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HekoTopble MuHMATIOPHI C KyOOM
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MockoBcku#t aBraroHHLIN HHCTUTYT, 125993, r. MockBa, Boaokoaamckoe 1, 4, Poccus

Aunoranus. [TpuBoanTCst ToAPOGHOE pellleHne HECKOABKUX 33234 C Ky6OM, B 4MCAO KOTOPBIX BXOAUT Psip IPUMEPOB,
CBSI3aHHBIX C BBIYUCAEHHEM MaKCHMAaABHBIX OOBEMOB AASI BIKMCAHHBIX B KyO CUMMETPUYHBIX (PUIYP, TaKUX KaK
PaBHOCTOPOHHUM IMAWHAD, IPAaBUABHBIA KOHYC M cdepa. Hampumep, B opHOM M3 3apad co cdepoit HeobXopaurMO
6BINO HAMTH 0O6BbeM BHENIHeN YacTH Cephbl, BBIXOASIIUN 3a IIpeAeAbl OOKOBBIX IpaHeil Kyba. Bce paccMoTpenHble
IPUMEPEI IPECAEAYIOT OAHY IeADb: HAY9IUTh IIKOABHUKOB CTAPIINX KAACCOB OPUEHTUPOBATHCS B CTEPEOMETPUIECKUAX
3apadax, KaK OAHOM U3 Hamboaee CAOXKHBIX YaCTSIX SAEMEHTApHOW MAaTeMaTHKM, CIIOCODCTBYIOINEH DPasBUTUIO Y
HUX NPOCTPAHCTBEHHOI'O MEBINIAEHUS. Bce IpuBepAeHHBIE B AAHHON paboTe IpuMephl HampaBAEHBI NMEHHO Ha
5TO, a Pe3YABTATHI BCEX BBIYUCAEHUN WNCIOAB3YIOT XOPOIIO 3HAKOMYIO IITKOABHUKAM TEPMUHOAOTLHIO, a TaK>Ke
TEOpeMY KOCHHYCOB, HEOOXOAMMYIO NP PEIIeHWY pPsiAd KOHKPETHBIX IPUMEPOB. B KOHIle Ka>kp0#l pelieHHON
33paY¥ NIPUBOASITCSI KPATKHUE OTBETHl, (POPMYAMPOBKA KOTOPBIX OTAMYAETCS AAKOHWUYHOCTBIO, TOBOPSILIEH O
3aBEPIIEHHOCTY COOTBETCTBYIOINETO DPaspeAd. PemeHws BceX 3aAad CONPOBOMKAAETCSI MOAPOOHBIMY PUCYHKaMu,
UAAIOCTPUPYIOIINMY UX IIOCTAHOBKY, & BCe M300pa’keHHEBIE NIPOCTPAHCTBEHHEIE (PUIYPEI HATASAHO OOBSICHSIOT CYTh
Ka>kp0M u3 3apa4d. CTaThbst 6yAeT HOAE3HA IPEOAABATEASIM MATEMATUKY CPeAHE0OPa30BaTEABHBIX U IEAATOITIECKAX
VUPEe>KAEHUM, BEAYIINX KYPC CTEPEOMETPUM AAS YUEHUKOB CTapIINX KAACCOB. Bce paccMoTpeHHBIE NIpPUMEPHI
AOAKHBI CIIOCO6CTBOBATE AYUIIEMY YCBOEHUIO MaTepuana 6aaropapsi IOAPOOGHO M3AOXKEHHBIM PEIIEHUSIM Ka>*kKAOU U3
NIPUBEAEHHBIX 3apad. [TopobHAsT HEOOXOAMMOCTD KX IIOCAEAOBATEABLHOI'O U3AOMKEHUS OPUEHTHPOBAHA IIPEXKAE BCETO
Ha Pa3sBUTYE IPOCTPAHCTBEHHOI'O MEIIIAECHUS § IIKOABHUKOB CTAPIINX KAACCOB. OTO HYAET BeChbMa IOAE3HO UM IIPU
byAyIieM u3ydeHUU Honee CAOKHBIX PA3AEAOB MATEMATUKU.
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Some Miniatures With a Cube

| B. P. Fedorov|, S. B. Bogdanova*, S. 0. Gladkov

Moscow Aviation Institute, 125993, Moscow, Volokolamskoe sh., 4, Russia

Abstract. A detailed solution to several problems with a cube is given including a number of examples
related to the calculation of maximum volumes for symmetrical shapes inscribed in a cube such as an
equilateral cylinder a regular cone and a sphere. For example, in one of the problems with a sphere it was
necessary to find the volume of the outer part of the sphere that goes beyond the side faces of the cube. All
the examples considered have one goal: to teach high school students to navigate stereometric problems as
one of the most difficult parts of elementary mathematics contributing to the development of their spatial
thinking. All the examples given in this paper are aimed at this and the results of all calculations use
terminology well known to schoolchildren as well as the cosine theorem which is necessary for solving a
number of specific examples. At the end of each solved problem brief answers are given the wording of
which is concise indicating the completeness of the corresponding section. The solutions of all problems are
accompanied by detailed drawings illustrating their formulation and all the spatial figures depicted clearly
explain the essence of each of the tasks. The paper would be useful for mathematics teachers in secondary
education and pedagogical institutions teaching a stereometry course for high school students. All the given
examples should help with the material due to the detailed solutions provided for each of the problems
given. First of all, such necessity for its coherent treatment is focused on developing the sparial thinking
of the high school students. This would be very useful for their studying of more complicated branches of
mathematics in the future.
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BBeaenne

