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Abstract. The study of various infinite products in various spaces of analytic functions in
the unit disk is a well known and well studied problem of complex function theory in the
unit disk .The goal of our paper is to study so- called Blashcke type products in new large,
general analytic area Nevanlinna spaces in the unit disk.A new approach is suggested in
this paper,namely we prove , use and apply various new embedding theorems which relate
new general ,large analytic area Nevanlinna spaces with less general well-studied and well-
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spaces not in the unit disk, but in the circular ring.In our paper ,using same approach new
parametric representations of mentioned large ,general analytic area Nevanlinna spaces are
presented.These results also can be applied or used in the future to obtain more general
theorems on parametric representations of mentioned large,general area Nevanlinna type
spaces not in the unit disk ,but in more general circular domains.
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TToAHBIE TEKCT Ha aHTAMICKOM SI3BIKE
VAK 517.977.5

O HEKOTOPbIX HOBBIX TeopeMaX B KJjlaCCaX THIIa HeBanmHHBI B
€IJMHNYIHOM KpYTre

P. ®. ITamoar'!, O. Muxuw?

1 Bpamckuit rocyaapcTBenHbI yEUBEPCUTET, Poccus, 241050, r. Bpsiack.

2 Vumsepcurer Bearpapa, Cepbus, ya. Axos Manka 154.

Annoranms. O6masi 3apada O IPUHAAAEIKHOCTH TEeX HUAM UHBIX OECKOHEYHBIX IIPOU3BEACHUN TeM
WAV MHBIM aHAAUTAYECKAM KAACCaM (PYHKIIWM XOpOIIO K3BEeCTHA B AMTepaTrype. Lleab mccaepoBamus,
B YaCTHOCTH, PAacCMOTPETh M M3YYUTh BOIIPOC O NPMHAAAEKHOCTH OECKOHEYHBIX NPOU3BEAEHUM TUIIa
Basimke K OBmIMM HOBBIM IIWPOKAM KAAaccaM TuIa HeBaHAWHHBI B €AVMHUYHOM Kpyre. ABTOPHI AAS
9TOr0 IPUMEHSIIOT HOBBIM MeETOA, a MMEHHO AOKA3BIBAIOTCSI M IIPMBOASITCS B CTAThe Pa3AUYHBLIE HOBHIE
TEOpPEeMEI BAOXKEHUSI,CBSI3LIBAIOINE HOBLIE OOIIMe KAACCH TUIa HeBaHAWHHEL C YK€ XOPOIIO U3YIeHHBIMYA
¥ W3BECTHBIMU MeHee OOIIMMM KAaccaMu Tula HeBaHAWHHBI B €AMHUYHOM Kpyre. Pe3yAbTaThl CTaThbu
MOTYyT OBITH OOOOIIEHBEI MAM WCIOAB30BaHBEI B Ooaee oOIIEM CAydae, KOUAQ PacCMaTPUBAIOTCS ObIue,
IUPOKKE KAACCH HeBaHAMHHBI B KPYTOBOM KOABIlE. B CTaThbe TeM >Ke METOAOM TaK>Ke IIOAYYIEHBI HOBHIE
napaMeTpPUYecKUe IPEACTABAEHNUSI YKA3aHHEIX IINPOKUX KAACCOB THNa HeBaHAWHHEI B eAMHUYHOM KpyTe.
BrIBOA: 3TH pPE3yABTATHI TaKXXe MOLYT OBITH KMCIIOAB30BAHBI AAS IIOAYYEHUSI HOBBIX apaMeTPUYECKUX
IpeACTaBAEHUHE OBIuX KAaccoB Tuna HeBaHAWHHEI B KDYTOBOM KOABIIE.

