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Introduction

In Euclidean space R" the problem of finding equivalent quasinorm and exact estimates
for the norms of certain function spaces has been solved by many authors (see, for
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example, [19]). Recently, a large number of papers have appeared, where a similar
problem was considered for analytic functions in the disk. Different equivalent quasinorms
for analytic new Bergman type classes in disk U = {z: |z| < 1} of complex plane C were
derived in [10], [11],[20], [21]. The papers [1],[3] gives several characteristics of the
analytic classes in bidisk. Finally, at [1], [14] an equivalent quasinorm is indicated for
space Lizorkin-Triebel in the polydisk. In the first paragraph well-known estimates for
the quasi-norm Hardy classes will be generalized to the case of the polydisk. In the
second paragraph, equivalent quasinorms for the new Bergman type classes introduced
in [14] are derived. It should be noted that the new functional spaces (see [7]) and their
properties modified by us for the case of the polydisk play an essential role in the note.

We finnaly at the end of the paper provide new similar type sharp results in new
Bergman type analytic function spaces in bounded pseudoconvex domains with smooth
boundary. Note here we again choose the context of the unit disk, then show in details
how to pass the same proof to these general domains.

New estimates of the quasinorm of Hardy classes in the polydisk

In this section we will extend some classical onedimensional assertions to Hardy
spaces of several variables. We will present the following notation. Let U”" - be the unit

polydisk of C", U" = {z eCzj|<1,j= 1,...,n}, " = {z eCzj|l=1,j= 1,...,n} —
my (&) and my, (@) be the normalized Lebesgue measures on 7" and U" accordingly.
Let further Ty (&) =Ta(&i,..., &) =T (&) X -+ x Tq, (&), where a; > 0,& € T,i =

1,...,n,
< Oti(l—\zF)},i: 1,...,n;
and let also

Iﬁ”(él?"wél’l?tla"'?tn): {ZEUHZ ’1—Z1§1‘ <t1,...,‘1—zngn

Ty, (&) = {ze U- ‘1—&

< tn};
I >0,j=1,...,n.
We omit o; below sometimes dealing with T'g(§). Iyn = Ign NU" Irn = Ign N T".
For a measurable f function in U" we put

1/q
(Aq(f)><§): / |f(Z1’.('i,fn|)Z|’q)czlm2n(Z> yq < 05
()
(Aw(f))(‘f):Zseuﬁ{\f(m,--.,znﬂ,zef“a(g)},geT"_
((ctn) )’ =
=su L L su - |f (e, 2|7 n
: ’"p"“g”””)',,/t Tl "W Gl / (—f "2

EeThéE=(&1,...,8,),t;>0,j=1,....n.
Also let H(U™) and HP(U"),0 < p <  are the space of all holomorphic functions in
U" and Hardy class in the polydisk accordingly.
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fﬂWWZ{fGHWﬂw@/UVQWMA®<w}O<p§w
J

These are Banach spaces for all p > 1, and quazinormed spaces for other values of
parameters.

Remark 1. The values given above in R"! were first introduced in [7] for the
so-called new functional spaces in R**1.

A well-known statement of the theory of Hardy H? spaces states that if a function
f belongs to the Hardy class H”,0 < p < o, then the quantity S(f) is finite.

p/2

s =[| [ IPrafa-2® 2ame) | dn@) <
T \(@)

D* is a well-known differential operator of an analytic f function in the unit disk on
the complex plane C (see, for example, [6], [8]) .

S operator is known as the Luzin area integral operator and the above statement
about its boundedness in Hardy H? classes, 0 < p < oo in the disk U was established
in [22]. In Theorem 1, relying on the multidimensional maximum theorem established
in [22], two generalizations are given - direct polydisk analogues of this statement for
p <2

In Theorem 2 for p > 2 this result will be generalized in two different ways at once.
Let D” be the fractional derivative of the f function, o >0,

D% :H(U")— H(U"),

(Daf) (Zla"wzn) = Z (k+ l)aakl...k,,zllq .- 'leq,(ZI,~~~7Zn) € Un7
|k|=0

n

(k+1):H(kj—|—1),(see [81,[5],[21]).

j=l1
We define fractional derivative also for negative indexes, namely we put

DD () = f, for @0,

Let further C;,C,,C(n) be various positive constants.

Everywhere below the notation A < B denotes that there is the constant C > 0 such
that A < CB, the notation A = B denotes that there are the constants C; >0 and C; >0
such that GB<A<CiB .