HacTosimmast paboTa IPOAOAIKAET CEPUI0 aBTOPCKUX cTaTedl [1, 2] IOCBSIIEHHBIX
PEeLIeHIO 33724, IPEANOKEHHEIX B CBOE BPEMSI AASI CTYAEHTOB IIEAATOTMYECKUX BY30B
B.II. ®epopoBeiM. Ha 3TOT pas MBI pacCMOTPUM HECKOABKO 33Aa4 U3 CTEPEOMETPUY,
TAABHBIM AEHCTBYIOIIUM AUIIOM B KOTOPHIX 6ypeT Kyb. PaccMoTpenHble HUKE 3apadu
He BCTPEYAIOTCSI B KAACCUYECKZX ydebHmMKax mo crepeomerpuu [3-10], um mMeHHO
IIO3TOMY OHU AOAYKHEI OBITH MHTEPECHEI HE TOABKO CTAPIIEKAACCHUKAM, HO X YIUTEASIM.
Bribop kyba B KadecTBe OCHOBHOTO <AEHCTBYIOIIETO AMIIA» BIIOAHE €CTECTBEHHO,
IIOCKOABKY €ro pUTypa YPe3BBIYANHO IPoCcTa baaropapsi CBOER MAEAABHON CUMMETPUMN.
YMecTHEIM 32eCh ObIAO OBl ymoMsiHYTH MbICAb VoramHa Kemaepa (1571-1630), gro
«CpeAr IIPAaBUABHBEIX TEA CaMOe IIEpBO€, HAYaAO0 M POAUTEAD OCTAABHEIX — KyO
...» [11]. TlepBEle UATH 3apa¥ KOHCTPYKTUBHO OOBEAWHEHEI OAHON HAeeil: Teno
HEKOTOPHIM 0Opa30oM PaCIOAOKEHO Ha AMAroHaAM Kyba m TpebyeTcs BHIYUCAUTDL €T'0
06beM. 3aKAIOUUTEABHBIE YETHIPE 33AaYM OTPAXKAIOT CAYYAX CAOXKHOTO IIEPECEUEHUS
Kyba co cdepoit, TPaBUABHON YEeTHIPEXYT'OABHONM IXPAMUAON, KOHYCOM U IIMAUHADPOM.
Haaeemcst, 9To TOAPOOHO BEIIOAHEHHEIE KO BCEM 33Aa4YaM YEPTERKU HE TOABKO IIOMOI'YT
TIIOHVMAHUIO PEIIEHUS 3aAa9y, HO X AOCTABSAT UUTATEAIO ICTETUIECKOE YAOBOABCTBUE.

3ajadn ¢ AuaroHaJibio Kyba

Bamaua 1. B kyb co cmopoHoli a4 8nucara NpasusbHAA MPEY20ALHAA NPUIMQA
max, wmo O0uazoHaab KYyba npoxrodum ueped UEeHMPd, OCHOBAHUL NPUMDL.
Caedyem Halmu MaKCUMANBHBIU 00BEM 6NUCAHHOT NPUSMBL U 00BeM NPUSMDL,
Yy Komopol ece pebpa pasHvl (cm. puc. 1).

PeweHnne

[Tycts MK = x 310 cTOpOoHa ocHOBaHusA Ipu3Mbl, a O0O; =y - BeIcOTa IpuU3MBIL. B
IpsiMOyroAbHOM Tpeyroabruke C1B1A u AB; = v/2a , a 3Hauwr,
AB] \/za \/—

ctgo = ctgLCiAB; =3 C — o 2.
16y

B cBoro ouepeab

1 V2
ctgB =ctgLACB; =ctg (90° — &) = tgox = — = —.
gh g 1By g ( ) =tg 2

O603HauYMM IIEHTP ONMCAHHON OKPY’XHOCTH OKOAO TpeyroabHmKa NMK Toukoir O.
Torpa OK = —. CaepoBaTeABbHO, U3 IPSIMOYroabHOr0O TpeyroabrHuka OKA moayuwnwM,

V3

x  xVE
Vi3
[Tockoabky C;A = av/3 npeacTaBasieT coboit AraroHaAb Kyba, To

C]A:C1O1+OO1+OA:\/?EX+U+%€:\/TEX+UZQ\/§.

qTo

OA:ctgoc-OK:\/Z-
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Puc. 1. Ha awmaromanm kyba AC; aexur npsmas OO;, COEAMHSIONIAS IEHTPBI
OCHOBaHW# IpaBuUAbHOM TpeyroabHoir mpuaMbl NMKN;M;K;. Bepmuas:
npuaMbl N, K; Ny, My, K; aexxaT Ha pebpax Kyba, a BepmuHa M IpUHAANEKUT
AMarOHAAYM HU>XHET'O OCHOBAHUS.

