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This article is an example of application of the techniques to develop solutions of integral and

differential equations. Here we consider a parabolic-hyperbolic equation (%4— ‘%) (Lu)=0

in a pentagonal domain. We prove a theorem on the unique solvability of one of two given
problems.
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Introduction
The paper is devoted to a method for investigation of some boundary value problems for
one class of third-order parabolic-hyperbolic equations in a pentagonal domain which are used to

study the problems of mathematical physics. This paper is a logical extension of the papers []]
and [2].

Statement of the problem

In a domain D of a plane xOy we consider the equation

d d
(ax+ay) (LM) :0, (1)

Lu:{ Uixx — Uly, ()C,y)ED[,
Ujxx — Uiyy, (XJ’) EDi (l:27 3)7 ’

where
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ulx,y)=u;(x,y), (x,y) €D; (i=1,2,3,4),

D =DyUD,UD3UD4UJ UL UJUJs Dy = {(x,y) ER*: 0<x<1, 0<y<1},
Dy={(x,y) ER*: —1<y<0,0<x<y+1},D3={(x,y) ER*: —1<x<0, -x—1<y<0},
Dy={(x,y) ER*: —1<x<0,0<y<x+1},J;={(x,y) €R*: y=0, 0<x<1}
h={(xy eR:y=0, —1<x<0},J5={(x,y) ER*: x=0, -1 <y<0},

Jo={(x,y) €R*: x=0, 0<y< 1}, that is Dy is a rectangle with vertexes at the points A (0; 0),
B(1;0), By(1,1), Ag(0, 1), D, is a triangle with vertexes at the points A (0;0), B(1;0), C(0, —1),
Ds is a triangle with vertexes at the points A(0;0), D(—1,0), C(0,—1), Dy4 is a triangle with
vertexes at the points A(0;0), D(—1,0), Ao (0, 1), J; is an open segment with vertexes at the
points A (0;0), B(1;0), J, is an open segment with vertexes at the points A(0;0), D(—1,0), J3
is an open segment with vertexes at the points A (0;0), C(0,—1), Jy is an open segment with
vertexes at the points A (0;0), Ao (0, 1).

Moreover, we write the domains D; (i=2,3,4) as follows: D; = D;; UDjp UAC;—;, where
Dy, is a triangle with vertexes at the points A (0;0), B(1;0), Ci (3, —%), D2 is a triangle with
vertexes at the points A (0;0), E; (0; —1), C; (%, —%), D3, is a triangle with vertexes at the points
A(0;0), Ey (0; —1), Co(—3, —3), D3, is a triangle with vertexes at the points A (0;0), E»(—1;0),
C>(—1,—1), D4 is a triangle with vertexes at the points A(0;0), Ag(0;1), C3(—3, 1), Dp is a
triangle with vertexes at the points A (0;0), E(—1;0), C3 (—3, 3), AC) is an open segment with
vertexes at the points A (0;0), C; (%, —%), AC, is an open segment with vertexes at the points
A(0;0), C2(—3,—3), AC; is an open segment with vertexes at the points A(0;0), C3 (—3, 1),
that is AC; = {(x,y) ER?: 0<x< 3, y=—x}, Doy ={(x,y) ER*: -3 <y <0, -y <x<y+1},
Dy ={(x,y)€ER*: 0<x< %,x—l <y<-—x},AC={(x,y) €R*: —% <x<0,y=x}, D3 =
{(x,y) ER*: =1 <x<0, x—1<y<x},Dp={(x,y) ER?: -1 <y<0, -y—1<x<y},ACs =
{(x,y) ER*: =3 <x<0,y=—x},D4y ={(x,y) ER?: =3 <x<0, —x<y<x+1}, Dyp =
{(x,y)) ER*: 0<y< i, y—l<x<—y}.

For equation (1) we formulate the following problem:

Task 1. Find a function u(x,y), which

1) is continuous in a closed domain D;

2) satisfies equation (1) in the domain D for x # 0, y #0;

3) satisfies the following boundary conditions:

w (Ly)=e¢1(y), 0<y<1, (2)
1

ol =Vi(x), 0<x< 5, 3)