Knmoweswvie caosa: beckonewHvie npouseederus —muna Basawxe, naowadv npocmparcme
HEBAHAUHHOBCK020 muna, Tapaxkmepucmuka HesanaunHb, napamempuyueckue npedcmasaeHus,
AHAAUMUTECKAA PYHKUUA.
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Introduction, basic definitions and history of problems

Assuming that D ={z € C|: |z| < 1} is the unit disk of the finite complex plane C,
T is the boundary of D, T ={z € C: |z| =1} and H(D) is the space of all functions
holomorphic in D we introduce the following classes of functions

NZ (D) ={f e H(D): T(t,f) < C¢(1—71) % 0<1< 1, >0},

where T(t,f) is classical Nevanlinna characteristic defined by T(t,f) =
%Tleogﬂf(TE,!dE, where a™ = max{0,a}, a € R, (see [5]). It is obvious that if
o =0 then N§°(D) = N(D), where N(D) is the well known classical Nevanlinna class
(see [2], 3], [5])-

Let f € H(D), then we define

Myf1) = 5 ([P am(@) " re ©1), pe 0,00)

where by m(¢) we denote the normalized Lebesgue measure on T. Also, by m;(§) we
denote standard normalized Lebesques area measure.
Everywhere below by n¢(t) =n(t) we denote the quantity of zeros of an analytic function
f in the unit disk |z| <t < 1 and by Z(X) the zero set of an analytic class X, X C H(D). By
let {zi}x° ; be a sequence of numbers from D below we mean that {z,}3° is an arbitrary
sequence from unit disk enumerated by it is growth (|z¢| < |zx41] <...) according to it
is multiplicity.
By ny we denote n(1—27%),ie. ny =n(1-27%), k=1,2,..., (see [2]).

In all our assertions below we assume in advance that our functions are not identically
zero or infinity.

The following statement holds by Nevanlinna’s classical result on the parametric
representation of N(D) (see [2], [3], [5]). N(D) class coincides with the set of functions
representable in the form

f(z) = Caz"B(z,{zi}) exp (J ]d_i%) , z€ D,

where C, is a complex number, A is a nonnegative integer, B(z,{zy}) is the classical
Blaschke product with zeros {z;}}°; C D enumerated according to their multiplicities
and satisfying the condition } (1 —|z|) < oo, and () is a function of bounded
variation in [—7t, 7.
In [2], [3] the following proposition is established (see also [5]) for sequences {z\}3° ; C
D satisfying the greater density condition
o0
D (1—lz) " < o0, t>—1. (1)
k=1
Proposition A: (see [2]) Let {z}}}_; be a sequence in the unit disc satisfying the density
condition (1) for some t > —1, then the Djrbashian infinite product

- - (1—lgP)tm1—£&
Mi(z,{z1}) = | | (1 —i) exp (t+1) J n‘ k
D

e Zx T (1—&z)t+2

dmy (&) [,z€D, (2)

152



Some remarks on Blaschke type ... ISSN 2079-6641

converges absolutely and uniformly inside D where it presents an analytic function with
z€eros {zx 2 ;.

After the appearance of the classical Nevanlinna’s parametric representation in
Hayman'’s book (see [5]) which we mentioned above various new results of the same
type appeared during past decades where Blaschke products were substituted by more
general so called Djrbashian TT4(z,{zx}) products (see [3]) and we will mention them
partially below in Theorem A and Theorem B. In [9] it was shown that these Ty (z,{zy})
products can be in their turn replaced by other infinite By(z,{zy}) products and some
aspects of this last development will stand as one of the topics of this paper.

We denote by BRY(T), 0 <p < oo, 0 < q < o0, >0, the classical Besov space on
the unit circle T, (see [1]).

Theorem A: (see [9]) Let o >0 and > «—1, then the N3°(D) class coincides with
the set of functions representable in the form

qs i0
f(z) = Caz T (z,{z}) exp (J_ i 11:;3%%&) y z€ D, (3)

where C, is a complex number, A is a nonnegative integer, T1g(z,{z}) is the Djrbashian
infinite product (2), {zx};; C D is a sequence satisfying the condition
c
n(t) < W»

where ¢ > 0 is a positive constant and {(e'?) is a real function of Béooa 1 (T).

