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Abstract. In this paper, we study the global solvability and unsolvability of a nonlinear diffusion system
with nonlinear boundary conditions in the case of slow diffusion. The conditions for the global existence
of the solution in time and the unsolvability of the solution of the diffusion problem in a homogeneous
medium are found on the basis of comparison principle and self-similar analysis. We obtain the critical
exponent of the Fujita type and the critical global existence exponent, which plays an important role in
the study of the qualitative properties of nonlinear models of reaction-diffusion, heat transfer, filtration
and other physical, chemical, biological processes. In the global solvability case the principal terms of
the asymptotic of solutions are obtained. It is well known that iterative methods require the presence
of a suitable initial approximation, resulting in a rapid convergence to the exact solution and preserving
qualitative properties of nonlinear processes under study, it is a major challenge for the numerical solution
of nonlinear problems. This difficulty, depending on the value of the numerical parameters of the equation
is overcome by a successful choice of initial approximations, which are mainly in the calculations suggested
taking asymptotic formula.
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HeJInHelTHOo mndPy3MOHHOI CUCTEMBI C ICTOYHUKOM U
HEeJIMHENHBIMYA TPAHUYHBIMHA yCJIOBUSIMU

A. A. Aaumos’?*, 3. P. Paxmonos’
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Annoranusi. B pamHOM paboTe wusydaeTcs raobanbHaAsi pPaspelIXMOCTb ¥ HEPA3PENIXMOCTb OAHOM
HEAWHENHON CUCTeMbI ANDDY3UN C HEAUHENHBEIMY FPAHUYHBIMY YCAOBUSIMA B CAYYae MEANEHHON ANDDYy3UH.
HalipeHBI yCAOBHSI TI'AODGAABHOTO CYIIECTBOBAHUSI PEIIEHUS II0 BPEMEHM X HEPA3PENINMOCTH peIleHUs
HEeAWHENHOU 3apadu AUMOY3UM B OAHOPOAHOM CpeAe HAa OCHOBE AaBTOMOAEABHOI'O aHAAW3a W METOAA
CpaBHEHUsI pelleHui. [loaydeHBI KPUTHUYECKasi SKCIOHEHTa Tumna PYA>KUTA, ¥ KPUTHUUECKasl SKCIOHEHTA
TAOBAABHOTO CYIIECTBOBAHUSI PELIEHWsI IO BPEMEHW, HKIPAOIUX Ba’KHYIO0 POAb IPU KCCAEAOBAHUSIX
KA4YeCTBEHHBLIX CBONCTB HEAWHEWHBIX MOAEAEH pPeakIUM — AUMPDY3UU, TEIAOIPOBOAHOCTH, (UABTPAIN
U APYTUX (PUSAYECKUX, XAMUIECKUX, OMONOIMYECKEX IIPOIECCOB. B caydae ranobanbHOW pasperrmMoCcT
NIOAYYeH TAABHBIA YAEH ACUMITOTHMKM aBTOMOAEABHBIX peIleHuil. VI3BeCTHO, YTO HUTepaIMOHHBIE METOABI
TPeOYIOT HAAWYUS IIOAXOASINEr0 HAaYaAbBHOIO IPUOAMIKEHUsI, IPUBOASIIIEE OEICTPON CXOAUMOCTH K TOYHOMY
PEIIIEHNI0 U COXPAHSIONINE KAdYeCTBEHHBIE CBOMCTBA M3ydYaeMBIX HEAWHEHMHEBIX IIPOIIECCOB, 3TO SIBASIETCS
OCHOBHOM TPYAHOCTBIO AASI YUCAEHHOTO DPEINeHWsI HEAWHEMHBIX 33Aad. OTa TPYAHOCTH B 3aBUCUMOCTH OT
3HAYEHUsI YUCAOBBIX ITapaMeTPOB HEAUHENHOM cucTeMBI AUPDY3UN C HEANHENHBIMY IPAHNYHBIMU YCAOBUSIMU
IIPEOAOAEBAETCS IIyTEM YAAYHOI'O BhI6OpA HaYaAbHBIX IPUOAVIKEHUM, B KAYECTBE KOTOPHIX IPY BEIYUCAEHUSIX
NIPEAAOSKEHO 6PaTh MOAYYEHHBIE ACUMITOTUYECKUE (POPMYABI.
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Introduction

In this article, it is dealt with the doubly degenerate parabolic equations with the

source
—1

o, 9 T uk
ot Ox

au].f
ox

+ult, xeR4, t>0, i=1,2 (1)

coupled through nonlinear boundary flux
—1
" E)u]i<

0x
x=0

au‘f
0x

—ud (0,t), t>0,i=1,2 (2)

where m > 1,k > 1 and qj, p; > 0 are numerical parameters. The following initial data
should be taken into account

Wili_p =uio(x), i=1,2 (3)

moreover, they are expected to be continuous, non-negative and compact in R;.

