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The existence and the uniqueness of solution of local problem for degenerating mixed
type equation is investigated. Considering parabolic-hyperbolic equation involve the
Caputo fractional derivative. The uniqueness of solution is proved using the method of
the extremume principle and integral energy, the existence is proved by the method of
integral equations.
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Introduction

In the works [1],[2],[3],[4] we can see significant development in the fractional differential
equations in recent years. The fractional calculus is widely applied to investigation of partial
differential equations of mixed type and hyperbolic type with degenerations (see [4],[5],[6]). In a
series of papers (see [7], [8],[9]) the authors considered some classes of boundary value problems
for mixed type non degenerating and degenerating differential equations involving Caputo and
Riemann-Liouville fractional derivatives of order 0 < o < 1.

Preliminaries

DEFINATION. Caputo fractional derivatives ¢DZ f and ¢D% f of order o >0, (ot ¢ NU{0}) are
defined by [1.p.92]:

PN L L |
(DN = poy |, e = [+ 1> @ (1
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1\ b (n)
(PN =g | e mrdon = el + 1< @

respectively.
From (1), (2), as a conclusion we will have: k—1 < a <k, k€N,
consequently, while for a« € NU{0} we have

(DO f)x = F(x), (cD%f)x= f(x), (cDLf)x= F"(x);

(cDf)x=(=1)"f"(x),n € N.

Gauss hypergeometric function F(a,b,c,z)is defined in the unit desk as the sum of the
hypergeometricseries (see [1. p.27]):

& (@b 2

F(a,b,c,z) = —,. 3
where
ol <1,
a,beC,ceC\Z, and (a)o=1, (a)y=ala+1)..(a+n—-1)= F%f‘(;"), (n=1,2,...).
One such analytic continuation is given by Eyler integral representation:
I'(c) b —b—1 -
F(a,b,c;7) = ———r>t—— 1—x)° 1 —zx)%dx, 4
(@.b.¢32) = Frpe gy o ¥ (107 (1 e @)
0 < Reb < Rec, |arg(l—z)| <.
The Gauss hypergeometric function F(a,b,c,z) allows the following estimation:
cl, if c—a—b>0, 0<z<1
F(a,b,c;z) << c2(1—-2)%b if ¢c—a—-b<0, 0<z<I . (5)
a3(l4+In(1=2)|), if c—a—b=0
- —1
F(a,1—a,c,z)=(1—-2)°'F (CZ“,C*‘;,CAZU—Z)) (6)
Generalized fractional integro-differential operators with Gauss hypergeometric
functionF (a,b,c;z)defined for real a,b,cand x > Owill be givenby formulate:
a,b R K kye—1 A
P | &% 700 = g [P0 = (abe S ),
c>0, k>0
(7)

The elementary definition of the Wright type function at & > B, @ >0 and for all z€ C, is
[10]

o n

u,6 Z
e (z) = ) (8)
“75( ) kg;)l"(om—ku)l“(é—ﬁn)
If « =p =1, then owing to (3) from (8) we have:
e},g (z) = i L (9)
., = n''(6 — Bn)
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Problem formulation and main functional relation

This work deals the existence and uniqueness of solution of the problem for the mixed type
equation with two lines and different order of degenerating which involve the Caputo fractional
derivative.

We consider equation:

Uy —cD%u,aty >0
0= xx 0y 10
{ (=) "t — X" uyy, aty < 0 (10)
with operators (see (1)):

1
CDgyM:[‘(l_a)/Oy(yt)aut(x’t)dt’ (11)

where 0 < & < 1, m,n = const.
Let’s Q domain, bounded with segments:

A1A2 = {('x7y): .XZO, O<)’<h2}7

BiBy, ={(x,y): x=h1,0<y<hy},A,B, ={(x,y) : y=ha, 0 <x < h;}at the y >0,

and by the characteristics: A;C: éxq — %(—y)p =0,B,C: éxq—i— %(—y)” = 1; of equation (10)
at y < 0, where A; (0;0),A, (0:42),B, (h1:0),B, (hy;hy)and C ((g)‘/",— (g)‘/”). Here 2g —n+2,
2p=m+2, hy =¢", hy >0, and that m > n. Introduce designations: 2c; = n/(n+2), 2B; =
m/(m+2),

1
0<O‘1<B1<§, (12)