1
M3‘E2 :WZ(X)7 _5 S-XS()? (4)
951 yyn), —1<x<0 5)

on b =3 ) A >V,

1

u4|A0E3 =y (x), ) <x<0, (6)
4) satisfied the following continuous condition of gluing on the segments Jy and Jo:

up(x,0)=up (x,0) =1 (x), 0<x<1, (7)
uty (x,0) =uzy (x,0) = v (x), 0<x <1, (8)
Mlyy(oa)’):L‘Zyy(OaY):,ul(x), OS-XSlv (9)
uz (x,0) =ug (x,0) =1 (x), -1 <x<0, (10)
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w3y (x,0) = ugy (x,0) = v (x), =1 <x <0, (11)
uzyy (x, 0) = ugyy (x,0) = 1 (x), =1 <x <0, (12)
u2(0,y) =u3(0,y) =w(y), —~1<y<0, (13)
25 (0, ) = u3c (0, y) = v3(y), -1 <y<0 (14)
2 (0, y) = u3xc (0,y) = 3 (y), =1 <y <0, (15)
u3(0,y) =us(0,y) =u(y), 0<y<1, (16)
uze (0,y) = uax (0,y) =va(y), 0<y <1, (17)
Uzxx (0,y) = uare (0, y) = pa (v), 0<y < 1. (18)

Here y; (1,2,3,4), ¢, (defined sufficiently smooth functions and t, vi, U1, T2, V2, W,
T3, V3, U3, Ts, Va, Mg (unknown so far sufficiently smooth functions, and the matching conditions
71 (1) =01 (0) = w1 (1) are fulfilled.

Task 2. This problem differs from problem I only by the fact that instead of condition (4)
and (6) we take the condition

wlp =y (x), —1<x<.0

Other conditions are unchanged.

We will be limited here only by investigation of problem 1.

Theorem. If ¢, € C3[0, 1], y; €C*[0, 5], w3 €%[—1,0], yo, yu €3 [—1,0], and the matching
condition y; (0) = y, (0) is fulfilled, the problem I admits a unique solution.

Proof. The theorem is proved by a technique for development of a solution . To do that, we
write equation (1) as follows:

ulxx_uly:wl(x_y), (X,y)GDl, (19)

Mixx—uiyy:wi(x_)’)v (X,y)eDi (1227374)7 (20)

were we introduce the notation u(x,y) =u;(x,y), (x,y) € D; (i=1,4), and functions o;(x—y),
i=1,4 are unknown so far sufficiently smooth functions.

If we take into account the types of domains D;, (i =2,3,4) which are written on the top,
equation (20) (i =2, 3,4) may be written as

Uikxx — Uikyy = (Oik(x_y); (x) y) eDik (l: 2> 3a 4; k= 17 2)> (21)

where the following notations are introduced: u; (x,y) = uy (x,y), 0 (x—y) = @x (x—y).
At first, we consider the problem in the domain D3;. We write the solution of equation (21)
(i=3; k=1), satisfying the conditions (13),(14) as follows:

Vx Xy
B(y+x)+13(y— 1 1
uzy (x,y) = 3 x)2 20 x)+2/"3(t)df+2/d77 / w31 (n—¢&)dé (22)
y—x 0 y—x+1n

Condition (5) may be written in the form

duz;  duz;
( ox 9y
Differentiating (22) with respect to x and y and substituting them into (23), then differentiating
the obtained equation and changing 2x—1 by x—y, we find

= V2y;5(x). (23)

y=—x—1

—y—1
@1(x—y)=ﬁwé<x§ >,0§x—y§1. (24)
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Now proceeding to the limint for x — 0 in equations (21) (i=2; k=2) and (21) (i=3;k=1)
and taking into account (13), (15), we obtain the equations us (y) — 7 (y) = @2 (—y) and us (y) —
75 (v) = w31 (—y). It is clear from these equations that @ (—y) = w31 (—y). In this equality,
changing —y by x—y and owing to (24), we obtain

x—y—1

wzz(x—y):a)gl(x—y):\@\//é< >,0§x—y§1 (25)

Substituting (22) into (4), then differentiating the obtained equation and changing —2x—1
by y, we obtain the relation

%) -vs() =8 (0), —1<y<0, (26)

where 8 (y) is the known function.
We pass on to the domain Dy,. We write the solution of equation (21) (i =2; k =2), satisfying
conditions (13), (14) as follows:

y+x X y+x—n
+X)+T3(y—x) 1 1
um (x, y) = 20 x)zﬁ(y x)+2/V3(t)dt+2/dn / w2 (1 — E)dE 27)
y—x 0 y—x+n

Substituting (27) into (3) and differentiating the obtained equation and changing 2x—1 by y,
we obtain the relation

() +vi(0)=8&(y), —-1<y<0, (28)

where &, (y) is the known function.
From (26) and (28) we find

vs(y) = % (6 (v) — 61 ()], (29)
% 0) = 5180048 ().