We also give below a theorem which is established in [8] and in a sense is similar to
Theorem A.
Let S%(D) be the class of analytic functions defined by
1
SP(D)={f € H(D): |\f||‘§§ = L (1—1)*TP(1,f)dT < 00, 0 <P < 00, ot >—1}.

Theorem B: (see [8]) For p >0, B > "‘—H f € S§(D) if and only if f(z) admits

. A P(et®)do :
representation f(z) = Cyz"llg(z,{z})exp f n (Toze )BT )» Z € D, where C, is a
complex number, A is a nonnegative integer, {z};°; C D is a sequence for which
fo T)%*P[n(1)]PdT < co and VP € BIP(T), where s = B—“TH.

Note complete analogues of Theorem A and Theorem B were given also for Np B
and Noo’p NE) p area Nevanlinna spaces in the disk (see [12], [14], [11] and definitions
belovv)

One can easily see that Theorem A gives the parametric representations of the spaces
NS (D) while Theorem B gives the parametric representations of S§(D) analytic area
Nevanlinna type spaces in the unit disk via same Djrbashian TT;(z,{zy}) infinite product.

One of the goals of this paper are parametric representations of the larger spaces via
completely other infinite product.
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Let further

1
NP (D) ={f € H(D): JO

P
(J (1n+|f(2)|)(1—IZI)“dmz(Z)> (1-R)PdR < oo}
[zI<R

B 0<R<1

NP (D) ={fe H(D): sup (
0

R
j (JT ot rf(znda)p (1— |z|)“d|z|> (1-R)P1 < oo},

where it is assumed that « > —1, > —1, 37 >0 and 0 < p < oo, and let

1
0 0<t<|z|

P
Np,y,6(D) Z{fEH(D)IJ (1 —IZI)B< sup T(t,f)(] —T)V> dlz| < oo},

where vy >0, 3 > —1.

We refer for basic properties of these new large are Nevanlinna spaces to [11] - [11].
We note in these papers various results on zero sets and parametric representations
can also be seen. Note similar, but less general results can be seen in various papers of
various authors, we refer, for example, to [2], [3], [8], [9].

Note that various properties of N;?(’)p(D) are studied in [8]. In particular, the works
[2], [8] give complete descriptions of zero sets and parametric representations of N;f’(’)p (D)
(in [2] for p =1). Thus it is natural to consider the problem of extension of these
important results to all N;’:[’ﬁ (D) analytic classes.

We remark that these analytic classes of area Nevanlinna type in the unit disk was
considered by us in our recent paper (see [11], [11], [14]).

It is not difficult to verify that all the above mentioned area Nevanlinna analytic
classes are topological vector spaces with complete invariant metric. We note that
the mentioned problem of parametric representation have various applications and are
important in function theory (see [2], [3], [4]).

Solution of many problems for example the existence of radial limits is based also on
parametric representations. Parametric representations are used also in spectral theory
of linear operators (see [3], [4]).

The next section will be devoted to study of certain infinite Blashcke type products
B (z,{zx}) in new analytic area Nevanlinna classes we introduced above, then partially
based on these results we will turn to the main topic of paper we mentioned above and
we will provide some new parametric representations via these infinite Blaschke type
products By(z,{zi}).

The main idea to get new results on infinite B, products and parametric
representations via such products in our large new Nevanlinna type spaces to use a
group of new embeddings relating them to known Nevanlinna type spaces for which
such results were provided by other authors, then apply these known results.

For this we use a simple idea. Namely, we analyze various known embeddings between
mixed norm and Bergman spaces and then simply replace in these estimates [f|P by
(log™ [f])P, since both are subharmonic functions for p > 1, and since the already known
proof is based only on this fact.

