
Bulletin KRASEC. Phys. & Math. Sci. 2016. V. 13. no. 2. pp. 5-9. ISSN 2313-0156

DOI: 10.18454/2313-0156-2016-13-2-5-9

MATHEMATICS
MSC 34L99

ON THE ASYMPTOTICS FOR A FUNDAMENTAL
SOLUTION OF AN ORDINARY FRACTIONAL ORDER

DIFFERENTIAL EQUATION WITH CONSTANT
COEFFICIENTS

L.Kh. Gadzova

Institute of Applied Mathematics and Automation, 360000, Nalchik,
Shortanova st., 89A, Russia
E-mail: macaneeva@mail.ru

The question of the asymptotics of a fundamental solution of a linear ordinary
differential equation of fractional order with constant coefficients for large values of
spectral parameter λ , was under investigation.
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Within the interval 0 < x < 1 we consider the equation

m

∑
j=1

β j∂
α j
0x u(x)+λu(x) = f (x), (1)

where α j ∈]1,2[,λ ,β j ∈R,β1 > 0, α1 > α2 > · · ·> αm, ∂
γ

0xu(x) is a regularized fractional derivative
(Caputo derivative) [1, p. 11]:

∂
γ

0xu(x) = Dγ−n
0x u(n)(x), n−1 < γ ≤ n,

where Dγ

0x− is an operator of integro-differentiation of the order γ in the sense of Riemann-
Liouville [1, p. 9] with respect to x, determined by the equality

Dγ
sxu(x) =


sign(x−s)

Γ(−γ)

x∫
s

g(ξ )
|x−ξ |γ+1 dξ , γ < 0,

g(x), γ = 0,

signn(x− s) dn

dxn Dγ−n
sx u(t), n−1 < γ ≤ n, n ∈ N.

Linear ordinary differential equations of fractional order with constant coefficients were
investigated in the papers [1]-[6]. As for the results and references of the papers on liner
differential equations of fractional order, we should indicate the papers [7] and [8]. At present
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the topical subjects are the operators of discrete distributed order. One of such operators is

the operator
m
∑
j=1

β j∂
α j
0x u(x). Differential equations with distributed operators were studied in the

papers [9], [4], [10] and [11] (see the references). The papers [12] and [13] solve Dirichlet
and Neumann problems for equation (1) for linear ordinary differential equation of fractional
order with constant coefficients. The papers [14] and [15] derive Green function, investigate
the question on real eigenfunctions. This paper derives an asymptotic formula for fundamental
solution for large values of λ .

Hereafter, we will use the following notations:

Gµ
m(x) = Gµ

m(x;ν1, ...,νm;γ1, ...,γm)≡
∞∫

0

e−tSµ
m(x;ν1t, ...,νmt;γ1, ...,γm)dt,

ν1 =−
λ

β1
, ν j =−

β j

β1
, γ1 = α1, γ j = α1−α j, ( j = 2,m)

Sµ
m(x;z1, ...,zm;γ1, ...,γm) = (h1 ∗h2 ∗ ...∗hm)(x),

(g∗h)(x) =
x∫

0
g(x− t)h(t)dt is a resultant of Laplace’s functions g(x) and h(x),

h j = h j(x)≡ xµ j−1
φ(γ j,µ j;z jxγ j),φ(a,b;z) =

∞

∑
k=0

zk

k!Γ(ak+b)

is the Wright function [16]; x > 0, z j ∈ R, γ j > 0, µ j > 0, µ =
m
∑
j=1

µ j.

Applying the integral presentation of the function Gµ
m(x) [14], which is true for λ > 0,

Gµ
m(x) =

β1

2πi

∫
γ(r,ωπ)

exp pα1−µ

m
∑
j=1

β j pα j +λ

d p, (2)

where γ(r,ωπ) = {z : |z| = r, |argz| ≤ ωπ} ∪ {z : |z| ≥ r,argz = ±ωπ}, 1/2 < ω ≤ 1− is Hunkel
contour, the direction of traversal is chosen to be nondecreasing argz [17, p. 12] and by expansion
[6, p. 134]