QF=0N(H>0),Q =QN(y<0),; ={x:0<x<h},L={y:0<y<hy}.
For the equation (10), we consider the following problem: Find a solution u(x,y)of equation
(10) from the following class of functions:
A= {u(x,y): u(x,y) € C(Q)NC*(Q7) uy € C(QF), cDSueC(Q)}
satisfies boundary conditions:

u(x,y) A4y :(pl(y)’OSyShZ) (13)
u(x7y) BBy, — (PZ(y)vhl <y< ha, (14)
u(x,y)|4,c =h(x), x €. (15)
and gluing condition:
lim y'~%uy(x,y) = uy(x,—0),(x,0) € A By (16)
y—++0

where @;(y), ¢2(y), h(x) are given functions.

In fact, that functional relation between 7(x) and v(x) transferred from the parabolic part QF
(hyperbolic part Q~to the line y =0) is played important role on the proved unique and existence
of solution.

[t is well know, that the solution of the Cauchy problem for the equation (10) in domain Q™
satisfies conditions

u(x,—0)=17"(x), 0<x <1 and uy(x,—0)=v (x), 0 <x <1, (17)
presented on the form [11]:

(291

u(x,y) = 1—‘22051) <1fo> B /01 [;(_y)p(zz_ 1)+ 1xq (1 _Z)]ﬁlfl %

—
]
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XT~ { {Z(—y)p-Zz—l—qu} 111} F(ai,1—oa1,pBi,p)dz—

_ 128 . o
_mp2ﬁl <1(—y)1’> /0 [1(—)})”(21— 1)+ 1xq] (1 _Z)]—Bl %

p p 1
XV { [Z(—y)p (22— 1) +xq] :,} Fon,1—ay,Bi,p)dz (18)

q(*y)%Z(FZ)
P23 (—y)P (22— 1)+ 4]
Due to condition (15) from (18), by using formulate (6) and () we will get

where p =

Bi—on  ou+pi—1

T e e R
a 1-Bi—ou au—pi B —
)R] T | @0t woy e, (19)

o438 — 1-2a
where h*(x) = h | ()], 1 = [Eeom B,y = 220 (2) 77,

Applying operator

d

SN a+fi—1 a+p 204 -1
—n ()T Fox
d(x*)

209\ —L—
Y

to both parts of the equality (19), we obtain functional relation between 77 (x) and v~ (x)
transferred from hyperbolic domain Q™ on the line y = 0:

1—oy 4By

~ yl If;‘xl d ]*iﬁl (04 —f—ﬁ17 2ﬁ171 20,1 X 2 *
_n il Foy 2 2 — h ,0 hy, 20
vV (x) YZX e 0 261, : X 77 (x) ” (x),0 <x<hy, (20)

. 1/2 - 1/2
where T~ (x) =u [((qk)zx) / q,O} . V() =uy [((qk)zx) / 1 - 0}.
On the other hand, considering designations (17) and liriloylf‘xuy(x,y) =vt(x),
y—

0 <x<hy from gluing condition (16) we have
Vi) = v () (21)
For further supposes, from Eq. (10) at y — +0 considering (11), (21) and
. a—1 _ . 1-o
lim D, (y) = F(a)ig%y 1)
we get:

7' (x) —T(a)vT(x) =0 (22)

Uniqueness of the solution

Theorem 1. [f satisfy conditions 0 < o < land (12) then, the solution is unique.

Proof.
As usual we consider corresponding homogeneous problem [¢;(y) = ¢,(y) = 0] and prove that
u(x,y) = 0. With this aim we multiply to 7(x) equation (22) and integrate from 0 to A;:

hy hy
I(a) /0 () (x)dx = /0 7 (x)T(x)dx. (23)

20
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Integrating by part and using the relations 7(0) = 7(h;) = 0,owing to (21) we obtain
hy hy hoo
/ () (x)dx = / () (x)dx = — / (7/(x))2dx < 0. (24)
0 0 0

Now, we prove that f(f” T(x)v~(x)dx > 0.
At first, using by formulate () we make some simplifications in (20):

1-2ay

- _}/1 (x2q)T d 2q # * 2q 2q 2p1—1 2q -
v = gy ) ) @) P e

X1 (1)F ((xl + B, 2[312 ! ,2B1,xqut2q> dr*? — wh*@ (25)

Entering replacements = xz and after some simplifications we have:

By
24\ 2 1 _ 201 +1
v (x)= 2an (alyjl“l?;)ﬁg) ) /0 (1 _qu)Zﬁl ! (ZZq) 2

_ 2p1+1
XT (XZ)F <ﬁl_a17ﬁ]272ﬁ171_zzq)dz+

+1

2By
29 (xzq)T /1 20\2B1—1 25 4
4+ 11—z 97 X
AYETN A (1-2%) z (x2)

]—0(1+B1

281 +1 )
xF <ﬁ1—0517ﬁ]2+72ﬁ171—22q) dz—(x)yh*(x),
h

Consequently, using invers replacements s = xz we can receive

_ _26]}’1(061—1—[31) —ou B [* 2B1—1 20,
Rl I O R (O e

2B, -1 24 524
XT(S)F<(X1+1317 Bl 72B17x o )ds+

2 x24

Zq’}/l 2q %*Bl /X 2q OCIJF% 2g  2q 2811,
+7Y2F(2ﬁ1)(x ) A (s ) (x S ) T (5) X

1—0(1+ﬁ1
2

2B -1 x4 — 524 x%
<k (s 22 2 P 4o L, (26)

Il
There holds the following preliminary assertion.

Lemma. If a function t(x) has a positive maximum (respectively a negative minimum)
at the pointx =xo € (0,hy), then v~ (xo) > O(respectively v~ (xp) < 0).

Proof. Let’s a function 7(x) has a positive maximum at the point x =xo € (0,4;) and h*(x) =0,
then from (26) we have:

= OB () B 0y,

2q 2
2 201 —1 xpt — 54
X (qu) “F (OC]-i-ﬁ], ﬁlz ,2B1, 0 2 )ds—i—
X0
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241 (xé") P /x 77 (s) (sz‘I)‘xl*% (xéq _szq> 2hi- %
0

»I(2p1)

29 2

2B —1 X, — s

xF (Ol]-i-ﬁ], Blz ,2ﬁ1, 0 % )ds
o
KON _2a1
Due to 71 >0, >0, F(2ﬁ1)>0, OSOTSI,
X0

/O N (s)ds = /0 " im L ZES) 4o

X0—S X0 — S

and taking (12), (5) into account, from here we deduce that v~ (xo) > 0.
Similarly, we can prove that on the point of negative minimum v~ (xo) < 0. Lemma is proved.
O

Based on the Lemma, we can conclude that, f(f” 7(x)v~(x)dx > 0,consequently from (24) we
will get v~ (x) = 7(x) =0. Hence, based on the solution of the first boundary problem for the
Eq.(10) [7],[13] owing to account (13) and (14) we will get u(x,y) = 0in o, similarly, based on
the solution (18) we obtain u(x,y) =0 in closed domain Q .

The existence of solution of the Problem I

Theorem 2. [f satisfies all conditions of the Theorem 1. and

@1(y), ¢2(3) € C(B)NC' (B)sh(x) € C' () NC*(N) (27)
than the solution of the investigating problem is exist.
Proof.
Taking (21) into account from Eq.(22) we will obtain
T'(x) = f(x) (28)
where
f(x) =T(a)v™(x). (29)

Solution of the equation (28) together with conditions 7(0) = ¢;(0), t(h;) = ¢,(0) has a form:

X 1
1) = [ =0 Odi=x [ (1=0)f(0)di+ g2(0)(1—2) + 91 0),

consequently, we can find:

¢ = [ 10— [ {1070+ 01(0) - 0:0). 50)

Further, considering (29) from (30), after some simplifications we will get

7' (x) = AT'(«@) /Oxv(t)dt —Al'(a@) /01(1 —t)v(t)dt + ¢1(0) — 2(0) (31)
Substituting (26) into (31) we have:

foy 2490 (a1 +p)T(a) [* g\~ =B ! q g\ 2Bi—1 ¢ 24\ 201
T (x) = BT 2B, /0 (1) dz/o (121 — 5*) (s27) ™ x

261 —1 124 — 524 $
xF <a1+ﬁ1, b ,2B1, S )ds/o 7' (z)dz+

2 t2a
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2gnT () /x oo 2B o, o 2Bi—1 oy 24
+——— 1) ? dt/ 171 — g1 s71) 2 T (s) x
Lt [ o) 0< PP () 2
2 124 _ 29
xF <a1+[31, Br- 2[31, qs >ds—

