOKHOM CTPYKTYPBI X OII€PaTOPhI APOOHOTO MHTErPO-AUDDEPEHIINPOBAHLA.

B mocaepnme ropbl MOSBUAKCH PAOOTHI IO YUCAEHHBIM METOAAM PEINEHUST KPAEBBIX
33aAa49 C HEAOKAABHBIMU YCAOBUSMU. Paspaborannas A. A. CamapckuMm obmas Teopust
VCTOMYMBOCTA PA3HOCTHBIX CXEM HE NOPUMEHMMA K HEAOKAABHBIM 33padaM. ITO
CBS3aHO C TeEM, YTO HE HMEET MECTO IIOAOKUTEABHOCTL M CAMOCOIPSI’KEHHOCTD
COOTBETCTBYIOIIINX OIIEPATOPOB, BXOASIINX B KAHOHUYECKYIO (POPMY Pa3sHOCTHBIX
CXEM, aNIPOKCUMUPYIOIIVX KpaeBble 33aAaY¥d C HEAOKAABHBIMU  YCAOBUSIMU.
YuCAEeHHBEIM, B OCHOBHOM PA3HOCTHEIM, METOAAM KCCAEAOBAHUS HEAOKAABHBIX 33Aa4
nocssamensl paborsr A.B. I'yawna, H.U. Vonkuna, B. A. Mopozosa, B. A. Makaposa,
M. X. lITxanykoBa-NacumeBa u Ap. [5, 10]. PasHOCTHEIM MeTOAaM —pENIEHUSI
HEAOKAABHBIX KPAEBBIX 337aY AAS YPAaBHEHUH TEMAOIPOBOAHOCTH IIOCBSIIIEHEI
paborsr [6-9].

ITocTranoBKa 3aa4n

B obractz Q) ={(x,y): 0 <x <1, 0 <y < T} eBKAUAOBO# IIAOCKOCTH TOUEK (X,Y)
PacCMOTPUM ypPaBHEHNE TEIIAOIPOBOAHOCTH

Uy = Uxy. (1)

Bagaua No,. Hatmu pezyasaproe u ozparuderHoe 8 obaacmu Q. = {(x,y) :
0<x<o00, 0<y<T} pewenue u(x,y) co caedyrowumu ceoticmeamu.:

1. Dynxyua u(x,y) asasemca Henpepwvierol npu 0 < x < oo, 0 <y < T;

2. ITpoussodrasn u,(x,y) — Henpepviera npu 0 < x < o0, 0 <y < T uu(0,y) €
L[0, T],

3. u(0,y) umeem HenpepvieHvie U cymmupyemovie npu 0 <y < T npoussodrvie
nopaoxa < 1;

4. Pynkyua u(x,y) ydosaemsopaem Yycao8uUAM

u(x,O) - (P(X), 0<x< 00, (2)
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1
[ aty, 0D w0, y)da+ Y aly)DSu0,y) + blyhu(0,y) —ely), 0<y<T (3)
0 i=0

2de 0 = a < oy < & < ... < an < 1; D§, — onepamop Opobrozo
oudpgpeperyuposarus nopadka & c Havasom 8 movke 0 U KOHUOM 6 mouxe Y,
e(x), aly), i = 0,1,...,m, aly,«), bly) u c(y) — 3adarHvie HenpepwvieHbBIE U

02paHuUMeHHble 8 3AMKHYMOU obaacmu uT onpedeseHus PYHKUUU.

E,Z[I/IHCTBeHHOCTL n CymeCTBOBaHHME PeEIlleHunA

Jlemma 1. [Tycmo cywecmeyem pewerue u(x,y) s3adauu Ny, u T(y) = u(0,y),
v(y) = w(0,y). Tozda napa (T,Vv) Asasemca peweHuem caedyrowet, Cucmemol
ougpgpeperHyuavHHT YpasHerul 0pobHo2o nopadxa

1

| aty, gty doc+Za1 )D& T(y) + bly)v(y) =cly), O<y<T, (4)
0

Dojt(y) +v(y) = @(y), 0<y<T, (5)

20e
D(y) = 2Dy NS ¢ (%),

2
N3Y o (x) = 2\/1_,[ X) exp (—:—y) dx.

Nemma 1 sBastercst caepcTBueM ycaoBuit (3), (4) ¥ caeAyrommmel TeOpeMHI,
AokazamHo#M A. M. Haxymessim [1].

Teopema 1. ITycmv u(x,y) — pezyasaproe 8 obaacmu Q,, peweHue YpasHeHUA
(1), ydosaemeoparowee ycaosuam A. H. Tuzorosa

u(x,y)=0 (e”‘2> , W (x,y) =0 <e£"z> , €>0,
u obsaadarouiee mem C80UCMEOM, 4O
ux,y) €eC0<x<00,0<y <T), uu(x,y) € C(0<x<00,0<y<T), uel0,y) € L[O,TI.
Toz0a
u(0,y) + Doy “ux (0, ) = 2NJ u(x, 0).