154



Some remarks on Blaschke type ... ISSN 2079-6641

Throughout the paper we write C (sometimes with indexes) to denote a positive
constant which might be different at each occurrence (even in a chain of inequalities)
but is independent of the functions or variables discussed.

The notation A =< B means that there is a positive constant C, such that % <A <CB.
We will write for two expressions A < B if there is a positive constant C such that
A < CB.

We formulated certian assertions below on Nevanlinna spaces after careful analysis
of some already known proofs for mixed norm spaces, their proofs will be given below
in a sketchy form, since new proofs are almost the same. We leave some arguments in
proofs below to readers since they are easy to recover.

On some new theorems on canonical infinite products of Blaschke
type in Noc " N ’p and N, g(D) classes in the unit disk

First we introduce a new Blaschke type canonical product and list some of it is
properties, then based on these properties we will find conditions on {z; }}° ; sequence
from D such that our product belongs to mentioned above new analytic Nevanlinna
classes in the unit disk. We remark that the IT¢(z,{z\}) defined above and the product
we are going to consider act as same kind of substitution for Blaschke product in classes
with log™ . The problem of finding conditions on {z;}{ ; sequences so that the classical
Blaschke product belongs to analytic Bergman or Hardy or other spaces is well known
and studied by many authors before (see, for example, [2], [3], [16] and the references
there).

We would like to note that our results can be considered as analogues of mentioned
assertions concerning Blaschke products. Note that similar results for TTi(z,{zy})
products are well known (see [2], [3], [8]).

We give one such type example.

Theorem C: (see [2]) Let {72, be a sequence from unit disk D. Then if } 2 ,(1—
zi) %2 < 00, o> —1, then TTy(z,{z;}) € S} (D) for t > o that is

JD log" [My(z, {z: )| (1 — |2))*dma(z) < oo,

and the reverse is also true. Let (1) holds, then TTy(z,{zx}) € SJ][(D) if o> t.

We introduce now another infinite product which is the main object of this note. It
is known that (see [3]) the following assertion is true. The infinite Blaschke type product
Ba(z,{zk}), x> —1

(2,2 =H( )exp( Walz,20)), and

k=1

& T(a+k+2) = ot O=—x)%ax  [z\*
Woc(Z,E)—é Mot 2T (k1) <(E,Z) J v (E)

|E]
| J (1—x)°‘xk_]dx) ,z, & €D,
3

0
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o+1

is converges uniformly within D if and only if } (1 — |z/) < 00. Moreover it

represents an analytic function in D.
Remark 1: An interesting generalization of this product can be found in [4].

Our intention is to find conditions on {z;}{°; of this product, so that B(z,{zx}) €
NK,B(D) or N(;:[f] (D) or Ny (D). We mention that the following result were given
before. It puts in particular direct condition on {z\}3°; sequences so that By(z,{zy}) €

Sl (D).

Let Q) be a set of positive on (0, 1) measurable functions w such that m,, <

w(r)
My, for all x € (0,1), A € [qw, 1] and some fixed M,,, My, gy such that my,qu €

(0,1), My, >0, (see [2]).
We define general S?, area Nevanlinna spaces similarly as a S% spaces by replacing
(1—1)% by w(r).

Theorem D: (see [9])Let {A(}3°, be a sequence from unit disk D. Let w e Q, o, =
1

1 R S—

m, Bw = lan”, 0 < Bw < 1 and one of the following two conditions holds:
In qw In q_w

1 1—
0<p<l, p>aW;BW,WW+ <a< BW+2
or
1—
1<p< oo, p>aw+&w4,%¥+1§a< ]fw+z

Then if f(])wﬂ —1)nP(r)(1—1)Pdr < oo, then By(r&,{A}) uniformly converges within D
and belongs to SF, that is

1
J (J log+!Ba(ra,{kk})!dm(£)>pw(1 —71)dr < oo.
0 T

Corollary 1: Let 0 <p < oo, a>—1, {z){2; € D, 0 < |z| < lzeql, k=1,2,... and let
also fé(] —1)%PnP(r)dr < oo, then Bg(z,{zx}) € Sk that is
P