Integrating the latest equality from —1 to y, we have

y
1

50) =5 [ 1820+ W)dr+ v (0).

—1

Thus, we have found the functions us; (x,y) and uz (x,y).
Now we pass on to the domain D,;. We write the solution of equation (21) (i=2; k=2),
satisfying conditions (7), (8) as follows:

aty)+n—y) 1T P

X X —

i (1) = R [via— [an [ on(E-madE (30)
x=y 0 X=y+n

Differentiating (27) and (30) with respect to x and y and substituting them into the condition

8u21 al/t21 B 3u22 aMZZ
(aﬁay) o (aﬁay)

2x by x—y, we find
@ (x—y) = o (x—y) = V24 (

and differentiating the obtained equality then changing

y=—x

x—y—1

>,ogx—y§1. 31
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Now we use the condition up; (x, —x) = ups (x, —x). Substituting (31) into this condition and
differentiating the obtained equality then changing 2x by x, we have the following relation:

vi(x)=1](x) =0y (x), 0<x<1, (32)

where o (x) is the known function.

Applying the operator 9 + 9 to equation (18) and proceeding to the limit for y — 0 in the

dx dy
obtained equality, we obtain the following relations:
T () + v (%) = vi (¥) — (%) =0. (33)

Analogously, proceeding to the limit for y — 0 in equation (20) (i =2; k=1), we obtain the

relation
/!

77 (%) — 1 (x) = @ (x) (34)
Eliminating the functions v; (x) and y; (x) from (32), (33) and (34), we obtain the equation

()~ o () = 5 [ () — @1 (1) — o ()]

Integrating the latest equation twice from 1 to x, we obtain
T (%) = 71 (x) = 0 (x) +ki (x— 1) + ka2, (35)

where a; (x) is the known function.
Solving equation (35) under the conditions 7; (1) = ¢@; (0), 7] (1) = ¢ (0)+ 0y (1), /(1) =
@/ (0) + /24 (0), we obtain

X

T () = / exp (x — 1) o (1) dt +ky (exp (x— 1) —x) + (36)
1

+hy(exp(x—1)—1)+ksexp(x—1),

where ks = g1 (0), k2 = @] (0)— @1 (0)+ a1 (1), ki = V24 (0)+ 9] (0)— @] (0)— & [/ (1) + a1 (1)),
Thus, we have found the function uy; (x, y). It is determined by formula (30), and the functions
o (x—y), vi(x) and 7y (x) are determined by formulae (31), (32), (36), respectively.
We pass on to the domain D3,. We write the solution of equation (21) (i = 3; k = 2), satisfying
conditions (10), (11) as follows:
xty y o xty-m

ooy = PRI LDy a3 fan [ eng-mag G1)

2 2
x=y 0 x—y+7

Differentiating (37) with respect to x and y and substituting them into the condition
duzp n duzp
dx dy

then differentiating the obtained equation and changing 2x+ 1 by x —y, we obtain

= ﬁl’@ (X) )

y=—x—1

w32 (x—y) = V2 (x‘z‘l), l<xoy<0 (39)

Now applying from the condition us; (x, x) = us; (x, x) and differentiating the obtained equations
and changing 2x by x, we obtain

Vo (x)=—15(x)+ B (x), —1 <x<0, (39)
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where f; (x) is the known function.

We pass on to the domain Dy4y. Proceeding to the limit for y — 0 in the equations (21)
(i=4; k=2) and (21) (i=3; k=2), we obtain the equations 1) (x) — t2 (x) = @42 (x) and 7§ (x) —
U2 (x) = @3y (x). It is clear from these equations that w4, (x) = 0)32( ), —1 <x<0. Then owing
to (38), we have

02 (r—3) = VIV (x‘z‘l), l<xoy<0 (40)

We write the solution of equation (21) (i =4; k =2), satisfying the conditions (10), (11) as
follows:

y o xty-n

x+y
x+y) +7x— 1
ug (x,y) = 2( y)2 2( y)+2/ ()dt—*/dn / o (§ —n)dS.
X—y 0 xX=y+n
Substituting (39) into the latest equality, we have
| x+y y x+y—m
w () =ni—y+y [Boa—3 [an [ eoE-ma (41
X—y 0 xX=y+n