[Fig. 1. On the diagonal of AC; cube, OO; is situated, joining the centers of bases of

the proper triangular prism NMKN;M;K;. The tops of the prism N, K, Ny, My, K; are
found on the cube edges, and the top of M is appertained to diagonal line of the lower
base.]

Orcropa caepyer, 4To Y = av3 — \/TEX. [TosToMy 0b6beEM BIMCAHHON IPU3MBI MO’KHO

HAUTH KaK
2
V:X:‘/g (ax@—?x) :éa Z—ﬁﬁ.

X
4 8
BreraucauM Tenepb 06beM IPU3MBI, KOIAd BCe p€bpa IPU3MEL PaBHEL, T.e. Y = X. 'Toraa
YCAOBUE Y = X IIEPENUIIETCS KaK

a\/§:x+x\z/gzx<\/§+2),

OTKYyAA

x =av3 <\/€ — 2) .
[TopCTaBASIST 3TOT PE3YABTAT B QOPMYAY AASI 0bbeEMA

3 3v2
V = ZQXZ — TX3,

TIOAYYUM MCKOMBIY 06beM B BUAE
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VccaepyeM Temepb MOAYYIEHHYIO PYHKIINO obbeMa V(X ) Ha MakcuMyM. AeACTBUTEABHO,
AASI IIPOU3BOAHOM IO apryMeHTY HMeeM

3 9
V' =Zax— -V2x* =0,
2 8
OTKYyAA U HAaXOAVM KPUTUYECKUE TOYKHU X = (0 UAM X = %ﬁa. SlcHo, uTO caydait x = 0
paccMaTpUBaTh HE CTOWUT, a BOT IPHA X = %za HaubOABIIMY 06bEM BIMCAHHON TPU3MEL

COCTaBUT BEAUYUHY

22\ V3 (528) 2,

Vimax = | 3 g ¢ 3 9

TakuM obpasoM, 06bEM BIMCAHHON NPU3MEI C OAMHAKOBLIMU pedpaMu COCTaBASIET
3
9. (%—2)

1 a’. MaKcuMaAbHEIH ke 06beM BIMCAHHOM IPU3MbLI OYAET TOTAA paBeH

as.

2
9

Bapaua 2. I[Ipednonooscum menepsv, wmo e xyb ABCDA;B;C;D; ¢ pebpom
8NUCAHA NPABUNDHAA ULECNMUY20ADHAA Npusdma maxr, wmo eé ocv O0; aeorcum
Ha OuazoHaau DB, xyba. B samoid 3adaue caedyem Haldmu Hauboavwul o0b6Beém
8NUCAHHOU NPUSMDL, A MaKIHCe ee 06BeM NPU YCA08UU, MO 6ce ee PEOPa pPaBHbL
meoncOy coboli (em. puc. 2).

B 1
\ ¢
------------------------ \ P
: \
1 % . ]
‘ \)_ ]— —y(
-— - \ ’f‘ \
\Y *\ \
e N y
% e y \
v 1 \ y
\\ \\ ‘\
\ \ \ LT
\ \ P
\ .""’\‘ "',"
\ \ M
) \
\
\\ \ \ N
\
/g'_ N 5 /N C
] ] ] | \ O \ ---------
// ] .".. \\ ............
- 0
- - - .".' -------------
A = VTT L
I /

Puc. 2. Ha amaromaam xyba DB; aexur npsamas 0OQO;, coepAuHSONAS IIEHTPBI
OCHOBaHUY IIPaBUABHOU MIECTUYTOABHON IIPU3MEL.

[Fig. 2. On the diagonal DBy of cube, the OO; right line is lying, joining the centers of

bases of the proper hexagonal prism.|
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PeweHnne

O603Ha4YmM CTOPOHY OCHOBAHUS IPU3MEL Yepe3 X, a BeIcoTy npu3Mbl O0; mpumem
3ay. Toraa
V=35-y,

TA€ IAOIaAb OCHOBaHUS paBHA IIAOIMIAAY IIPABUABHOIO IIECTUYTOABHMKA CO CTOPOHOM
xV3
X, T.e. S = %xz\/§. BripasuMm remeps OK = v/OM?Z — MKZ = T\/_ yepes pebpo Kyba a

U3 npsmoyroabHoro Tpeyroabrmka B;CiD maiaem, uTo

DC] a\/i
=—=V2
B]C1 a \/_

ctgo =

Toraa u3 mpsiMoyroabHOro TpeyroabHuKa DOK (cMm. puc. 2) HaiiaeMm

ODZOK.ctga:"zﬁ-\/Z:XT\@.

I[Tockoapky B;D = 20D + OO; u B;D = av/3, o y = av3 — xV/6. TlosTomy obbeM
BIIMCAHHOM IIPU3MEL OyAET

V= %gxzy = %gxz ((l\/g—X\/g) = ; (xza —x3\/z> .

