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Bamava Komm ays ypaBHeHUs ¢ APOOHOI MPOM3BO/THOM

xpbamsana — HepcecsgHa ¢ 3ama3ibIBaloniuM apryMeHTOM

M. I Mastceuxosa*

VHCTUTYT NpUKAAAHON MaTeMaTWKW ¥ aBToMaTw3anuu — puamar PepepanrbHOrO I'OCYAAPCTBEHHOTO
BIOAPKETHOTO HAYYHOTO YUpPeXAeHUsS «DepreparbHBIN HaydHBIN LIeHTp «Kabapawao — Baakapckuit

Hayunbf neETp PAH», 360000, r. Haabuwk, ya. lloprasoBa, 89A

Annortarus. ITochrepHne AeCATHAETUS KOAWYECTBO PaboT, IOCBSIIEHHBIX MCCAEAOBAHUIO 33pad AAS
AudPepeHIManbHEIX YPaBHEHU APOOGHOrO IOPsiAKa, 3aMEeTHO pacreT. VIHTepec mccaepoBaTenell BBISBAH
TeM, YTO KOAMYECTBO ObAAacTedl HayKM, B KOTOPBIX HCIIOAB3YIOTCS YPaBHEHWUsS, COAep’Kallile ApPOOHEBIe
NIPOU3BOAHEIE, BAPbUPYETCSI OT OMOAOIMY ¥ MEAMIIMHBI A0 TEOPHMH YIIPAaBAEHUS, WH)XEHEPHH, (DUHAHCOB,
a Tak>Ke ONTHKM, (UMK U TaK panee. BKAIOUeHNWe 3alaspAbIBAHUS B ypaBHEHNE APOOHOrO IIOpsiAKa
CYIIEeCTBEHHO BAMSIET Ha XOA IIPOIIECCA, OIMCHEIBAEMOrO STUM yPaBHEHMWEM, TaK KaK HEU3BECTHAsI (PYHKIMS
3apaeTcs IPM DPa3AWYHBIX 3HAYEHUSIX apryMeHTa, YTO BHOCUT 3(Q@eKT IPEeALICTOPUM B YpPaBHEHUE.
ITosToMy, MaTeMaTHIECKUE MOAEAY, COAEP KAIIEe APOOHBIN OIlepaTop M 3alasALIBAIONMI apryMeHT, boaee
TOYHBI, YeM MOAEAM, COAEPIKAlllXe IIPOM3BOAHEIE IIEAOTO IOPsSAKa. B paHHOM paboTe mccaepyeTcst 3apada
Komu AAsT AMHERHOrO OOLIKHOBEHHOrO AUM(PEPEHINAABHOIO YPABHEHMS C 3aMa3ABbIBAOIUM apryMEHTOM
Cc omepaTopoM ApobHoro auddepeHnupoBaHus Ajkpbamsina — HepcecsiHa, o0b0OIIAIOIIMM M3BECTHBIE
ApobHbIe omepaTopsl Pumana — AuyBuaast um I'epacumoBa — KamyTo. PesyabTaTbl paboThI HOAYYUEHBI C
HCIIOAB30BaHUEM METOAOB TEOPMM IIEAOIO M APOOHOrO MCYMCAEHUI, METOAOB TeopHu AMddepeHIInanbHBIX
VPaBHEHU! C 3ala3AbIBAIOIIMM apryMEHTOM, METOAA CIENUMAABHBIX (MYHKIuA. B pabore aoKasbIBaeTCS
TeopeMa O CIIPAaBEAAMBOCTM aHanora popMyasl JAarpaHka. Tak>ke AOKa3aHO, YTO CIEIAAbHAS (DYHKIMS
W, .. (t), KoTopas, B CBOIO OuepeAb, OIpeAeAsieTcsl depe3 obobmenHyo dyakIuio Murrar — Aedbdbaepa
(mam dyuruus I[Ipabxakapa), YAOBAETBOPSIET YPABHEHWIO M YCAOBUSIM, CONPSKEHHBIM HCCAEAYEMOMY, U
SIBASIETCST (DYHAAMEHTAABHBIM peIleHreM paccMaTpuBaeMoro ypasHeHus. CdopMyAwpoBaHa U A0KasaHa
TeopeMa CYIIEeCTBOBAHUS U €ANHCTBEHHOCTU PelleHUs HavaabHOU 3apauu. PellleHne mocTaBAeHHOR 3apadn
BBINIMCAHO B TEPMUHAX CIenuanbHOM pyHkmuu W, (t).