Parabolic equations with nonlinearity (1) are found in population dynamics, heat
transfer, chemical reactions and so forth. The functions u;(t,x), uy(t,x) serve as two
populations’ densities in terms of biology while a migration progresses or the thickness
of two types of chemical reagents within a chemical process and two different types of
materials’ temperatures during propagation. Most of all, equations (1) can be used to
characterize unsteady flows in a liquid medium with a power-law dependence of shear
stress on displacement velocity under polytropic conditions.

It has already established that the local existence of weak solutions for the problem
(1)-(3) is determined by the usual integration method and can be easily established as
well as the comparison principle (see [9] - [13] and [1] - [5]).

Global existence and blow-up conditions of nonlinear parabolic systems are
intensively studied (see [1]- [3], [5,11] and references therein). In particular, there is
a great interest in critical Fujita exponents for various non-linear parabolic equations
in mathematical physics (see [3,10-12] and references therein).

In [5], investigated following problem

u = (uv)_, x>0, 0<t<T,
—(u)x(0,t) =ud(0,t),  O0<t<T, (4)
LL(X,O) ZLL()(X), x>0

and the heat conduction problem

ut:(luxlk_1ux) , x>0,0<t<T,

X

—hf T Uy (0,t) =u9(0,1), O0<t<T, (5)
'LL(X,O)Z'LL()(X), x>0
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with k > 1, ¢ > 0 and u( has compact support. It has been proved that, for problem (4),

1
the critical global exponent is q¢ = Z(k+ 1) where q. =k+ 1 is the critical exponent of

Fujita type in contrast with (5), the critical exponent of Fujita type q. = 2k and the

2k
critical exponent of global solvability is q¢ = KT

In [6] Z.R.Rakhmonov and A.I.Tillaev studied the problem

pOcu = (1) +p(xJuf,  (x,t) € Ry x (0, +00)
— 2y (0,1) =u™(0,t), t>0 (6)
u(x,0) =up(x) >0, x€Ry

with k> 2,3, m >0, p(x) =x"",n € R, up(x) - is a bounded, continuous, nonnegative
and nontrivial initial data. They established that:

. (2—m)(k—1) .
Af0<Pp<Tand 0<m< e — the problem has global solution;
. (2—m)(k—1) :
-if <1 and m > T the problem has blow-up solution.
In [9] Zhaoyin Xiang, Chunlai Mu and Yulan Wang studied the next problem
(ou o (Joum[” % oum
ot ox 0x 0x
-2 ) (X>t) S R+ X (0>T) (7)
ov 0 [|ovmz[PT aym2
ot ox 0x ox
ou™ P12 ou™
— =v41(0.t
ox ox vit0,1)
x=0
Jyma [P gums ,  te(0,T) (8)
_ =u92(0.t
ox ox u(0,t)
\ x=0
u(x,0) =up(x
(x,0) =up(x) , xER, (9)
Vv(x,0) = vo(x)

where my > 1, p; > 2, q; > 0, 1=1,2. They discovered that:

D) ifqrq2 < ((p1—1(p2—1)(m7;+1)(m2+1))/p1p2 then every nonnegative solution
of the problem (7)-(9) is global in time;

(ii) if q1q2 > ((p1 — 1N (p2—1)(my +1)(my+1))/p1p2 then the problem (7)-(9)
solutions that explode in a finite amount of time exist.

When q1q2 > ((p1—D(p2— 1) (my +1)(mz2+1))/p1p2.

(i) if min{ot; 4 PB1, 02+ B2} > 0, then solution of the problem (7)-(9) is global in time;

(ii) if max{o + B1, 02+ B2} <0, then the solution of the problem (7)-(9) is blow-up.

12
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In [7, 8] nonlinear parabolic equations in approximate derivatives with nonlinear
boundary conditions are used to describe mathematical models of nonlinear cross
diffusion. There are very few explicit analytical solutions to these nonlinearly coupled
partial differential equation systems, so several numerical methods have been used
to obtain approximations. Self-similar analysis and the standard equation approach
are used to study the qualitative characteristics considering a cross-diffusion system
that is nonlinear and has nonlocal boundary conditions. For the slow diffusion
scenario, a number of solutions of the cross-diffusion problem have been developed
that are self-similar. It is shown that a nonlinear cross-diffusion system of parabolic
equations, connected by nonlinear boundary conditions may not have global solutions
for some values of numerical parameters. The Fujita-type critical exponent and the
global solvability critical exponent are established using self-similar analysis and the
comparison principle. Upper limits are achieved for global solutions while lower limits
are found for blow-up solutions using the comparison theorem [1].