1
ξ − z

=−
n

∑
k=1

ξ k−1

zk +
ξ n

zn(ξ − z)
, (n≥ 1)

we obtain

Gµ
m(x,λ ) =

β1

2πi

∫
γ(r,ωπ)

exp pα1−µ

−
n

∑
k=1

(
m
∑
j=1

β j pα j

)k−1

(−λ )k +

(
m
∑
j=1

β j pα j

)n

(−λ )n

(
m
∑
j=1

β j pα j +λ

)
d p

or

Gµ
m(x,λ ) =−

n

∑
k=1

β1

2πi(−λ )k

∫
γ(r,ωπ)

exp pα1−µ

(
m

∑
j=1

β j pα j

)k−1

d p+

+
β1

2πi

∫
γ(r,ωπ)

exp pα1−µ

(
m
∑
j=1

β j pα j

)n

(−λ )n

(
m
∑
j=1

β j pα j +λ

)d p. (3)
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Now we denote the latest summand of formula (3) by In(λ ) and calculate it for large values
of λ > 0. Taking into account that α1 > α j, α j ∈]1,2[ and β1 > 0, we should note that for

small enough r the values of q =−
m
∑
j=1

β j pα j , where p ∈ γ(r,ωπ), is to the left from the contour

γ(1,π(1−α1ω)), so ∣∣∣∣∣ m

∑
j=1

β j pα j +λ

∣∣∣∣∣=
∣∣∣∣∣λ −q

∣∣∣∣∣≥ λ sinπ(1−α1ω).

Thus, the calculation is true

∣∣∣In(λ )
∣∣∣≤ β1

∣∣∣λ ∣∣∣−1−n

2π

∫
γ(r,ωπ)

∣∣∣exp
∣∣∣∣∣∣pα1−µ

∣∣∣∣∣∣∣∣ m

∑
j=1

β j pα j

∣∣∣∣∣
n∣∣∣d p

∣∣∣,
where the integral is situated on the right that means that∣∣∣∣∣∣Gµ

m(x,λ )+
n

∑
k=1

β1

2πi(−λ )k

∫
γ(r,ωπ)

exp pα1−µ

(
m

∑
j=1

β j pα j

)k−1

d p

∣∣∣∣∣∣≤

≤
β1

∣∣∣λ ∣∣∣−1−n

2π

∫
γ(r,ωπ)

∣∣∣exp
∣∣∣∣∣∣pα1−µ

∣∣∣∣∣∣∣∣ m

∑
j=1

β j pα j

∣∣∣∣∣
n∣∣∣d p

∣∣∣. (4)

Applying a generalized binomial Newton formula [18, p. 297]

(a1 +a2 + ...+ak)
n = ∑

n1+n2+...+nk=n

n!
n1!n2!...nk!

an1
1 an2

2 ...ank
k

we break down the sum
n

∑
k=1

β1

(−λ )k

(
m

∑
j=1

β j pα j

)k−1

=

=
n−1

∑
l=0

β1

(−λ )l+1

(
∑

l1+l2+...+lm=l

l!
l1!l2!...lm!

(β1 pα1)l1 (β2 pα2)l2 ...(βm pαm)lm

)
.

Then we obtain from equality (4)∣∣∣∣∣Gµ
m(x,λ)+

n−1

∑
l=0

β1

2πi(−λ)l+1

∫
γ(r,ωπ)

exp pα1−µ

(
∑

l1+l2+...+lm=l

l!
l1!l2!...lm!

(β1 pα1)l1 ...(βm pαm)lm

)
d p

∣∣∣∣∣≤

≤
β1

∣∣∣λ ∣∣∣−1−n

2π

∫
γ(r,ωπ)

∣∣∣exp
∣∣∣∣∣∣pα1−µ

∣∣∣∣∣∣∣∣ m

∑
j=1

β j pα j

∣∣∣∣∣
n∣∣∣d p

∣∣∣.
According to the integral Hunkel presentation [6, p. 127]

1
Γ(z)

=
1

2πi

∫
γ(r,ωπ)

ep p−zd p

we have

∑
l1+...+lm=l

l!
l1!...lm!

1
2πi

∫
γ(r,ωπ)

exp pα1−µ
m

∏
j=1

β j
l j p

m
∑
j=1

α jl j
d p =
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= ∑
l1+...+lm=l

l!
l1!...lm!

m

∏
j=1

β j
l j x

µ−α1−
m
∑
j=1

α jl j−1

Γ

(
µ−α1−

m
∑
j=1

α jl j

) .

Then we introduce a notation

Ql = ∑
l1+l2+...+lm=l

l!
l1!l2!...lm!

m

∏
j=1

β j
l j x

µ−α1−
m
∑
j=1

α jl j−1

Γ

(
µ−α1−

m
∑
j=1

α jl j

) .

Owing to the estimation (4) and the introduced notation, we write the asymptotic formula as
follows:

Gµ
m(x,λ ) =−β1

n−1

∑
l=0

Ql

(−λ )l+1 +O

 1∣∣∣λ ∣∣∣n+1

 , 0 < x < 1. (5)

We write the obtained result as a theorem
Theorem. For λ > 0 the asymptotic formula (5) is true.
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