Theorem 1.
A) Let f € H(U"), Assume that
—+oo
F(zi,oooz)= Y (ka4 1) (ky+ Dag, 5,2 .. 25, (1)

ki...kp>0

is in class HP(U"),0 < p < 2,
p/2 1/p

sin=| [ [ [ [praaam | am@)
@) ()
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Then next estimates are correct

G HD_sfHHp(Un) < S'l(f) < C2||f||HP(U")7O <p<2 (2)

where € - arbitrary positive number and D(f) = D'(f).
B) Let 0< p <2,f € H{U"). Then next estimates are correct

Ci HDie}FHHP(U”) < ii(f) < CZHfHHP(U”)v

where € - arbitrary positive number and

Svn(f)=</< / (/( / ‘Df)zdmz(zl)>g.

T T(&) T (&)

p

dm(& ))’2’ ...dmz(zn)) 2dm(§,,)> "3

Remark 2. For n =1 the condition (1) disappears and the statements of the theorem

coincide and are well known (see [21],[22]).
Remark 3. It will be seen from the proof that by slightly modifying the reasoning in

a similar way a somewhat more general result for Hardy-Sobolev classes can be proved.
They are defined as follows:

= {renw:|jpuy| <=},

o>0,P € (0,00).
Proof of Theorem 1.
Lemma 1. Let f € H(U"), then next estimates are correct

p
/ ( sup |D” ()| (1~ |z|>“) dmy() < CillF 0 < p < +oo, 00 >0; (4)
zel(§)

Tn

/...//’Df(zl,éz,uw&n)
T U

T
1

2
X

——
n—

(1= lzi))dma(z1)dm (&) ...dmi(&n) < ClIF [ gym)» (5)

14
X ‘Z1F<Zl7€2;" 761’!)

0< p <oy

/‘mF(m,.--,zn)
U}’l

§C3/...//’F(él,ZZ,...,Zn)
U ur

U feal) . (1= a1, 2n) <

p—2
’Df(zl,...,zn)

" =1zal)... (1= 2 )dm(E)dma(z2), ..., dma(z)-
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Here and hereafter F is defined by (1) 0 < p < eo. The first inequality is proved in
[15] and relies on the multivariable maximal theorem proved in [16], [22]. The second

and third inequalities are not difficult to establish directly relying on one consequence
of Green’s formula (see [16], [22]).

Z W(e®)do — U/ (m%) AW (2)dxdy,

where A is the Laplace operator, W € C2(UUT),W(0) =
p
3

Selecting the function (|zF(pz,22,...,20)|* +€)

O<p<l € >0 as W and applying
this formula we get

T

4
/<|F<p€l61,Z2,.,,7Zn)|2—|—8>2d61 -
—T

1 p
—/log (I2F (pz,22, - 2n) >+ €)* dma(z) + 27 2;

passing to the limit at € — 0 and given that AF = 4a 5 Wwe get

T

. p
[|F(pe z2.....20)

—T

22
U

1

ER
Now the inequalities (2) and (3) are easily obtained by relying on this proportion.

We can integrate both parts either by 7"~ with measure dm(&,)...dm(&,) or by U"!

with measure (1 —|z2])...(1 —|zn|)dm2(z2) ...dmy(z,) appropriately. From here we have
forO<p<?2

/)F(zl,...,zn) i

Ul‘l

><|Df(pz,Z2,...,z,,)|2log

[pr | =il (1~ () <

<C; sup /‘F(zl,...,zn)

|Z]‘7'-'7|ZVI|

0

1 n—1
Tamy(&)(1 = lal)? . (1= zu])” (/(1 —r>1pdr) <

<G|lfllp,0<p<2. (6)

Let us first establish that condition (2) is necessary for f function to belong to the
Hardy HP class. Let 0 < p < 2, then we have

p/2

(2=pp 2
2 |Df| dmzn(Z)
) F/ | Srere dmy (&),

1 n

Sll;(f)écl/< sup lea 7Zn)

fo \eeT(@)

36



On some new estimates for integrals of the square ... ISSN 2079-6641

Recall that F is defined in equality (1). Next we apply the Holder’s inequality with
the exponent p’ = rzp,q’ :% and (7’) and we obtain

2—p

. /2
sin<c | <sgp Fz \dmn<é>> (/ F(Z>2pr<z>z(1z>dm2n(z>) .
zE U,

Tn

Next we use the condition of the Theorem and estimates (4) and (6) respectively, we
get
2

(2*21?)17 i
S5 () < CUF g W g my -

From here it is easy to get S5(f)|<C|f|/5,0<p<2.
Let us now prove the lelt inequality.
Let p <1. Then from known estimate (see [8]) we have

p
Q/ f(Z)(IIZ)“dmzn(Z)) < G [IQPQ — B ), ()
n Uﬂ

p<1,(a+2)p>1,feHU").
Hence we deduce

JU1& o) Pt (8) <
A

p

<c4/ ny

o (=52)