This article was inspired by the aforementioned works and has two goals. In order
to determine the (1)-(3) system’s critical global existence curve, firstly one should to
build the self-similar super- and subsolutions. On the other hand, with the help of some
fresh findings, the critical curve of the Fujita type is hypothesized. Being faced with a
system as opposed to a single equation compels us to create some novel strategies.

Degenerate equations don’t necessarily need to have classical solutions, as is common
knowledge. As a result, its solution is comprehended in a broad way, see [1,2].

DerINITION 1. The function u(x,t) is seen as the inadequate remedy for the problem

ouk m ouk
(1) - (3) in Q ={(0,400) x (0,T)}, if 0 <uy(x,t) € C(Q), axl axl €cC(Q),i=1,2

and if it complies with (1)-(3) in the sense of distribution in Q, where T > 0 is the
longest possible time, see [6].

Main results

This paragraph is intended to build self-similar sub- and super-solutions to (1)-
(3), to establish the theorems of Global existence and nonexistence solutions. The first
theorem is about the conditions in which the problem (1)-(3) has the global solution.

The global existence of solution draws conclusions from the comparison principle.
2

m
Theorem 1. If qiqa < ] (k+1—p1) (k+1—p2), then every nonnegative

solution of the problem (1)-(3) s global in time.

Proof. To prove the theorem self-similar sub-solution has been constructed and
showed that it is limited for any t > 0. For this purpose, it has been looked for strict
supersolutions of self-similar form

1
iy (t,x) = M2 (M + e*Li"e*hz“) * (10)

13
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where L; >0, hy;_7 7 >0, M =max { ][+ 1 } ;1=1,2. Substituting (10) into (1)-(2)
and using comparison principles it has been obtained:
oty
ot
1_ 1
X (M-l— e_LixeihZit) < > hy;_jelzi-tt (M-l— e_LixeihZiv “ >y eh2i Ttk

Chyit\ b 1
=hyi_q-eM2i1t. <M—|— e Lixe h21t> * 4 elhaii—hai)t, o Li-x-hyx

—k
aui

0x

0

0x

ot
0x

m—1 k
1

_ m+1 ,[hoi_ 1 km—(m+1)hyi)t ,—mL;xe M2it m+1  hyi_1km—(m+1)hyilt
=mL" e ite i <mL{ e i

1

ﬂpi _ epih2171t <M+ e—LiXe_hZit> 3 < epihZi,ft (M+ ‘I)

o]

Pi
k
1

m—1
otk ok . qi
— 67: axl = L{“e(hZiflk*hZi)mt, ﬂgl—i o= edihs—2it (M+1)%
x=0

The solution 1i; are considered to be global if inequalities

m—1 _ _
aulf

ox

oty 0

- oulf
ot T dx

X

+alt, i=1,2 (11)

hold for any x € R4, t > 0. That is why using the computations above in (11) following
expressions have been achieved:

hoi1 eh2i-1 tMlk > m]_{nﬂ e[hZiq km—(m+1)hyit I ePihai 1t (M+1 )%
]_{“e(hziﬂk—hn)mt _ pdihs ait (M+1 )%
L .
Li=(M+1)%m, gihs_zi = (haik—hyi)m, i=1,2
hyi_1 > hyijkm—(m+1)hy +pihyij,ik—hy = ah3>h3k—h4 _ H}”

(km+p;—T1)hoi

hy; >
2= m+1 ’
km+p;—1)h km+p,—1)h
ke Ty > (km+p;—1) LRV LN (km+pa—T)hs
m m-+1 m m+ 1

computing the last expressions, it can be seen that the last inequality should be always
hold for any m > 1, k > 1 in order to the solution of the problem (1)-(3) was global in
time. Theorem is proved.

2
m
Remark 1. Theorem demonstrates that q1q; = m——H) (k+1—p1)(k+1—p2) is

critical global existence of the problem (1)-(3).