Knroweswie crosa: ITpoussoonan Aorcpbawsana — Hepcecarna, ypasHerue 0pobHozo nopadka, ypasHerue ¢
3ana30b8a0WUM apeYyMeHMOoM, popmyaa Aazparoca, gyrdamernmanvroe peuerue, 0606ueHHas PYHKUUA
Mummaez — Negpgpaepa.
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The Cauchy Problem for the Delay Differential Equation with
Dzhrbashyan — Nersesyan Fractional Derivative

M. G. Mazhgikhova*
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Scientific Center of RAS, 360000, Nalchik, Shortanova st., 89A, Russia

Abstract. In recent, the number of works devoted to the study of problems for fractional order differential
equations is growing noticeably. The interest of researchers is due to the fact that the number of areas
of science in which equations containing fractional derivatives are used varies from biology and medicine
to control theory, engineering, finance, as well as optics, physics, and so on. The inclusion of delay in the
fractional order equation significantly affects the course of the process described by this equation, since
the unknown function is given for different values of the argument, which includes a history effect into the
equation. Therefore, mathematical models containing a fractional operator and a delay argument are more
accurate than models containing integer derivatives. In this paper, we study the Cauchy problem for a linear
ordinary delay differential equation with the Dzhrbashyan — Nersesyan fractional differentiation operator,
which is generalizing the Riemann — Liouville and Gerasimov — Caputo fractional operators. The results of
the work are obtained using the methods of the theory of integer and fractional calculus, methods of the
theory of delay differential equations, the method of special functions. In this paper proves a theorem on
the validity of an analogue of the Lagrange formula. It is also proved that the special function W, _ (),
which is defined in terms of the generalized Mittag-Leffler function (or the Prabhakar function), satisfies
the equation and conditions associated with the one under study, and is the fundamental solution of the
considered equation. The main result is that the existence and uniqueness theorem to the initial value
problem is proved. The solution to the problem is written out in terms of the special function W, (t).

Key words: Dzhrbashyan — Nersesyan derivative, fractional differential equation, delay differential
equation, Lagrange formula, fundamental solution, generalized Mittag — Leffler function.
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BBeaenne

PaccmoTpum ypaBHeHUE
Lu = DYoY™y () —Au(t) — pH(t—Du(t—7) = f(t), t>0, (1)

TAE Dg;())-"aym}

[1], [2]

— omepatop ApobHoro aumddepeHupoBanus A>kpbamsina — HepcecstHa

yery Ym m_] m—
D%u(t) = DYoY™y (1) = DYDY L DYou(t), (2)

m

a=) Yk—1,0<vk<1,Yo+VYm>1, H(t) — dyrruus XeBucaiiaa, A, L — IPOU3BOABHEIE
k=0

IIOCTOSTHHEIE, T — (DUKCAPOBAHHOE IIOAOYKUTEABHOE YUCAO.

B cayuae yo = x—m+ 1,y = 1,k = 1, m npoussBopnass Asxpbamsua — Hepcecsma
IIEPEXOAUT B IIPOU3BOAHYI0 PuMana — AmyBuArs

D{sicmeJ,---J} (t) =DXu(t), m—1l<a<m,

a caygae vy = 1, k=0,m—1,y;y = a —m+ 1 mpomsBopras A>xpbamsaa — Hepcecsma
IIEPEXOAUT B omepaTop ApobHoro auddepennuposanus ['epacumona — Kamyro

D‘Ei‘*mﬂ’]""’} (t) =0%u(t), m—Il<oa<m.

B IpeABIAYIUX COOTHOIIEHUSIX APOOHEINA onepaTop PuMana — AMYBUAAST OIIPEAEASIETCSI
o dopmyae [3, c. 9]

&)d
S I,t oy o< 0;
x _
Dol =1 g, x=0, @)
sign™(t— )dtnD;"t "g(t)y, n—1<a<n, neN;,
I'(z) - ramma d¢yHROUS OJiiarepa, a OpomsBopHas [epacumoBa — KamyTto

(peryasipmsoBanHast APOOHAST IIPOU3BOAHAS) OIPEAEASIETCS COOTHOIIEHNEM PABEHCTBOM

3]

oxu(t )—sign“(t—s)Dg‘t_“u(“)(t), n—l<a<n, neN. (4)

Cpeau MoHOrpaduil, IOCBSIIEHHBIX TEOPUHE APOOHOrO UCIUCAEHUST, OTMeTHM [4], [5],
[6]. McchepoBaHUIO HAYaAbHBIX 3aAad AAST AUGDGDEPEHIMAABHEIX YPAaBHEHUN APOOGHOrO
HopsiAKa IIoCBsImeHE! paborsl [7], [8], [9], [10], [11].