(1- wl)“”“”dmzﬂ(w)) dmn(§) <
<Cs [ ID700) (1= ]} dmaa(w), (6")

ri€(0,1),j=1,...,n
For 1 < p <2 the estimate (6”) can be obtained similarly using instead (6’) estimate

If()](A = [z))* If@P(—[z)* (1 —|w))~*
C |1 —wz|B+2 dimon Z) = Ce / 11— wz|(B-e)p+2 dm2”<z)’

where a@ > —1,€ >0, > 0, which is easily obtained from the Holder’s inequality. Next,
we will need the following estimates, they are well-known at n =1 (see [7]),

< [ (Ar(N(®) (Cul)(®) ) dmn(E) ™)

"

L e,

[1—2]
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/ PEI(1 |2 dmaa(2) < Cs [ [ 19)(1 = [ dmza(2)mn (&), 7
™)

Estimates (7) and (7’) are not difficult to obtain from one-dimensional version by
sequential application over each variable. Based on (7’) and (6”) we deduce

HD_Ef ‘:p SC9/’l)J‘(W)’p(l—IWI)”‘I(l—|w|)’3dmz,1(w) <
n
p/2
Df(w IW|)
([ e )
1/@/py

/ / — |wl) —2+¢( 2/P)dm2n(W) dm, (&) < C11(Sn(f))".
I'(&1) &)

The first part of the theorem is established.

Remark 4.

Note that above we (right inequality) have modified the reasoning applicable to n =1,
previously by various authors (see, for example, [5], [6], [16], [22]).

An essential role in our reasoning is played by the maximum theorem in U”,
established in [22], the integrals of the squares by Luzin and values A,(f) and C,(f) in
U" chosen in a suitable way.

We establish the second statement of the theorem. Applying the estimate (7’) for
each variable separately with the exponent 2/p > 1 and repeating the above reasoning
for each variable, we obtain

D) (1= )t
(T=Tw])

dmpp(w) <

/’Def(ré)‘pdmn(g) gclz/
) p/2
§C13// /|Df(W)|2dm2(w1) dm(&)x

ot T\
(1= |wa])...(1—|wp|))Pte
(1_’W2D"'(1_‘Wn’)

Let us now prove the right inequality. For this we modify the arguments given in
proving of the corresponding inequality A).
Let

dmy, 2(w) < Cg (gn (f))p-

" Ywy .. wnf

F= owy...0w,

Reasoning similarly we have
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, p/2
Si=[| [ PO e | amin <
aZ1...aZn
r \(&)
2—p
2
<cis| [ swp [F@Pam&) | -
9 ieT(&)
(a1 znf) | "
) pr Z1.--Zn o
(l]/ | Sl le)dm2(21)) <
|| ezt @) ““T”X‘anlgz af @) _
=~ aZZ.,,aZn Hzp](U) aZ aZn Hzp](U)
:‘ (e f () ||
QZQazn HZP&(U)

We integrate the last inequality by I'(&) and T by z,. We apply Minkowski’s
inequality, Fubini’s theorem and repeat the reasoning for S, on the variable z,. Repeating
this procedure n—2 times will come to the desired result. Theorem 1 is fully proved.

For the f function, f € H(U") denote

G(f,a,p,y):/(/... / }Dkf(z)‘ourz‘
n

T(G1) TG

p/2
(1= [z)*/P +(‘)‘”)"‘Z‘Ydmzn(Z)) dmy(&).

The following theorem 2 generalizes the known one-dimensional estimates from
below for the Hardy class norm HP(U) for p > 2 (in two directions at once). This
theorem also establishes the é— accuracy of this estimate.

Theorem 2. Let p>2,f € H?(U"),0 < a < p. Then

G(f,,p,0) < G|l (8)

This estimate is accurate in the following sense. For all €,€ > 1—2/p there will
always be o number, o > 0, such that the inequality is true

| f1lir < CL(G(f, @, p.€)),

where C1,C, - there are some positive constants.

Proof of Theorem 2.

The theorem we prove in bidisk. The General case is exhausted similarly. The proof
of the estimate (8) relies on the ratio (7) and (7’). Indeed, using duality arguments and
the formula
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J1 [ ondman) | wi&dm@) = [z) [ 2 e w@)am(E)dm(:)

T \rie) vooT

(A is a characteristic function of T'(§)) for each variable separately we deduce

G(f.a.mo) =t <c [ [Iptr@[" (- )
uvu

X /lr(gz)(ZZ) (/lr(gl)(m)ll/(él,iz)dm(él)) dm(&p)dmy(z1)dma(z2),
T T

where y(&,&) € LI(T?),q= () 1=« <% +k> +2k—2.
Next given the estimate (7) with the exponent ¢ = ,q’' =1 we deduce the inequality.

ke | 2k
M, <C sup  sup Df(z)‘ (1—1z|)
T T 2€l(8)2€el(&)

X sup  sup (1—\21\ (1—|2]) //11"52 22) (/)vrfl 51,52)dm(§1))x

21 eF(§1)22€F
([P r@ (= 2749 am(&).am(&) <

<G| (1= 1=+ Do) )

o

X
L=(T")

su su k 22k
XT/T/{ZIGF%)QGF%)(D @] (1= ) )}x
x (M(w)(&1,8)) dm(&)dm(&), (8

where M(f) is a maximal function of Hardy-Littlewood.