Haiinem HambOABIINMIA M3 BCEBO3MOXKHBIX 00beMoOB. Mccaeayem dyurumio V(x) Ha
MakKCUMyM. [I0CKOABLKY IIPOM3BOAHAS

V' = ; <2ax — 3\/§x2>

TO, IPUPABHUBAS €€ K HYAIO, HAXOAUM ABa pelreHuss X = 0 u x = “\Tﬁ W, crepoBaTenbHO,
HauboAbIui 06beM OYAET paBeH

w2\ 9 ((avz) a2\’ 0 /2 4\ 9, 2 &
V(T):Z (T) '“—(T)ﬁ e (5-5) =3 =

Hatinem Tenmepnr obbeM pPaBHOCTOPOHHEH IIPU3MBI, T.€. IPU3MBI CO BCEMU pPaBHBIMU
pebpamu, x =Y. Baaropapst paBeHCTBY av/3 = xv/6 + | CAeAyeT, 9To

a3 av3 <\/€_]> a(3\/2—\/§>
TV 5 - 5

U, 3HA4YUT, ee 06beM OyaeT

Vzgxgx/g
va(a(3v2-3 i (V3 3
\/:323 ( 5 ) _¥ <125> . <\F6_1>_%a (v6-19).



HexoToprle MuHUATIOPEL ¢ KyboM ISSN 2079-6641

TaxuMm obpasoM, 06bEM BIUCAHHOY IPU3MBI CO BCEMU PaBHBEIMU pPebpaMu COCTaBASIET
27 3
—a

250 (9\/3 — 19), a ee MaKCUMaAbHEIA 06beM 6yaeT paBeH %.

Bagada 3. Ilycmv menepv 8 ky6 ABCDAB;C;D; ¢ pebpom a snucax koHyc
MmaK, 4mo €20 8b.COMa AeHCUM HA Ouazoxaau Kyba. 30ecv makoce, Kak U 6
npedvldyweltt 3adave, caedyem HaUmu HAUOOALUWUL 00BEM BNUCAHHO20 KOHYCA U
0b6BeM 8NUCAHHO20 PABHOCMOPOHHE20 KOHYyca (cm. puc. 3).

B, C
|
A, | D,
I\
\
\
\
|
I \\ a
| \
| \
| \
\
| '\
I x YK
|
sl ek )
//’ \ a C
- ) a
//
A a D

Puc. 3. Ha pmaronaau xyba BD; aexxuT BeicoTa B;O xomyca, Biuca"HOro B Kyb Tak, 9TO
BepmuHa B; KoHyca u Kyba COBIIapaloT, a OCHOBaHUE KOHYCA KaCaeTCsI CMEKHBIX
H6oxoBEIX I'panelt Kyba B Toukax K, M u F, mpuHasne KaIUX AMATOHAASM ITUX
TpaHen.

[Fig. 3. On the diagonal BD; of cube, the height of B;O cone, inscribed in the cube so
the height B; of the cone and the cube are equal. In addition, the base of the cone is
tangent to neighbouring side faces of the cube in K, M and F points, occured to its
faces diagonals.|

PeweHne

HanmoMHUM, 9YTO PaBHOCTOPOHHUM CUUTAETCS KOHYC, ¥ KOTOPOr'o 0bpa3yiolas paBHa
AunaMmeTpy ocHoBaHUs. ObosHauuM BbICOTY KOoEyca OB uepes y, paauyc ocaoBarus OK
gepes3 x. Kak u3BecTHO, 06bEM KOHYCA BBIYUCASIETCS IO (DOPMYAE

1 1,
V—§S-h—§7rxy.

U3 npsmoyroabHOro Tpeyroabauka DB;Cy HaltpeM, 4To

DC;  aVv2
= = — = 2.
ctga B.C, . V2
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3 mpsimoyroabHOro TpeyroabHuKa OKD caepyeT cooTHoIIEHTE
OD = xctga = xV/2.
ITockoabky DB = av/3 xak pmaromansb Kyba u
DB; =y + 0D =y +xV?2,

TO

a\/§=y+X\/§.

Haiiném Temeps 06béM paBHOCTOpPOHHETO KoHyca, T.e. BjK = 2x. T.k. oceBoe ceuenme
PaBHOCTOPOHHETO KOHYCA IIPEACTABASIET COGOM IPaBUABHEIR TPEYTOABHUK, TO Y = XV/3.
TTosTOMy 73 paBeHCTBa aV/3 = y+ XV/2 caepyer, 4To

av3 =x(vV3+Vv2).
- i a3(VE-v)
TRV 1

[ToaToMy MCKOMBIY 06beM HaAETCS KaK

:a@—¢a.