1
J (J 1og+|Bﬁ(ra,{zk})|dm(a)) (1—1)%dr < o0
0 T

1 1
if 0<p<l, 3§—<ﬁ<2+3$—

1
ﬁ1<p<w,1+%§6<2+%;n

We formulate below in theorems 1 and 2 new such type results on B, infinite products
in our new large area Nevanlinna type spaces.
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Theorem 1: Let o« > —1, > —1 and p € (0,00). Let {A}3° be a sequences of complex
numbers in the unit disk such that

1
J (1—7)%"PnP(r)dr < oco. (4)
0
Then there is an interval (to,t;) for to,t; € RU{oco} and for p <1 and for p > 1 for which
the canonical product B(z,{Ax}), t € (to,t1) converges absolutely and uniformly within
D and belongs to NP 5(D) class.

Theorem 2: Let o« > —1, > —1 and p € (0,00). Let {A(}3°; be a sequences of complex
numbers in the unit disk such that

1
J (1—=7)%"PnP(r)dr < oco. (5)
0

Then there is an interval (t},t}) for t},t; € RU{oo} and for p <1 and for p > 1 for which

the canonical product By(z,{A}), t € (t§,t]) converges absolutely and uniformly within

D and belongs to szfsp(D) class.

Remark 2: It is not difficult to extend the statements and the proofs of Theorems 1 and
2 to more general, slowly varying weights w(1—1) from S class (see [2]).

The very similar result is also valid for Ny ., area Nevanlinna type spaces, with
some restrictions on parameters.

The proof of Theorems 1 and 2 will be given below.

The goal of this section to provide ways to get some new parametric representations
for NE,[&(D)> Ni:g’(D) and N, (D) classes in the unit disk via By(zy,z) products. The
following theorem provides complete parametric representations for NE,B(D) spaces via
Djrbashian products from theorems A and B, (see [12], [13]).

Theorem E: (see [12], [13]) If 0 <p < 0o, « > —1 and B > —1, then the class NP
coincides with the set of functions representable for z € D as

p

12|

00 1—p%)1n
oA [T (1-2)em{ L[ | o
f(z) =Cyz 11 (1 Zk) expy — o T e pdpde »exp{h(z)},

where t > max{(oc—l— B/p) -+ max{1,1/p}, (oc—H)}, C, is a complex number, A > 0,

[e.9]

My
Z 2k(B+1+2p+ap) < 00,
k=1

and h € H(D) is a function satisfying the condition

[

P

R Tt
J (J |h(Tei<P)|d<p)(1—T)“dT) (1—R)BdR < oo.

0
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Similar results holds for N‘;:’ff (D) and Ny, (D) classes (see [11]).

To obtain parametric representations of NE‘)B(D), N‘;:’ff (D) and Ny, (D) classes
via By(z,{zy}) infinite Blaschke type products we can use some embeddings and known
parametric representations for analytic classes of area Nevanlinna type with quazinorms
f(]) (Jplog™ [f(Iz1€)1dE)P (1 —|z])*dma(z) < oo, for certain 0 < p < oo, > —1, that were
obtained earlier by other authors.

First we formulate a result that will be used by us via By product.

Theorem F: Let 0 <p < co, o« > 0. Then S§ (D) coinciding with the class of f functions
such that

. 1 (™ 2 .
f(z) = ' ™K 2™Bg (2, {ay}) exp (Z{ J_T[ <“ e tog)pT 1) q)(eup)d(p) yz € D,
{axh2; and 0 < fay| < [ax41l, k=1,2,..., is arbitrary sequences of points from D, so

that

1
J nP(r,f)(1—7)*Pdr < oo,
0

)

08 nff(te"®)]dt and Kp = B 5% k-

where B € (“—H, “TH+2>, Ve By (T), s=p— (XTH, P(el?) = limral—O%ﬁ)Jﬁ(T)(T—

Now it is clear that obtain a parametric representations of classes we study in this
paper via B¢(z,{zx}) all we have to do is to show, for example, that if f € X; X = NK,B(D)
or X = N‘;:[‘f(D) or X =Ny, s(D), then f € S}(D) for some big enough T > 0 then
apply Theorem F we just formulated above. To do that we formulate the following
propositions.