Then we pass on to the domain Ds;. We write the solution of equation (21) (i=4; k=1),
satisfying conditions (16), (17) as follows:

( i )—i—’L’ ( y+x X y+x—n
X X
uar (x, y) = =2 5 LEbA 2/V4 dt+2/dn / w1 (n—§)dg (42)
y—x 0 y—x+n

Differentiating (41) and (42) with respect to x and y and substituting the obtained equalities

into the condition Itay + Juay = dac + dac , then differentiating the obtained
ox dy - ox dy y——x

equation and taking into account (40) and changing 2x by x—y, we find

—1

01 (x—y) = 0p (x—y) = V2y} <x_; ) —1<x-y<O0. (43)

Then, taking into account the conditions wu4; (x,y)|,__, = wuar (x,y)[,__, and differentiating
the obtained equation and then changing —2x by y, we obtain

Ty () —va(y) = 2% (—y)+8(y), 0<y<1 (44)

where 83 (y) is the known function.
Now substituting (42) into (6) and differentiating the obtained equation, then changing 2x+1
by y, we have
() +va() =84(y), 0<y <1 (45)

where 84 (y) is the known function.
From (44) and (45) we obtain

V4(Y):Té(—Y)"‘%[&(y)—&()’)]a 0<y<l, (46)

Ti(y):—fé(—y>+%[54 M+, 0<y<1. (47)

Integrating (47) taking into account the conditions 74 (0) = 1, (0), we find
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w0) =5 () + 5 [[6(0)+8 0)d, 0<y <1 (48)
0

Now we pass on to the domain D;. Proceeding to the limit for y — 0 in equation (19), then
changing x by x—y in the obtained equation, we obtain

opx—y) =1 (x—y)—Vvi(x—y), 0<x—y<1, (49)

o (x—y), —1<x<0,
op(x—y), 0<x<I.

Proceeding to the limit for x — 0 in equations (21) (i=4; k=1) and (19), we obtain the
equations 4 (y) — 7/ (y) = @41 (—y) and ua (y) — 74 (y) = 11 (—y). Eliminating the function 4 (y)
from these equations, we find

where it is assumed that @; (x—y) = {

o1 (=) =74 (v) = 7 (v) + 041 (—y).
Changing —y by x—y in this equality, we obtain the following relation:
o (x=y) =74 (y—x) = 74 (y—x) + ou (x— ). (50)
Differentiating (47), we find
) =& ()45 [840)+ 85 ()], 0y <. (5)
Substituting (47) and (51) into (50), we obtain
o (x—y) =1 (x=y)+ 5 (x=y) + 71 (x—y) (52)

where 7 (x—y) is the known function.
Now we write the solution of equation (19), satisfying conditions (2), (7), (16) as follows:

y
)= 5= {/u( )G (x,y:0.)dn - /qm )Gs (x,y: 1. dn+/n G x,:6,0)dE~
y n y 1
/dn/wu@n)G(x,y;é,mdé/dn/wu(én)G(x,y;z;,mdé] . 63)
0 0 0 n
where the functions
G(xvy;€7n) _ 1 Ry X _(x_é_zn)z _(x—i_é_zn)z
N(x,y;é,n)}_\/y— n;w{ep[ 4(y-m) 4(y-m) ”

are Green functions of the first and the second boundary value problems for equation (17).
Differentiating (53) with respect to x and assuming x — 0 in the obtained equality, we have

Fexp

— N(0,y;0,n)dn+
[
17 1
tm [ O MN Oy L mdn+ o [ N 0.5:8.0)d2-
0 0
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y

2\1/E0/a)11 N(0,y;0, n)dn—z\f/dn/wné n)N(0,y: &, n)dE+
y

"‘2\1/%/(1)]2(1_ N(0,y;1,m)d /dn/a)12§ MmN (0,y: &, m)d¢.
0

Differentiating this equality and taking into account (51), (52), after some calculations, we

have
y

o (-3 + [KOum) e (~m)dn =g (), (54)
0

where K (y, n1), g(y) are the known functions.
Equation (54) is the Volterra equation of the second kind. When solving it, we find uniquely
the function 7’ (—y), and consequently all the unknown functions 7 (—y), v2 (=y), = (y), v4(y),

o1 (y)’ M32(X,y), Uq1 (X, y)? Ug2 (X, y)? U (X,y)~ U

Conclusions

The papers [3],[4] considered a number of boundary value problems for more generalized
third-order parabolic-hyperbolic equations in the domain with one line of type change.
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