Teopur Aud@EPEHINANBPHEIX YPABHEHUN C  3ala3AbIBAIONIMM — apryMEHTOM
IOCBAIMEHB paboTer [12], [13] [14], [15]. HawanbHas 3apava AAS  AWHEHHOTO
OOBIKHOBEHHOT'O  AMPPEPEHIINANBHOTO ypaBHEHUS  ApobOHOro  ImOpsinka  C
3aIla3ABIBAIONIUM apIyMeHTOM Oblaa HMCCAeAOBaHA B pabore [16].

HavanbHBIe 3apa9y ¥ 33Aa4U¥ C KpaeBbIMU ycAoBusiMu Tuna LllTypma — AuyBrAAS
AASI YPaBHEHWSI C IPOM3BOAHOM Pumana — AUYBUAAS ¥ YpaBHEHUS C IIPOU3BOAHOMN
I'epacumoBa — KanyTo ¢ 3ama3abIBAIOMMM apIyMEHTOM, KOTOPhIE SIBASIFOTCS YaCTHBIMU
caydassmu ypasHerus (1) npu 1 < o < 2, uccaepoBaruch B paborax [17] u [18].
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Bcnomorarenbaast pyHKIms

Paccvorpum dyrrnuo W,y (t), KoTopast patee 65lna BBepeHa B paboTe [19]

o0

Wy(t) =Wy (tmhw) =) pi(t—st)T Y TES (At —s1)F), vER, t>0, (5)
s=0
rAe
Z I'( ock+ [3

— obobrénnas pyHrmuss MurTar — J\ed)chepa (byuruus ITpabxakapa) [20], (p)x =

r(rp(—g)k) — CLMBOA HoxraMMepa,

(t—s7)P = (t—sT)?, t>sT,
0, t<st.

Tax>xe, B [19] arst dyurnum W,y (t) (5) AoKa3aHBI CAEAYIOIIUE CBOWCTBA!
1. HauwHast ¢ HEKOTOPOTO S BEIPAYKEHUE ST > t, M03TOMY PsiA, (5) COAEPIKUT KOHETHOE
yncao caaraeMerx N = [t/1]+ 1.
2. Anst dyuruuu (5) uMeeT MecTo popMyAa APOOHOTO MHTErPOANDDEePEHITPOBAHNS
nopsiaka x € Rz v > 0:
Df)xtwv (t) :Wv—oc(t)- (6)

3. ©yukius W, (t) yAOBAETBOPSIET YPaBHEHUIO:

Wy (1) = AWy o (t) + utWy o (t—T) + o) v eR. (7)
4. Aast dyurnuu W (t) cipaBeAAMBO COOTHOIIEHUE
Wy _ ) OkFi+],

Wi (O)_{ Lk=1i+1. ®)

®opmyna Jlarpam>xka

dyurumo U =u(t), yAOBAETBOPSIOIIYIO ypaBHeHuUIO (1) Anst Bcex t > 0 u Takylo, 9TO
Dgo’”"yk}u(t) € AC[0,1], k =0,m— 1, Ha30BEM pe2YAAPHbIM PeuleHUeM YPaBHEHUS
(1)

Teopema. [Tycmos v(t) € L[0,1]. Toz0a cnpasedausa gopmyaa Nazparorca

m—1
I_LL*V Z {me Y41} (t E)D{'YO) »‘Yk} ‘
k=0 °
t
+ J w(E) DY Tv(t— &) ~Av(t— &) — uH(t — £~ Tv(t— )] g, 9)
0
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20e .
(wev)(t) = ju(a)v(t—a)da (10)
0

- ceepmxra NAanaaca pynryud u(t) wv(t) [21] .