N3 (4) u (5) BeITekaer, uTo caep T(y) mckomoro pemenust u(x,y) 3apagm N
SIBASIETCSI PEIIEHNEM HEIPEPHIBHOIO AUMDEPEHIMAABHOIO YPaBHEHNS

1
Ja(y, o)Dg, T(y)do + Z ai(y) Do b(y)DQ{f = f(y), (6)

o
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Kax BuaHO u3 (6) B cAydae, Koraa

a(U)“) =0, (11(9) =az(y) :---:am(y)) X1 =06 = ... = K,

uCKOMasi (PYHKIUSI IIPeACTaBAsieT coboit pemrenme AUGPDEPEHIINAABHOTO YpPaBHEHUS
APOOHOTO IIOpPsiAKA

ao(y)T(y) + a1 (y)DgIT(y) — b(y) Dy, t(y) = f(y), (7)

mpu «; = 1/2 u3 (7) umeem

[a1(y) = b(y)] Do, T(y) + ao(y)t(y) = f(y). (8)

BapmaHT 3TOro 9acTHOTO caydast 3apadé N, korpa ap = const #1, b=1, a =1/2
OBIA OOBEKTOM MCCAEAOBAHUS PaboTHI [2].
VpaBuenue (8) B caydae, KOraa

ai(y) # b(y), ao(y)/[ai(y) —b(y)] =A = const

MOJXHO 3aIliCaTb B BUAE
1/2
Dy T+ AT = h(y), 9)

rae h(y) = f(y)/ lai(y) — b(y)l.

Ecam h(y) € L[0, T], To atoboe pemernue (9) umeer Bup, (cM. [3])
y
T(y) = kiUs (y; A) +Jh y—tA)dt, (10)
0
rae k; = const, s
T (11)

j=1
— dyukus Bapperra [11].
ITpum j = 1 ¢ yuérom (11) u3 (10) umeem

1 h(t)
t(y) = —+—J—dt
vr V) y— 07
[Tepexoast K IpepeAy, BUAHO, UTO
lim \/yrly) = i/ V.

[TosTomy k; = 0 TOrpAa ¥ TOABKO TOTAQ, KOTAQ

lim \/yt(y (12)

y—0

EAVHCTBEHHOE pelIeHre OAHOPOAHON 3apauu Komm (12) aast ypaBHeHust (9)
3apaeTcst opMyAO

Yy
T(y) = Jh(t)w (y— ).
0
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Ha ocHOBaHUE TeOpPEMEI O CPEAHEM 3HAUEHHUM CYIIECTBYET Takoe Xmi i € [0, 1], 9To
ypaBHeHUe (6) SKBUBAAEHTHO YPaBHEHUIO

m+1

Y ai(y)Dgit— b(y)Dy't = f(y), (13)
i=0

TAE Qm+1 (y) = (l(y, Xni1)-

Bompoc paspemumocTu ypaBHeHu# BuAa (13) mccaepoBar B pabote [4]. [TosTomy,
ecau 3apada Komm T(0) = ¢(0) anrst ypaBHeHus (13) uMeeT ¥ IPUTOM EAMHCTBEHHOE
pelerue, To 3apada N, PEAYIUMPYETCS K IIEPBOM KPAEeBOM 3apade AASI YPABHEHUS
TEIIAOIIPOBOAHOCTH.

Peaykumeit K cucreMme AuUPDEPEHIMANBHEIX VPaBHEHUNA APOOHOrO IOPSIAKA
PEIIaeTCsi BOIPOC €AMHCTBEHHOCTM M CYIIECTBOBAaHUS pemreHusi 3apadym Ni, 1 < oo,
Koraa Ha ydactke x = |, 0 < y < T 3apaercs ycaroBme Buaa (3), TAe BMECTO
u(0,y) z u,(0,y) crost u(l,y) m u(l,y) coorBercTBeHHO. B 3TOM CAyUIae CymIECTBEHHO
HCIIOAB3YETCSI HEOOXOAMMOE HEAOKAABHOE YCAOBHME, KOTOPOMY YAOBAETBOPSIIOT BCe
peurenus ypasuerust (1) [1].

SaKJ/II0UeHue

CdopmyAupoBaH KAACC HEAOKAABHBIX KPAEBBIX 33apa49 AAS  YPaBHEHUS
TEIIAOIIPOBOAHOCTH, MCCAEAOBAH BOIIPOC O €€ OAHO3HAYHON pa3peIrmMocTH. Hcam
3apava Komm AAsT ypaBHEHUSI, SKBUBAAEHTHOT'O HCXOAHOMY VPaBHEHWIO, MHMEET
€AMHCTBEHHOE DPEIIEHUE, TO 3apada N, PEAYIIMPYETCS K IIEPBOM KPAeBO# 3apade AAS
YPaBHEHUS TEIIAOIIPOBOAHOCTH.

Tax>xe pepykuumeir K cucreMe AudepeHIInarbHEIX YPaBHEHUE APOOHOro IopsiaKa
pelllaeTcss BOIPOC E€AMHCTBEHHOCTKM U CYINECTBOBAHUS PEINEHUsI 3apadyé Ni, KOrAa B
YCAOBHUHU CTOAT 3HAYECHUA DEIIICHUA Ha APYI'OM KOHIIE.
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