M()(E&) = sup |/,>0 i |/|w<p1, )ldm(g1)| dm(g2)  (9)

t1>0

To estimate the first multiplier, it is sufficient to apply the Holder inequality with the
exponent p/2 and two maximal theorems (in the polydisk), one of which was mentioned
above (see the estimate (4)) and the latter theorem was established in [15]. The second
estimate on the action of the Hardy-Littlewood operator is derived by applying a one-
dimensional result (see [22]) by each variable.

Now let’s estimate the second multiplier. We have

— <|Dkf(z)|a(1 . |Z|>ka+a/1?> (2;) < supm / (1 _ |Z2|)koc+oc/p—l><

Iy(&2.12)
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cswp [ D) () dma(). (10)

Iy(&1,11)

We will evaluate "the inner sup”(use the Holder inequality with the exponent (p/a)’)

for [ ID*f(2)|%dm(&y).

[1-&mi|<n

1
sup(i) [ [ DI = R o) <
l I=n1=&imi <t

! 1
<Casupliy") [ ME(DAF(@) 7 (1= a4 | <

5
1—1

a/p
<c ( [|pta e zz|§z>)”dm<él>) -
T

The second multiplier is evaluated similarly. So,

A< G| (11)

Remark 4’. The above inequality (8) is well known for n =1 (see [22]).
To establish the second inequality, we use the known one-dimensional embedding
(see [4]-[7],[21],[22]).

1
Ag(U)CHP(U),r<p,s—1/r:—I—?,p>2,r<OH—2, (12)

where Af is analytic new Bergman’s class in U.

AiU) = {fGH(U) : /|Dkf(Z)|’(1 — [z I dmy (2) < w}-
U

Using embedding (12) (by each variable) and estimate (7’) with an exponent O‘T“
we deduce

f |15 <

P
2

< C/ / |Dkf(z)’a+2<l _ ’Z|)a/p+((x+2)k7278dm2<z) %
™ \['(8)

x Hc(W)(l — 2]

r

(13)

L=(Tm)’
where
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<O‘+2)/y: (oc_—|—2) {(k—S)r—a;H(—er%Jr(aqu)k)}_ (14)

r o+2—r

It remains to be noted that from the conditions of the Theorem and the obtained
their relation is possible to choose o such that y > 0, and the latter is sufficient for the
finiteness of the second multiplier in (13). Theorem is proved.

New equivalent quasinorm to the Bergman type analytic space in the
polydisk

In this section we will find some equivalent norms (quazinorms) for new Bergman
type classes of analytic functions. Let’s introduce new Bergman type spaces in the
polydisk as follows

L") =
r/q

l
={renwn L, = [ | [IRFCHIQ = ar | dm(&) <o,
q Tn 0

p,q € (0,00),7> — 1,120},(15)

where R® - differential operator acting as a bounded operator from H(U") to H(U")
RHR)= Y (++hk+D'ad )= ) a
kyse.skn >0 |k‘>0

Below we establish the theorem for the quasinorm || ||%,,, for p = ¢ using some

syl
new space and thier relation to new functional spaces (see [4] [7])but in U".

Theorem 4.
1). Let RSf(z,...,2) € LY,/ NU),0< p < oo,r,s >0,n €N, y=" — 1 and assume
all conditions imposed on y,B in 2) are valid. Then we have

Ul = [ [ 10 f Gz P = ) 5 700 2, (2) | dma(£): (16)

™ \la(8)

2). Let0<p<<>o,[3>%,}/,s>0,n€N,%>max(l+w &2—1). Then

U8 = [ ] P sz (=) B iy (2) | din(E),(17)

™ \La(8)
where DP . H(U™) — H(U") is a differential operator
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~3 B I'k+p+1) & R
(D f)(z)_|k|z>"01“(k+1)1“(ﬁ+l) B>0:T(k+B+1) _]Ulr S+ B+1).

Mixed norm analogues of these results by similar methods can be also obtained (the
case when p is not equal to q) but there our results are not sharp.