2q?’1 (}Z}‘("Zgll))r(a)/o( —1) (t ) a1 —pi dt/ ( _szq)2l3171 (qu)Zoch

<Ot1 -1-131,2[31 2[31, szq)ds/osf’(z)dz—

2gnT(a) s 2,1 e
e 00 wAOMﬂ% (0 2 50

2 tzq—szq
F(OC1+/31, Pz 2/31, >ds+F(x)7

where

Fx) = 2g71 (on + 1) () /Ox (tzq)farﬁl dt/o’ (tzq—szq)m]il (qu)Zal y

»I(2B)
% 92 (0)F ("“Hﬂ],zﬁ‘_l 28, S2q>ds_

! o1 —p1 1= o
_2Q(a;;€£23T;F(a)/O (1—1) (Z ) -B dt/o (2 _S2q)2ﬁ 1(s2q)2 y

2q
X @ (0)F <061+I3],2B1 2[3], —S )ds—

o) /Ox (1) = e ()de + 1Y) /01 (1—1) (%) HWI I (1)dt + @1(0) — @2(0).

|2 V23

Changing the order of integration in (32), totally we have integral equation

/sz z)dz+F(x).

Here
Ki(x,2); 0 <z <x,

Koz = { Ky(x,2); x<z<1.
Kl(%Z):klr(Ot)/x(t a) Bldt/( q_ s2q)2’31—1 (szq)Zalx
xF <a1+/31, 2h1 2/31,t2q_52q>ds

2

1
_klr(a)/ (l—t) (tzq)—al—ﬁl dt/t (tzq_szq)Zﬁl—l (qu)zal o
< z

2 129 — §2q
><F<a1+ﬁ1’ Bi— 2B1, 1 >ds+

200 +1 1-28
+k2r‘(a) (ZZQ)ITJr /x (t2q)T] (t2q _Z2q)2ﬁ1—1 »
Zz

249 — ;29
XF<al+Bla ﬁ Q’Bla : >dt—

124q

20 1 28
szr‘(a) (Z2q)]2+]/ (1 72‘) (th)lT] (t2q 7Z2q)2[3171 y
z

23
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2B — 124 — 7%
XF<(X1+B17 ﬁlz 2B17 q >dt

Ka(x,2) = klr(a)/zl(l —1) (t2q)—a1—ﬁ1 dt/zt (th_SZq)Zﬁl—l (SZq)Zal %

2 29 — g2
xXF <061+Bl, Br- 2[31, il >ds—

124

200 +1

—ng(a) (qu) 2

1-28)
2

/zl(l—t) () 2

2B —1 R
><F<al+ﬁla [3] azﬁla t2q dt

(th _ ZZq)zﬁI*I «

2

where
2qni(a+P1) .,  2qn

rI@B) T RI(2B)
Due to properties of hypergeometric function (5) from (37) we will get

* o —pi / 20\2B1=1 [ 2g\200 1-24 ;2
d — % q q45%4
ST ] [ a2y () 5 20

1=

K1 (x,2)] <

(36)

(37)

(38)

Hence, due to class of given functions (38) considering (36) and (37)from (33) and (35)

respectively we will receive |K(x,z)| <

F(x)| <const, 0 <x<1.

Since kernel K(x,z) is continuous and function in right-side F(x)is continuously differentiable,

solution of integral equation (34) we can write via resolvent-kernel:

/ERxZ 2)dz,

where R(x,z) is the resolvent-kernel of K(x,z).
Unknown functions v~ (x) we will in accordingly from (26).
Solution of the Problem I in the domain Q% we will write as follows [13], [7]:

o) = [ Geloy.0.mwln)an - /0 Gelo L mp(nin + [ Gole— &)7(6)dé,

Here
Go(x—¢&.,y) = /n *G(x,y,&,m)dn,

G-—m*"*" & [ rap( lx—E&E+2n] Laj2 [ |x+&+42n]
G(x,y,é,n)Zf Z el,g/z T2 _el,g/z T —n)er

(y—m)o?

n=—oo0

(39)

I[s the Green’s function of the first boundary problem Eq. (10) in the domain Q% with the

Riemanne-Liouville fractional differential operator instead of the Caputo ones [13],

n

1,6,y _ <
“s(?) = X:lo n'T(8 — on)

is the Wright type function [10].

Solution of the Problem I in the domain Q~ will be found by the formulate (18). Hence, the

Theorem 2 is proved. [J
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