3
V= %ﬁxzy = %7‘(7(2 xV3 = ?m& = ?71(1%3 — \/8) = na’V3 (9\/5— 11\/§> .

UccnrepyeM Telephb BOIPOC O HAWOOABIIEM K3 BCEBO3MOXKHEIX OOBHEMOB BIMCAHHOI'O
KOHyCa. 3anuIireM obbeM KOHyca KaK (PYHKIIAIO apryMEHTa X. AAS 9TOr'0 U3 PaBEHCTBA

a\/gzy—l—xx/z

BBIPa3UM | ¥ IIOACTAaBUM B BBIpa>keHUe AN obbeMa KoHyca. Toraa

1 1 1
V= gﬂxzy = §7TX2 (ax@—xﬂ) =37 (a\/gx2 — x3\/2> :
TToAy4YeHHOe BEIPAsKEHIE IPEACTABASET COBOM MCKOMYIO (DYHKIIMIO OT X, TO €CT
1
V' = 37 <2xa\/§ — 3x2\/§> .

¥ TIOCAE IIPUPABHUBASI €€ K HYAIO, HAXOAMM ABa KOPHS: OAWH TPUBUAABHEIHM X = 0 u
[ _ a\/g

BTOpO# X = %3°. B pesyabTaTe MOACTAHOBKE HETPUBUAABHOIO DEINEHUs! B (HPOPMYAY

AAST 06beMa, MBI HAXOAUM HambOABIINE 06beM KOHYyCA:

av6 1 av6 ? av6 ’ mad 2ma3v/3
V(TT>:§" “@<§i>—<f?>vi =57 (6v3-4v3) = T

SHAYUT, obbeM BIIMCAHHOTO PaBHOCTOPOHHET'O KOHyCa COCTaBASIET
na’v3 (9\/§— 11\/§>; a HaumbOABINMIA BO3MOXKHBEI OOBEM BIIMCAHHOTO KOHYyCa
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2may/3
AOATKEH OBITH PaBeH ————.
27
Sagaua 4. ITycms menepv eHympu %Kyba, pebpo KOMOPO20 pPABHO A,

NOMEWLAEeMCA KOHYC Mmax, 4mo e20 esepuiuna cosnadaem c 00HOU U3 BEPUWIUH
xYyba, a OKPYHCHOCMD OCHOBGHUA KACAEMCA MPET zpaHell Kyba, CTOOAWUTCA 8
npomueonoaoscrol eepuwure. Obpasyrowas KOHYca COCMAasAAEM C €20 OCHHIO Y204
a . Caedyem onpedeaums paduyc 0CHOBAHUSA KOHYCA (CM. puc. 4).

C

1

A

Puc. 4. Ha pamaronaam kKyba CA; aexxuT BhicoTa A0 KOHyCa, BOIMCAHHOTO B Kyb Tax,
YTO BepIrHa A; KOHyca ¥ Kyba COBIIaAAIOT, a OCHOBAHME KOHYCA KacaeTcCs
TpeX CME’KHBIX OOKOBBIX I'paHell Kyba B Toukax K,F u E, mpmHaarexamux
AMaroOHAaASIM 3THUX TPaHei

[Fig. 4. On the diagonal CA; of cube, the height A;O of the cone is lying, inscribed in

the cube as the height A; of the cone and the cube are equal. Also, the base of the

cone is tangent to three neighbouring side faces of the cube in K, F and E points,

related to the faces diagonals.]

PeweHnne

—

[IycTe yroa mMesxpay obpasylomeit kKoryca u ero ockio OA;K = o, AA; = a, papuyc
ocuoBarus KoHyca R = OK u ¢ = ZAA;C. Torpa us Tpeyroasvruka A;OK caepyer, aTo
R = OK = A;Ksin «, a u3 Tpeyroabruka AA;K caepyet, aTo

AA
AK = LA —
cos( — o) cos(¢p — )
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a 1
B cBoio ouepeab m3 TpeyroabHuKa AA;C HaxopuM, YTO COS @ = % = — = —.
! a3 V3
. 2
[ToaTomy sin @ = 3 W MBI MMeeM paBEHCTBO
asin «
" cos(p—«)’

PackpoemMm 3HaMeHaTeEAD, UCIOAB3YS (POPMYAY KOCHHYCA PA3HOCTH:

cos(@— o) = cos @ -cos ox+sin @ -sin x = ] cosoc—l—\/isinoc— ] (cosoc%—ﬁsinoc)
¢ ¢ ¢ /3 3 /3 .

B umtore moaygaem

V3asin a V3a
cosx++2sinow  ctgoe+ /2
STO W €CTh MCKOMEI OTBET AAST TTOCTABAEHHOM 33Aa€H, TO €CTb PaAUyC R ocHoBamms

V3a
ctgo + V2

Bapgaua 5. IIpednoaoorcum menepv, wmo 6 Kyb co cmopoHol a 6nucak

R

BIIMCAHHOI'O KOHYCa AONKEH OBITH PaBEH

YUAUHOD, OCb KOMOPOo20 sedtcum Ha ouazonaau kyba. Caedyem Haldmu obsém
DABHOCMOPOHHEZ0 UUAUHODA U MAKCUMANEHBIT 06BEM 8NUCAHHO020 YUAUHODA (CM.
puc. 5).