Remark 5. The Theorem 3 was announced at [3].

Remark 6. For n =1 operators R® and D¥, classes L)% and L, relations (16) and
(17) coincide and Theorem 3 is not difficult to deduce from the well-known embedding
theorems and the Hardy-Littlewood theorem (see [22], [3], [21]) .

The proof of Theorem 3. First, we prove the second part of the theorem. Note that

Gelfir)= [ 1D fua@)1(1 ~ ) 2dman(2) =
r(x(élv“vén)

q
[ R (R g ) dmlo) (=D (o), (7)

1—1R
Fa(é] 7"'75”) T

s>0,00 >0, fr(z) = f(Rz),R € I, where a will be chosen below. Next we will use the
following two relations

/f(rltl,. ..,rnt,,)g(rlt_l, .. .,rnfn)dmn(t)
Tl'l

; (18)

[ [ ety (102 )" papam (o

7" 0

where s >0, f,g € H{U"),w = (P191,---,PuPn), pdp zkljlpkdpk.

1

[ [ 10ED I (@ = ) dwldma (&) < [ 190)[* (1= jwl)* dm (), (19)
i

" 0

where o > —1,g € (0,),® € H(U").
The first estimate is easily deduced from the following equality

CZ ng17 k17 7k)<%k1"'r%kn>:

k>0 k>0

1
Z /(kl‘|‘---‘|‘kn+1)s§(k1,---,kn)f(kl,,,_7k ) ( %k1.”rr21kn> «
[k[>07
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1
1 s—1 ) ) 1 s—1
(o) I ewldlvl = [ [ R frw)gtom) (1og ) dpam(e)

" 0

where p = |w|.
The second estimate we see in [1], [8]. Using successively (19), (6’) and estimate
(6”), we deduce the following inequalities

q
I~ )"
(/ [ n<<p>dz) <

_ 2+
< //’f |q1 ‘Z’ q i qdmzn(Z), (20)

|1 —wz|Ba
n fn

where w e U",z=(|z[@1,...,[z[@a),B > 0,y> —1 for g < 1,y>—75 —1 and

@Il '
(7// |1—wZ|ﬁ Thi—wap ¢ "(‘P)dz) =

f(2)]*(1 - (1 —|w|)=
aff |1—wz|ﬁq T a2, (21)
T I
where B >0,y> —1forg>1,7> —5— 1.
Next from (17°) given (18), (20), (21) we get
Ge(fre) <
11
<C / — 2% 2// /’Rsz w)|” ( 1_|W|)Id|w|dmn(¢)dm2n(w) (21/>
<3 sz\ By
f(élw"vén) 0 0

for p<1, where t =4 p—2 and

Ge(fr) <
1 1 p —ep
<c, / (1= )% 2// /\R Jr(w)| 1—|W\)( — |2|) ~¥Pdm (@) dman(w) (21")
" 0 0

- RWZ‘ (B+1)p+2—(2+¢€)p
L(&1558n)

for p>1, where t = (£—1) p.
Leta=y+p(B—3)+1.
Given that
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/ (1—z)*” zdmzn H 1

- 1 — zZRow il |1 — Rowé, |PB+1)-
r(élr“:él‘l) | O | O 5 ’

wy €U, & € T,Ro €1,1=(0,1), (see [8], [22]),
and passing to the limit for Ry — 1 from (21') we get

<C//|Rsf WOl -dlwldm,(¢).r =L+ p—2.

+1
J -

To obtain the first half of the statement of the second part of the Theorem for p <1
it remains to integrate both parts of the last inequality in 7" and to take into account
the following known estimate (see [8])

" 1 n 1
g |dmle)=Cl | ———= 1. 22
T[</<Ijl‘1_5kwk| ) (&)< /H(l—’Wva V= (22)

To obtain the first half of the statement of the second part of the theorem for p > 1
from (217), it is necessary to conduct similar argument by putting
o =y+PBp+2—-°L And given the (22) and conditions of the Theorem it is not difficult
to deduce that

[ Ge(pyama&) <clifi,.
b

We now will prove the inverse estimates. Thus we will complete the proof of the
second part of the second half of Theorem 3 completely. Based on formula (7’) it is easy
to see that it is enough to set the estimate

1, <c / £ (= ) 7B i 2),

Note that from (18) it follows that

1
D“RS() < Clvn) [ [ [P rirw)| ¢

O Tn

< |RHpep—h (
1

_1@5) ‘ (1= )~ 'dwlde, (22')

where z=r?&,w= (|w|@1,...,|w|@,),t - relatively large.