Note that we collect several such propositions below and they can be interesting also
as separate statements and relate various analytic area Nevanlinna type spaces to each

other.

Proposition 1: Let f € H(D). Let f > —1, v >0, 0 < q < co. Then

1
q

0

rl q %
<cq ( (1—7)P <J log ™" [f(2)I(1 —IZI)Ydmz(Z)> dT) :
JO lzl<T

Even more general result is valid with the same proof (see Proposition 2 below). We

rl
( (1 —g)P+iy+Da (J log* |f(wa)rdm(a)) q dm-)
J T

will consider for simplicity only this case. Similar estimate can be proved for N‘;o’p(D).
Let now

7T

1 . \P qa/p
LIAD9)(D) = {f € H(D): [fll ape: = L (J (10" 7(re'#)) d(p) (1—1)¥dr < oo},

—Tt
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where 0 <p < o0, 0 < g<oo,y>—1and

- 1 ' q p/dq
L(Fs’q)(D) ={feH(D): |’ﬂ|L(F$‘q) = J (Jo (1n+|f(reup)’) (1 —r)ydr) do < oo},

where 0 <p <oo, 0<q<oo, y>—1I.

Proofs of Proposition 2 and Proposition 3 as it follows from [6] and [10] are based on
arguments from [6] and [10] and their are valid for subharmonic function (log™[f(z)|)°
for any s > 1.

Note that Proposition 2 extends Proposition 1 and Proposition 77.

Proposition 2: Let p > 1, q € (0,00), «>—1, 3 >—1, 1= [3+g(oc+1) then

0

1 qa/p
J (J (log" [£()))P (1 Izl)"‘dmz(z)> (1-R)PdR < oo
|z|]<R

if and only if
1 q/p
J (JT (log™ If(v&)[)" dm(&)) (1—|z))"dr < oo.

0

Proposition 3: Let 1 <min(p,q) <s and y > —1. Then we have

1/s
D
(6)
1/s
(J (log™ [f(w)])* (1 —ywy)SW“)/q+S/P—2dm2(w)> < calflli ), FELFPDD). (7)
D

Proposition 4: Let q > 1 and p <s. Then

1 p/s 1 P
(J T;(r,f)u—|z|)“d|z|> = (1—r)T<sup Tq(p,f)m—|pm> dr,

0 0 O<p<r

for the following values of indexes:
(X>_1) P, q, sE (O)OO)> VEO) TZ(O(+1)(D/S)-YP—1.

The easy proof of Proposition 4 follows from dyadic decomposition of unit interval
and growing properties of Tq(r,f) function immediately.

We show only particular case of estimate in Proposition 4, the general case is the
same.

Let T, =1— zin, nelN, p<, f(z) = log™ |f(z)|. Then we have based on basic
properties of Nevanlinna characteristics and dyadic decomposition of the unit interval

~ P 0 ~\P
(| @0 —Ehoama@) ) 5 3 2 (M1, )
D k

=1
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<ZZ foletl) sup (M1(p,ﬂ(1—p)V>p2“W

k=1 O<p<Tk
00 2 k—3 _ P
<y | [P sup (Mo, F(1—0)Y ) dl
=2 )| 0<p<lz|

1 P
gcj (1—|z|) (et Tp=yp—] ( sup T(T,f)(1—T)Y> dlzl.

0 0<p<z|

Let us show assertions in Proposition 1.