14
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m(pz—i—1)(pi+k)
(pi—1)(m+1)

Theorem 2. If 0 <p; <1 and qg; > or pi > 1 and q; <

m(p3—i—1)(pi+k)
(pi—D(m~+1)
Proof. To prove the theorem the subsolutions of the problem (1)-(3) have been
looked for in the next form:

then, each of the solutions to (1)-(3) blows up.

ui(t,x) =t*fi (&), £ =xt P (12)

1 8 pi—km 1.2
— Bi= i=1,2.
T—p’ 7 (pi—1)(m+1) ’

After substitution (12) into (1)-(3) it has been reached the next self-similar
inequalities and boundary conditions that should be hold for any w;(t,x) that treated

where o; =

as blow up solutions:

d [|afs|™ " ar C A ,
d_E.i dE'i d& +Bl 1d—€1_% it i = ( )
| ox Ox §H3_1(0)t) (14)
x=0
Let
m+1 m+1\ mk—T
fi(ai) =Aq (aim _‘Eim ) (15)

Substitution (15) into (13), (14) lead us to the following conditions that show (14)

always takes place:
Km+1D\" [ m+1 m+1
- AMks g A.
(mk—]) (mk—1> ! _Blmk—1 v

mk—1\" Ea
Bi k(m+1) )

D P m+1 m+1 mlrcn—1 m+1 m+1 m?—] (pi—T)
i i m m m m
i =A o & a; & =

Ap >

+ +
pp MEDBID /e m1 \ k=T
i mk— m m
<AL (ai —& )
+
m
(m+1)(pi—1) k(m+])
Pi mk—1 AL mk
Altq > AL+ A <—mk— ] ,

15
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By taking
(m+D(pi—T1)

a. mk-l > (XiA:_'Pi _|_A1i“k—'Pi (

1

kK(m+1\ "
mk—1

m(p3—i—1)(pi+k)

(pi—D(m+1)
can be taken sufficient to prevent inequalities (13) and (14) are valid. Because of this, if

the initial data uy(x,0), uy(x,0) are large enough that w;o(x) > w;(x,0), uz(x) >u,(x,0)
then u;(t,x), i=1,2 is a subsolution to (1)-(3). According to the comparison principle,
for enormous beginning data, the solutions of (1)-(3) blow up in a finite amount of time.
The proof is finished.

0<pi<Tlandq;> can be easily checked and ensure that A; and A,

mik+ 1)\’ 1 1 |
Theorem 3. If q1q; < “mal and pi > (1 + E) m+ ¥ then every solution
of the problem (1)-(3) s blow-up n finite time.
Proof. It is efficiently enough to show that the problem (1)-(3) without sources
fulfilled out conditions. Let, construct

Up(t,x) =t'igi(&),  &=xt " (16)
where g; are two compactly supported functions,
m[m(k+1) +(m+1)qil m[mk(k+1)+(mk—1)qi] = (m+1)q1q;
B e )T g 0 (D2 (m 12z

Now substituting (16) into (1)-(3) and obtain the next:

—1

d (|dg¥|™  dgk dg;
— E 2N g >0 17
i | | ag i, +v1£1d£i Higi > (17)

—1

dg¥|™" dgk .

_ < a%i (0 18
&=0

Now it is time to find self-similar solutions of the problem (17), (18).
Let

Gi(&;) = By(by — &) i (19)
then

dgi Bim _m
[ s — &) mk—1

a6 mk_i (bi— &) -

dgi Bim _m 4 m
Yi&id_a_— Migi = — & (b — &) T — B (by — &) T =
1
Bim

= E (b — &) T — By (b — )T (by— &) >

mk—1
b;Bim _m
z—(éQJ—mm&)me&mk‘.
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d dg; dg; _ gmk m K™ (b &)%—1 S
d& |\ | d& d&; tolmk—1 U -

m .
>biBi | i+ —— | (bi—&)T .

mk—1
m+1 k| m—T K
gkt 5 0 (kT RTINS DU ot R 31:(0)
t — km m tomk—1)7 | d&; dé&; = 93

&=0

Applying comparison principles to the expressions above it is obtained:

—1
dg!f ™ dg]i< K _m ___qym-1] _m __

_ = B (b;—&; mk—T ‘ . (Bk b — &; mk—1 > _

d&; dé; 1( i 1)+ 1( i 1)+ fo

&;i=0

_m __ _m qim

B (b — g T M gk T < B pET,
&;i=0

1 1
And this show that when p; > | 1+ X m+ o (17) and (18) are valid. It results from

the comparison concept that (1)-(3) have solutions blowing up in a finite time.
Theorem 4. Ifqiq; < (m(k+1 ))2 and pi > 1, then every solution of the problem
(1)-(3) is blow-up in finite time.

Proof. Theorems can be proved in the same manner as it was done in [8, 14].

Conclusion

It is accomplished to acquire the diffusive system’s solution of the type Zeldovich-
Barenblatt. It is demonstrated that the nonlinear diffusion issue characterized that
global solutions may not exist for degenerate parabolic systems coupled via nonlinear
boundary conditions for specific values of numerical parameters. Using the comparison
approach, it is possible to study the finite speed properties of the problem diffusion
with a source.
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