Let p < 1. We will need an analogue of the estimate (6’) for the subframe of U". We
have
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| p

"0
cw / P )0l (), (23
o> @ — 1. It is easy to deduce, given that

n
M](f,’”],.--,rn) SCZH(l_rk)lil/pMp(fJ‘]a"'7rn)>pS 17
k=1

and from the elementary inequality

1 P 1
( [ce) p)fdp) / p)PHP~ldp,
0

where p < 1,t > —1, where G is an increasing function. Next we note that

1 a—B+1|P
/e (m) dmy(§) <
Trl
1
<C 2= yeens ;o (24
- Zo kr_l (Il plearapri13 = (161Gl (24)
Y oj=s+t
Jj=0

where o and ¢ - are sufficiently large positive numbers.
Estimates (24) are not difficult to deduce directly from Newton’s binomial formula
and (22). Given (23) and (24) we get

/|D“Rsf(Z)|p (1= [2))"" P dman(z) <

o7

1
SQ//‘Dﬁf(w)‘ (1 — |w|) =D D(P=1)
1

/ / 1_|Z|)y+apd|W|d|z|dmn((p)
(1— |w||z1[)Plaata=B+D=1__ (1 —|w||z,|)P(onta—B+D-1 =

>O 0

Z(xj—s+t

<Ca [ [ |PPron)| (1=l B i ()] <
0T

p
<Ca [ [P )| (1= o) g ),
Ul‘l
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where in the last inequality we used the estimate (19).
For p > 1 instead of estimating (23), we should use the analogue (6“) for subostov
(subpolydisk) (which easily follows from the Holder inequality)

1 14
RS F(w)| (1 —|w])s!
f—(/ [ dmn<w>dw) <

0 Tl‘l

1 s P N s=Dp (1 B —1+1/n+ep
<o, [ [ IR ApC D). (1) dwlde.
/) [ — o[- DP 27

where € is any number, € > 0 and to carry out similar above to the reasoning. The
second part of the theorem is proved.

To prove the first part of the theorem, it is necessary to use the already established
second part of Theorem 3 and the following Lemma A.

Lemma A.

1). The following estimate is valid

S < C§1, (25) (1)
where ]
$1= [ [1£@10 -2 am (@)l
™0
and

o+l

S = [ 17001 [T~ o) ="y o)
[ k=1

here z= (|z|@1,-...,|z|@n), f € HU"),0 < g <oo,00 > —1.
2). Let S| < o, then if

$o= [ e A0~ )™ dma(0) < g € (0.0).
U

Then the inverse of (25) is also true. The proof of Lemma A.

The first inequality is actually established in [8]. (It is a theorem on mapping from
polydisk to diagonal in A} classes ). It is necessary to use the dyadic division of the
parallelepiped

r= J [-27f1-27hh o 1—27tmp 27k
ki eokn>0

and to limit the summation for n-dimensional sums on the diagonal (see [8]).
We prove the second assertion of the Lemma. In [8] it is fixed that for the function

f(z1,.. . z0)

5 2)(1=2])d
flz,...,2)(1—z]) ng,i)z,zjeU’j:O"“’m;

2
Jo(l—z) (1=

f(zla"'7Zn) :C(%n)

the value §1 is finite if only S, < oo, and the inequality §1 < constS, is also true, so
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17z = )z <c/ £z D1 = )5 dma 2),
Uﬂ

0<g<oo,a>—1,n>1.

[t remains to use once again the dyadic partition of the subostov ( polydisk ).
U"={z=(r&,...,rE,),& € T,r €I} and the summation of the n- dimensional sum along
the diagonal to establish the estimate (see [1], [3], [8]).

/ 16 —[2) () < € / [ 1£Gre )l (1= ) dma( @)l

0 Tﬂ

2= (|z|lQ1,---,|z|0n),0 < g < o, > —1 (see [1], [3], [8]). At the same time it is
necessary to take into account also that the function defined on subostov U" can be
extended uniqily to arbitrary point of the unit polydisk U" (see [8], [18]) .

The Lemma A is proved.

On some new equivalent norms for analytic Bergman type spaces in
bounded strongly pseudoconvex domains

In this final section we prove similar type result for Bergman type spaces in bounded
pseudoconvex domains.

Let D be a bounded strictly pseudoconvex domain in C* with smooth boundary, let
d(z) = dist(z,0D).