1
J (1 _r)f5+(v+1)q (J ?(r&)dm(&)) ! dt
T

0

iz k(B+(v+1)g+T1) (M] (Tk’]?)>q

k=1
> q
Z <J N(Z)“ —|Z|)Ydm2(z)> 2—Kk(B+1)
k=1 \/Tk<lz<Tici
e Tk+2 " q
ZJ O | f(z)(1 —IZI)ydmz(z)> dt
k=1"Tk+1 zl<T

1 _ q
5J (1—1)B <J f(z)(1—|zmdm2(z)> dr.
0 |z|<T

Remark 3: Classes of analytic functions of area Nevanlinna type with quasinorms that
can be seen in the first part of Proposition 4 studied in [11]. There complete descriptions
od zeros and parametric representations via other TT;(z,{zy}) infinite products are given.

Note, for example, obviously Bi(z,zy) belongs to spaces with quasinorms

q

1
J (J In™ [f(2)|(1— Izl)“dmz(z)> sup(1—R)PdR
0 |z|<R R

by Proposition 2, 0 <p < oo, T=+ ﬂ(oc—i—]) and Theorem D for some values of t
P

parameter.

Note to use Theorem F we have to apply reverse embedding in Proposition 2.
Estimates of Proposition 1 and Proposition 2 give many new results on parametric
representation via By(z,zy) product we give such examples below.

To get immediately new assertions of type Bi(z,zy) € X, where X is a certain new
large area Nevanlinna type space we simply will use the following elementar embeddings:

(A) (1=R)® [§ (f7In If(|2I&)|dm (&))" (1 —|z))*dlz] <
< C [3 (Jr It If(2IE)ldm (&) (1 — |Z)*dlz] = |[flgn, 0 < p < 00, & > —1,B > 0;

P
16 (Jaer i 1FI(1T — 2)=dma(2))” (1= RIPAR < Call sy,
O<p<oo, ax>—1, B>—1,
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IflINAp,y v < Callfllsy |, 0<p <oo, v>0, v>—1.

Indeed area Nevanlinna type spaces with quasinorms on the right side were studied
and assertions of the following type B € Sk were given by us above. It remains to apply
(A) — (C).

We have the following result from Corollary 1 and (A) — (C).

Theorem 3: Let o > —1, p € (0,00) and {z}3°; be a sequences of complex numbers in
the unit disk D such that 0 < [z| <1, k=1,...

1) [3(1=1)PnP(r)dr < oo

then we have By(z,{z}) € Noof5 ,o>—1, >0

1 1
if 0<p<l, %<t<z+ﬂ

P

1

if T<p<oo, 14— <t<2+&
P P

fo )% n(r)dr < oo

then we have Bi(z, {zk})eN(xﬁ, a>—1, p>—-1,te (x+1,06+3)
fo 1—7)'n(r)dr < co

then we have Bi(z,{zx}) € Npyv, v>—1, vy >0, te (y,y+2).

In our next theorem we provide new interesting parametric representations of our
large Ny gy, NK,B’ N‘Z:’[’Sp area Nevanlinna type spaces in the unit disk via Bi(z,zy)
infinite products based on Theorem F and embeddings in Propositions 1 - 4.

Theorem 4: 1) Let f € Npy ¢, x>0, p<1, a>vy—1, T=(ax+1)p—yp—1. Then
assertions of Theorem F (parametric representations) are valid for p =1.

2) Let f e Ny p Y= 0, 0 <p < oo, p>—1. Then assertions of Theorem F are valid
for a =B+ (y+1)p>0.

Various other assertions similar to those in our last two theorems can be proven also
based on estimates above which relate many area Nevanlinna spaces in the unit disk
with each other.

Conclusion

Our theorems can be probably used to obtain new results on parametric
representations and Blashcke type products in similar type large area Nevanlinna type
spaces which we introduced in this paper but in more general situation namely in so-
called large area Nevanlinna type spaces in the circular ring.
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