Permenne

Beepem obosmauenuss O0; =y, OK = x, ZD1BA; = «. U no ycaoBuro 3apayu

Yy = 2x (QUAMHADP PaBHOCTOPOHHUY). SIcHO Toraa, uro BA; = av/2 ¥ U3 IpsIMOyTOABHOTO
TpeyroabHuUKa BA;D; HaltaeM, uTo

BA;  av2 /3

tgox = = 2
e A]D] a

BA,
A;D;
u3 mpocToro cooTHomernus BD, = av/3 moayuaem pasencrso av/3 = 00; + 2BO,re.

= xv/2 A moTomy,

[Tosromy u3 Tpeyroaprrka BOK caeayer, uro BO = x - ctgax =

av3 =y +2xv2. (1)

BrrumcauM BHauane 0O6beM BIMCAHHOTO PaBHOCTOPOHHEro IUAMHApaA. CoraacHo
dopmyae V = mx*y u 6aaropapst yCAOBHIO Y = 2X, C y4eTOM cooTHoueHus (1), nmeem

a\/§:2x(1+\/z>

OTkyaa, mocae AOMHOXKEHUSI YUCAUTEAS ¥ 3HaMEHATeAS Ha COIPSIXKEHHO YUCAO,
CAEAYET, UTO

X_ av3(1-v2)  av3(v2-1)
_2(1+\/§>(1—\/§>_ 2 '
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Puc. 5. Ocy mmamaApa OO; AexxuT Ha pmaroHaauw BD; kyba, a ocCHOBaHUMS IMAWHAPA

KacaloTcs rpaneit Kyba B Toukax K, F u E, mpuHaanerkammux aAnaroHaAsIM IpaHei.
[Fig. 5. The axis of OO, cylinder is situated on the BD; diagonal line of the cube, as
the bases of the cylinder are touching the faces of the cube in K, F and E points,
related to the faces diagonals.]

B pesyabTaTe
y=av3 (\/z — 1) .
SHauuT, 06'bEM PAaBHOCTOPOHHETO ITMAMHAPA
2
3a? (\/Z — 1>

V=mn 1 -a\/§<\/§—1>:§a3\/§<\/§—1>3.

Temepb mccAepyeM BOIPOC O HawboablIieM 06beMe Vi, BIMCAHHOI'O IMUAMHApPA. AAsS

9TOr'0 PACCMOTPHUM €r0, KaK (PYHKIIAIO OT PAANYCa OCHOBAHMUS IUMAMHADA:
V(x) = ﬂxzy = %2 (a\/g _ ZX\/§> — (axzx/§ . 2X3\/§) .

BEIYUCASIS IIPOM3BOAHYIO M IIOAATAsl ee PaBHOU HyA, moaydaeM . OTKyaa CAeAyeT
TPUBUAABHEBIA CAy4Yall 1 HETPUBUAABHEIN, Koraa V' = 7t (Zaxx/g — 6x2\/§> = 0. OTkypa
av6

CAEAYET TPUBHUAABHEIA CAy4Yalt X = 0 U HETPUBUAABHBIN, KOTAA Xpax = < [ToacTaBUB

9TO 3HadeHUE B hopmyay (1), HaiiaeM, ITO

ymax:a\/g_za;/g\/z:3a\/§ga\/1_2: a\3/§)

OTKYyAA

Vinax = TX° —ﬂa—z a\/g_ﬂa3\/§
max =TXY =TS T3 T T
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SHauuT, HanOOABIINH 06bEM BIUCAHHOIO IUAWHADPA AOAKEH OBITHL paBeH

a’my/3
18
TakuMm o6pasoM, MBI IPUXOAMM K 3aKAIOUEHHWIO, YTO OOBEM PABHOCTOPOHHETO

Vmax =

3
nuAMHAPa byaer V = f’Ta3\/§ (\/E — 1) , @ HauboAbIIMA 06beM BIKMCAHHOI'O IIMAWHAPA

nay/3
Vmax - T

HeKOTOpre Apyrume 3agadm C KY6OM

Bagaua 6. [lycmov 8 xKyb snucar wap max, ¥mo OoH KACAEMCA 0CHOB8AHUA KYba
u pébep sepxrHezo ocHosaHusA. Pebpo xyba pasHo a. Hatimu obsém wacmu wapa
eHe kyba (cm. puc. 6).

A

Puc. 6. lllap ¢ merTpoM B Touke O KacaeTcs HUKHeN rpaHu Kyba B Touke Q u B
cepepuHax pebep BepxHero ocuoBaHust M, N, F E.

[Fig. 6. The ball with a center in the O point makes touch in the greatest lower bound

of the cube in the Q point, as well as in midpoint of the edges of the upper base of

M, N, F E/]

PeweHnne

%k} PHUCYHKa CAEAYET, 9TO BHEIIHSASA YaCTb KY6a \% CKAAABIBA€CTCA M3 HECKOABKUX
IITapOBBIX CET'MEHTOB!:

V=V, +4V, = nH? (R—%H) + 47th? <R—%h),
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rae V) - obbeM BepxHEro cerMeHTa Irapa, V, - 06beM OOKOBBIX CEIMEHTOB Iapa, R -
paauyc mapa, a h u H - BBICOTEL ITaPOBLIX CEI'MEHTOB, ITIOKa3aHHLIE Ha PUCYHKE 7.