Then there is a neighborhood U of D and p € C*(U) such that D={z€ U : p(z) >
0}, |vVp(z)|>c>01for z€dD,0<p(z) <1 for z€ D and —p is strictly plurisubharmonic
in a neighborhood Uy of dD. Note that d(z) < p(z),z € D. Then there is an ryp > 0 such
that the domains D, ={z€ D: p(z) > r} are also smoothly bounded strictly pseudoconvex
domains for all 0 > r > rg. Let do, be the normalized surface measure on dD, and dv the
Lebesgue measure on D. The following mixed norm spaces were investigated in [20].
For0<p<oeo,0<g<e,0>0and k=0,1,2,... set

a/r gy 14
llpasi=( X [ ([, wesrao) ") o<q<e
la|<k

and weighted Hardy space (A} = HP)

1/q

fllpmsi= s X, (17 [ i0%pao) " 0<q<
O<r<ro|a|§k dD,

where D% is a derivative off (see [20]) The corresponding spaces A = A5 (D) = {f €

H(D) : ||f||4.6:k<=) are complete quasi normed spaces, for p,q 2 1 they are Banach

spaces. We mostly deal with the case k =0, when we write simply AY? and ||f]],,s-

We also consider this spaces for p = and k=0, the corresponding space is denoted by
AP = ASP(D) and consists of all f € H(D) such that
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- 1/p
Ilflloo,p,5=< /O (3up|f\)pr5p1dr> < oo,

D,

Also, for 6 > —1, the space A5 = A5 (D) consist of all f € H(D) such that

[1£1laz = sup|f(2)]p(2)° <o,
zeD

}elmtci] tthe weighted Bergman space A§ = A§(D) = A{? (D) consists of all f e H(D)
such tha

i1l = [ et @a) <o

We denote by Kg the weighted Bergman kernel on D (see [4], [3]).

Since |f(z)|? is subharmonic (even plurisubharmonic) for a holomorphic f, we have
AY(D) C A?(D) for 0 < p <oosp>n and t =s. Also, A¥(D) C AL(D) for 0 < p <1
and A?(D) c A/(D) for p > 1 and ¢ sufficiently large. Therefore we have an integral
representation

f(Z)=Cﬁ/Df(é)K(Z7§)Pt(5)dV(§), fe€A/(D),z€D, (+)

where K(z,&) is a kernel of type ¢, that is a smooth function on D x D such that
K(z,E)| < C|®(z, &)~ 141 where &(z,&) is so called Henkin-Ramirez function for D.
Note that (*) holds for functions in any space X that embeds into A}

The following is the main result of this section.

Theorem 4. Let p,q € (0,00),y> —1,B8 > —1. Then for f € H(D) we have

/p

p q/p p q
fP | P ge = Q | f(z)pdy(z)dv(z)) Par.
o) o]

De

Remark. This theorem almost with similar proof probably can be extended also to
AS%and AP p e (0,00),8 > 0.

Note in the Unit disk we see this result in [14].

We will need the following simple lemmas for the proof of our main result.

Lemma D. (see [14]). Let 0< p <o and B > 0. Let (a,) be a sequence of nonnegative

real numbers such that ¥ 27"} < co. Then there is a constant C > 0, depending only
n=1

on p and B, such that

Y 2ol <Clof + Y 27" |0y, — a1 |P).
n=1 n=1

Lemma B. (see [18], [20]).
1. Let G € L'(D;),w € C*(D).
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2. Let
() = [ If1do,

Then function is non icreasing, and

(19P)h, (21P) < C/2tﬁhp(r)r5_ldr,
B

B>0,0<p<oo,d>0.
3. Let 0 < p < oo,

'n
= [ [ 1518 @wdva).we c (D)
0 9D¢
rm=2""n=0,1,...,t >0.
Then the assertion of Lemma D is valid.
For any Lebesgue measurable function f in U, we define

1/p
My(r ) = ( / f(ré)f’dma:)) ,
T
where 0 < p < eo.

[fO<p<oo,0<g<oo, and @ > —1, let
fllhga= [ (1= My (1,1
1

where I =[0,1). The mixed norm space H?9% = HP%*(U) is then defined to be the
space of function f holomorphic in U, (f € H(U)) such that ||f]|, 4.« < °°.

The result of this section in the unit disk can be expanded to this classes in the
polydisk from the unit disk (see below).

First we have a new characterization of the mixed norm spaces HP4*(U).

Let 0 < p,g <ooand —1 < B,y < eo. A function f € H(U) belongs to HP4:B+r/ar+1) (1))
if and only if

| q/p

[| [ 1r@ra-iame | 0-nfar<e

0 \z|<r

Note that, it is our theorem in the unit disk. We follow arguments from [14] first
assume that [|f]], g g+q/p(y+1) < oo For 0 <t <1 define fi(z) = f(tz),z€ U. Let r, =
1-2"n=0,1,.... Then
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q/p

1
/(1_r)ﬁ / |fi(2)|P(1 = |z])Ydma(z) dr —
0 |z|<r

q/p

I'n

= i / (1— r)B / If:(2)|P (1= |z])Ydma(2) dr < Cj i z—n(BH)AZ/p7
" n=1

n—1 ‘Z‘<r

where

A= [ @I = ) dma (o).