JokazarenabcTBo. CBepTKa AUPEPEHIINANBHOIO BEIpaskeHust LU ¢ pyHKImMeHR v(t)
paBHa

t t
(Lusv)(0) = vt~ DGR u(e)de A [ vt - Epu(e)de-
0 0

t
—[ Mg =DVl Eule - e, (11)
0

Vcnoaw3yst onpepeneHre mpow3BoAHON Axkpbamsia — Hepcecsina (2) u dopmyay
APOBHOIO MHTErPHPOBAHUS 110 dacTsM [5, c. 15]

b b
Jg(s)Dg‘sh(s)ds :jh(s)D%sg(s), <0, (12)

IIPOMHTErPUPYEM T pa3 IIepBbIil MHTerpan B IpaBoit gactu (11):

t
Jv(t —E)DYO Y™y ()de = JDZ;‘v(t —&)Dy ... Du(E)dE =
0

0
t
m— m— =1 m— —1 m m—
=D} v(t—E)Dy ! ...Dggu(a)\ngJDZ& DMVt —E)D L DRu(E)dE =
0
m—1 t
My Ym— yeryYm—k— t m —
==Y DYy (gD k”u(a)}oJrJD{g...D{a v(t—&)DY u(E)de =
k=0 0

3

Tyees youey t
DE‘: Yk+1 }V(t _ 5)D§éo Yk}'LL(E,) IO +
0

w(E)DYm™ (- £)de.

=~
Il

O ——

IToacTaBUM IOAyUeHHOE BhIpaskeHue B (11):

—1

3

=
I

t
D?ém)...'YkJrl }V(t . E)Dgéo,ﬂ’k}u(a) }5 + Ju(a)D?ém’yo}V(t _ E) da_
0 0

t t
A J V(t— E)u(£)dE— HJV(t—a)H(a—T)u(é—T)d«i.
0 0
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BaMensst £ — T Ha & B IOCAEAHEM MHTETPAAE IIOAYIUM, UTO
t t
[ ee—oute—one-e)ae = [Hit-e—uEve-g-nae. @)
0 0

Toraa, yuutsiBas (13), mpuxoaum K dopmyae (11). O

DyH/1aMeHTAJIbHOE pelleHne

Onpenenenne. PyHpaMEHTaABHEIM PellleHueM ypaBHeHus (1) HazoBeM (DyHKIIZIO
v(t—&), yAOBAETBOPSIIONIYIO YPAaBHEHUIO

DY Yoyt —£) ~Av(t—&) —pH(t— & —Tv(t—E—7) =0 (14)
7 yCAOBUSAM
Hm D™ 'v(t—&) =1
té )
%’I_)I%Dti v(t—§&) =0, k=0,m—2.

Jdemma. Pywxyua W, (t — &) sasasemca GynHoaMeHMarbHOM DpEULEHUEM
ypasrerus (1).

JlokazaTreabcTBo. CIpaBEeAAMBOCTD AEMMBI AOKa>XEM MCIIOAB3YSI OIIPEAEAEHUE
ApobHOI mpomsBopHOM Askpbamsina — Hepcecsiia, a Tak>ke cBoiicTBa dpyurmum W, (t)

(6), (7) = (8).
Cravana nokakeM, uTo @yHKIus V(t—§&) =W, (t—¢&) yroBaeTBOpsieT ypaBHEHHUIO
(14):

DYDY W, (t—&) =D .. D) (Awﬁw (t—&) + WWoery, (t— E—T)+

t— Ym—1 B
+%) =D DY (AWalt— &) + uWelt—£—1)) =
= AWoayo—oymtttym (t— &) M Warygy ity (L= & —T) =

=AW, (t—=&)+uW,, (t—&—1).
CupaBearuBOCTE ycnoBuit (15) caeayer u3 dopmya (6) u (8):

lim D) Wy, (t—&) = im W) (t— &) = W;(0) = T;
&t

E—t

}Ei_rﬂD?émy..-WkJﬂ}Wym(t_a) :}?‘jﬂwpk+1 (t—a) :O) Pk =Yo+ -+ Yk, k:O’m—z

O
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TeopeMa CylmeCTBOBaHUA N1 € JMUHCTBEHHOCTU HaYaJIbHOI 3aa11

HagaabHast 3apa4a AAST ypaBHeHUs (1) CTAaBUTCS CAEAYIOIIIM 06pa3oM.
Bagada. Hatumu pewenue ypasHerua (1), ydosaemeoparoujee HAUANDHBIM
YCAOBUAM

3 {'Y v'~'>Yi} .
11_r)1(1)D0t° u(t)=u;, i=0,m-—1. (16)

CropaBeanuBa CAEAYIOIIAST

Teopema. [Tycmv gyrnxyus f(t) npedcmasuma 6 sude
f(t)=D§"'g(t),  g(t) €L(O,1). (17)