K
H
M N
a
0 h
: £l |t
R
)

Puc. 7. Cedernue kyba narockoctsro MNQ.
[Fig. 7. The section of the cube by MNQ plane.]

U3 npsimoyroabHoro rpeyroabruka MFO caepyer, uTo

R? = MO? = MF? + FO* = MF? + (FQ — 0Q)*.

an 5 5
R? — %—i—(a—R)z - %+a2—2aR+R2,
OTKyAa CAEAYET, UTO
5
ZCIR = Zaz
7, 3HAYMUT,
5
= ga.

Yrobsl HalTH BBICOTY BEPXHETO IIapPOBOI'O CETMEHTA, BOCIIOAB3YEMCS COOTHONIEHWEM
H = KF = KQ — FQ. Otkyaa

10
H:2R—a:§a—a:%.

SHa‘-II/IT, obbeM BEPXHEI'O IMIapPOBOI'O0 CEIMEHTA COCTABHUT 3HAYECHUE

1 a? (5 a ma’
=nH (R—sH|)=n—(Za— = | = .
Vi=m (R 3 ) ™6 (8“ 12) 32
AHanOTMYHO BEIYMCAUM BBICOTY 6okoBoro cermenta mapa h = LE = OL — OE, te.

5
h=R-— % = ga — % = %. [TosTomy 06beM OHOKOBOTO IITAPOBOI'O CETMEHTA ODYAET paBeH

1 a? /5 1 7ma’
_ 2 - N —
Vo =mh (R 3h) e (8“ 24“) 32.24°
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OKOHYAaTeABHO, 06BEM YaCTH IIapa BHE KyHa BBIYMCASETCS, KakK
mta? N 4.7na®  ema*+7ma’  13ma’
32 3224 32-6 192 ¢
137ta?

192

V=V, +4V, =

U, chrepoBaTENBHO, OKOHYATEABHBIN OTBET V =

Bapaua 7. ITycms 8 npasuavHol wemuipeéxryzoavHol nupamude bokosoe pebpo
cocmasasem C NAOCKOCMBIO OCHOBAHUA Yzon &. B amy nupamudy nomewer xyb
mak, ¥mo 8epULUHBL. 00HOU €20 2paHu co8nadarom c cepeduHamu PEGEP OCHOBAHUA
nupamuos, a xasrcooe pebpo npomusosesrcawed epary Kyba nepecexaem o0HO U3
bokoswvix pébep nupamudv.. Onpedesums 0bsém “acmu Kyba eHe nupamuodv. (cm.
puc. 8).

Puc. 8. Ocb ky6a OO AexxuT Ha BeicoTe SO IPaBUABHON YETHIPEXYTOABHON IIXPAMUADI.
Touxrmu A, C, K sBAsitoTca cepepuHamu pebep Kyba.

[Fig. 8. The axis of OO cube is liying on the SO height of the regular tetragonal

pyramid. The points of A, C, K are the midpoints of the faces cube.]

PeweHnne

BsepeMm obosnauenust SP = a, /SPO = «. /3 pucyHKa $SICHO, YTO MCKOMBIA 0b6BbeM
MO>XHO BEIYACAUTD, KaK

1
V =4Vagep =4 - ZSABC -BD = 2S¢ - BD.

1 2
IIycTe pebpo xyba paBHO X, Toraa BD =x, a Sapgc = 7 (;) . T'x. Tpeyroasaux ABC
npsimoyroabHubIt u AB = BC = ;, TO
1 % x3
V=2._.2. -~
24 "4
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BrrpasuM noaydeHHBIZ 06beM uepe3 yroa «. VI3 Tpeyroabumka SO;A caepyeT, 9TO

_O]A_ X

SA = = ,
cosx  2coso

rae Mel yuan, 9To O1A = 3. V3 npsaMoyroassoro rpeyroavruka AKP umeem

AK
AP = o = X
sinx  sina
nockoAbKy AK = x. Torpa
SP=SA+AP=-—— 4+~ —gq

2cosx  sino

OTKyaa AErKO HAaXOAUTCS MHTEpeCyIollee Hac pebpo Kyba

2asin occos asin 2«

X = ' = —.
2cosx+sinx  2cos x4 sin

3

X
[ToacTaBasist B popMyAy V = T IIOAYYEHHOE BBIPAsKEHUE AAST X, IIPUXOAUM K MCKOMOMY

V—1 asin2o 3
4\ 2cosax+sina )

OTO U eCTb I/IHTepeCYIOI_T_II/II‘;I HaC OTBET Ha IIOCTABACHHYIO 3aAa4dy.