|z]<rn

Now by using Lemma D we find that

! a/p
/(1 - / L @IPA—2)Tdmy(z) | dr<
0 |Z|<r
q/p
<G Zz—n(ﬁﬂ) / ()P (1= |z])Tdma(2) <
"= rn71§‘2‘<rn

<G Y My(r, fi)727 "0 0P/4 <
n=1
T'ntl 1

(o)

<Gy Z / My (ru, f1)4(1 = r)ﬁJrfJ/P(YJrl)d,, < Cs /(1 _ r)ﬁ+q/p(7+1)Mp(rn,f,)qdr.

n=1 0

I'n

Letting t — 1, we get

q/p

1
Ja=nP{ [ 1r@Pa—zame) | dr<CllfI, g pipe:
0

|Z|<r

Conversely

ol
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1
||f||pqﬁ+q/p (r+1) / (1—r)Bra/pr+l)py M, (r, f)dr =
0

— Z / (1— r)ﬁ+q/p(7+1)Mp(r,f)qd,, < Z 2fn(B+q/p(Y+1)+l)Mp(rn,f)q <
n= T'n—1

n=1
a/p
<GY| [ WPa-dme | 2@ <
n=1 In<|z|<rnii
o q/p Fni2
<oy | [ r@ra-gane | [a-nfar<
n=l1 <2 <rut Tnt1
- q/p
<o [a-nf| [1rera-kyme | s
Vn+1 lz|<r
. a/p
<cu [=nP | [ Ur@Pa-ldme) | dr
0 |z|<r

Note we used Lemma D in our arguments above. The carefull analysis of the unit
disk proof we just provided shows that the repetition of arguments provided in the unit
disk and applications of two lemmas, Lemma D and Lemma B, easily lead us also to the
proof of the main theorem of this final section.

We leave these easy details to interested readers. For any Lebesgue measurable
function f in U", we define

1/p
Mp(r,f)(7 f(rﬁ)”dmn(i)) :

where 0 < p <o and r§ = (r1&y,...,m&).
[[0<p<eo,0<g<oo, and o = (aty,...,0),0;>—1,j=0,...,n, let

n
HfHZ,q,aZ/(H(l—r) My (1. )" )
i \J=l

where I" =[0,1)" and dr =dry...dr,. The mixed norm space HP9% = HP9*(U") is
then defined to be the space of function f holomorphic in U", (f € H(U")) such that
1 1lpga < o

The result of this section in the unit disk can be expanded to these classes in the
polydisk from the unit disk.

[t will be nice to obtain some direct analogues of our results of first sections in more
general bounded pseudoconvex domains or in unbounded tube domains over symmetric
cones.
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B pa6ote npuBeneHbl HOBble 9KBHUBaJIeHTHbIE KBA3MHOPMbI [/151 HEKOTOPBIX HOBBIX MPOCTPAHCTB
THna beprmMaHa B MosiMaUcKe U B OTPaHUYEHHBIX M1CEBAOBBINTYKJbIX 001acTsX. [logo6HbIEe oLleH-
KM YCTaHOBJIEHbl TaKKe MJisl KJacCOB THMAa XapAu B MOJHANCKE. DTH Pe3ysabTaThl 000611a0T
HeKOTOpble H3BECTHBIE ONHOMEPHbIE HeEPaBeHCTBA /ISl IPOCTPAHCTB THMA Xapau U KJIacCOB TH-
na beprmMaHa B eqMHMYHOM Kpyre. Ha cjyuyail MOJUAMCKA U OTPaHUYEHHOH MCEBLOBLINYKJOH
o6sactd. OUeHKH TaKOro THUIAa MOTYT HMEThb TaKKe pas3JiuuHble npuaoxeHus. [lycts D orpa-
HHUYeHHasl UJIM HeorpaHudyeHHast o6sactb B C" (orpaHuyeHHasi NCEBIOBBINYKJAsi UM Heorpa-
HUYeHHasi Tpy6uaras 00/1acTb Hal CUMMETPHUeCKHM KoHycoMm). [lomxomel, mprMeHeHHble B
JNaHHOH paboTe MpH A0Kas3aTe/bCTBE YTBePXKAEHHUH B MOJUIMCKE MOTYT OBITh, [10-BUAHMOMY,
TaK2Ke MCIOJb30BaHBl 115 10Ka3aTe bCTBA MOJOOHbBIX NPUBEAEHHBIX B JaHHOH paboTe OLEHOK,
HO B NoJiMo6sacTax D X --- X D cyulecTBeHHO OoJiee 00ILEro THUIa, 4eM eAHNHHUYHBIH MONUANCK.
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