Toz0a pewerue 3adawu (1), (16) cywecmesyem, eduHcmeenHo u umeem euo

m—1

w(t) = ) wWp, (1) + (FxWa)(t), (18)
i=0

i
20e pi = ) Yk
k=0

okazarenbcTBo. Iloka>keM, uTo pererue (18) yAOBAETBOPSIET YPaBHEHUIO
(1). Aast sTOrO, yUWTHIBAsI OIPEAEA€HUe omeparopa Ajkpbamsiza — HepcecsHa,
npeacraBaenue pyuruuu f(t) (17) u dopMyry APOOHOrO MHTErPUPOBAHUS IO YACTSIM
(12) BBIYMCAUM 3HAYEHWE BHIPAKEHUSI:

m—1
yeey I'm m_] m— m—1
DY ™) =D DI LD | Y wiW,, (1) + DY g(t)*w(x(t)]:

i=0

_ PYm— I Ym—1 Yo
_DOt DOt "'DOt

m—1
DWW (1) +g(t)  Way, 11 (t)] -
i=0

Aanee, ucroaws3yst cBocTBo (7) dyurmuu W, (t) umeem:

m—1
m—1 m—
DY T DI DY D i (AWeek g (1) 4+ iWectp (=) ) +
i=0

w1 & Sy
+D¢; EDgt L DRg(t) *Woy, (L) =

1 d
= 3w (AW, (0 +rW, (t=1) )+ DI S g(t) < Wi (1) =

m—1 < ] d

= 3w (AW, () uW (t=1)) + D3 g(6) + DY g(6) 5 1o WWoci (1) - uWoep 1 (£ — 1)) =

= 3 i (AW, (8) - uWp, (=) ) + (1) + DI g(t) 5 AW (1) + WWelt —7)] =
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m—1
i (AWp, (8) + HWp, (6= ) ) +(8) + F(£) 5 AW (1) + WWe(t —7)] =
i=0
=f(t) +Au(t) + pu(t—1).

N3 dopmyasl (8) caepyer, uro pemeHue (18) yAOBAETBOPSIET HAYaABHBIM YCAOBUSIM

(16):

‘Y‘L_] ’yl 1 )Y'l.fil Y —
DYDY DYe ‘ ZulD D Wagayy e (8)] =

=uWi(t) ‘t:O =1Uu,.

PaccMoTpuM OAHOPOAHYIO 33234y, COOTBETCTBYIOMIYIO 3aaade (1), (16)

DO Ymhy (1) —Au(t) — pH(t—T)u(t—1) = 0, 1in(1)Dg°""*“}u(t) —0, i=0,m—_1.
t—

(19)

Vcnoab3yst COOTHOILIEHWE, CBsI3bIBAIOIIEe APOOHYIO NPOM3BOAHYIO AJKpbamrsHa —
Hepcecsra ¢ mpousBopHoit Pumana — AuyBuans [2]

m—1
e ok
D'([;EO) Y }u(t)

=Dgu(t) [Dgo""’yk}u(t) , m—T<a<m,

= T(px— o) t=0

U YIUTBIBasI OAHOPOAHBIE HadaAbHbIE YCAOBUS, U3 3aAauu (19) IPUXOAUM K CAEAYIOIIel

Dau(t) —Au(t) —pH(t —7t)u(t—1) =0, Prr(l)D u(t)=0, i=0,m—1,
H
KOTOpasi MMEET TOABKO TPUBHAABHOE DelneHye [5]. 3HAYWT, pelleHne HEOAHOPOAHOM
3apaum (1), (16) epuncraenno. [

SaKJ/Ir0oueHue

B pabore moaydueHo pyHAAMEHTAABHOE PEIIEHUE AAS AWHENHOT'O OOBLIKHOBEHHOI'O
AP PEPEHIIMANBPHOI'O YPaBHEHUS C NIpouwsBOAHOM Asxpbamsna — HepcecsiHa ¢
3aIIa3ALIBAIOIIAM apryMeHToM. [loaydeH aHanror opMyAbl JAarpamxxa. /AokKasaHa
TeopeMa CYIIECTBOBAHUS X €AVHCTBEHHOCTH PEIIEHUST HAYaAbHON 3aAa4H.

PesyabTaThl, IIOAyYEHHBIE B AaHHOX pabore, B AaabHe#lmeM OyAyT
KCIIOAB30BAHLI IIPK MCCAEAOBAHUU AOKAABHBIX X HEAOKAABHBIX KPAEBBIX 33AaY AAS
AP EPEHIINANBHBIX YPAaBHEHUN APOOHOIO MOPSIAKA C 3alla3ALIBAONINM apPryMEHTOM.
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