OTBETY:

Bapaua 8. I[Ipednonoocum, wmo pebpo xyba ABCDAB;C;D; pasro a, mouxa
K - cepedura cmoporv. AA;, mouxa L - cepedura cmoporw, CCy. B xyb snucan
YUAUHOp max, wmo ocv uuauropa O0; nesrcum wHa npamold KL. Heobxodumo
8HIMUCAUMD 00BEM UUAUHODA, G MmaKdtce e20 60KO8YI U MOAHYN NMOBEPTHOCTMD

(em. puc. 9).
PeweHnue

Kak u B IpeABIAYIINX 3apadax, BBEAEM COKpAIleHHBIE 0003HAYEHUS OO(1l =yu
ON =x = 5 [TorsTHO, uTo MN = 2Xx = a, a mockoabky OK = AM = 5 = X u

AC = av2, To scHO, 4TO Yy = a (ﬁ — 1). B pesyabTaTe 00beM BIMCAHHOI'O IIMAXHADPA
byaeT
2

V:ﬂxzyﬂ%-a(\/z—1> :w.

[Tromaas ke GOKOBOM ITOBEPXHOCTY COCTABUT TOTAA BEAUUNWHY
S = 2mxy :271%'a<\/§—1) — na? (\/2—1),

a IIAOIITaAb TIONAHOM IIOBEPXHOCTH BIIMCAHHOI'O IIUAMHAPA OKA3BIBACTCS paBHOfI

2 2
2 L C e (s T s
Stun = 2mx° + 2mxy —2714 +2712 a(ﬁ 1) > + mta (\fz 1).
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A\

A

Puc. 9. Obpasyiomue nmuaraApa NN; 1 MM AeXaT Ha AMaroHAASX BEPXHEHN 1 HU>KHEHR
rpameii Kyba.

[Fig. 9. The forming parts NN; and MM, of the cylinder are found on the diagonal

lines of the top and bottom faces of the cube.]

7'[(13 —
OreT: V = %1), Stut = "Taz + ma? (\/Z— 1> .

Bagaua 9. B smoid 3adave npeonoaodcum, 4mo 6 KOHYC 6nucaH Kyb
ABCDA1B;C;D; co cmoporoti a max, wmo ezo pebpo DD; aestcum e ocrosaruu
xonyca (cm. puc. 10). Caedyem Hatimu paduyc OCHOBAHUA U 8bLICOMY KOHYCA.

PeweHne

IIycts AB = a - pebpo ky6a, Toraa AC = KO = av/2, CQ - nmonoBUHA AMArOHAAU

a\/_ a\/_

Kyba, T.e. QO = a QC = . ITnockocte AA;C;C mepecekaer HOKOBYIO
3

o

TIOBEPXHOCTh KOHYCa II0 OKPY’KHOCTHU C IIeHTpoM B Touke Q m papuycom AQ =

Ha uepresxe mokasana ayra AEF aTo#f OKpy>XHOCTH, IIPX 3TOM, SICHO, 4TOo EQ =

o &)
i

U3 tpeyroarbauka BEF mHaiiaem, uTo

BF %ﬁ V2 \/z<\/§+]>

ﬁ:a\/i—a_\/g_*lz 2 )

tgox =

TA€ & - YLOA HakAOHA OOpasylome# KOHyca K IIAOCKOCTM €ro OCHOBaHUS. A u3

TpeyroabHuKa BTD caeayer, uro TD = BD - tgx. OTciopa HECAOKHO HallTW paprnyc
. a

Kouyca. Ae#ictBurenbro, T.K. R=T0O =TD 4+ DO, a DO = > TO Papmyc

=—+afm:5(2\/§—1).
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Puc. 10. BoxoBoe pebpo DD; kyba AexxuT Ha pAraMeTpe OCHOBAHUS KOHYCA, & BEPIIUHBI
Kyba A, B, C, Ay, By, C; npuraarexaT obpa3yromuM KOHyca.

[Fig. 10. The side edge DD, of the cube is one the base diameter of the cone, and the

cube corners A, B, C, Ay, By, C; are relative to the forming parts of the cone.]

A mockoABKYy u3 TpeyroabuuKa DS caepyert, uTro H = Rtga, To BBICOTA

V2(V3+1)

H:%(Z\@—O- 5

Orser: H:M, R:%<2\/§—1>.

SaKJ/IroueHue

B zakarouenwe paboTel xoTenock Obl emre pas obparuthesi K Y. Kemaepy, m
TIPUBECTY OKOHYAHUE €I'0 IIUTATHI, IPUBEACHHON B CAMOM HadaAe Halllel CTaTbU: «CPEAR
IIPaBUABHEIX TEA CaMO€ IIEPBOE, HAaYaAO ¥ POAUTEAD OCTAABHBEIX — KyD ... a €ro, ecamn
IIO3BOAUTEABHO TaK CKa3aTb, CYIpPyra — OKTa’Ap, MO0 y OKTa’papa CTOABKO YIAOB,
CKOABKO y Kyba rpameii» [11]. Bce 3apauu ¢ OKTaspApoM GYAYT COCTABASITH CYTh YIKE
ApPyroit Harmeir paboTsr . . .
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