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The question of the asymptotics of a fundamental solution of a linear ordinary
differential equation of fractional order with constant coefficients for large values of
spectral parameter A, was under investigation.

Key words: asymptotic expansion, operator of fractional differentiation, Caputo
derivative, fundamental solution

Within the interval 0 <x < 1 we consider the equation
Y Bjay u(x) + Au(x) = f(x), (1)
j=1
where o €]1,2[,A,B; €R,B1 >0, o1 > x> -+ > Oy, 88;u(x) is a regularized fractional derivative
(Caputo derivative) [1, p. 11]:
88;14(x) = Dg;nu(”) (x), n—1<y<n,

where Dgx— is an operator of integro-differentiation of the order y in the sense of Riemann-
Liouville [1, p. 9] with respect to x, determined by the equality

W ] s, 7 <0,
DY u(x) = g(x), v=0,

sign"(xfs)%DZ;nu(t), n—1<y<nmneN.

Linear ordinary differential equations of fractional order with constant coefficients were
investigated in the papers [1]-[6]. As for the results and references of the papers on liner
differential equations of fractional order, we should indicate the papers [7] and [8]. At present
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the topical subjects are the operators of discrete distributed order. One of such operators is

m )
the operator Y, Bj80a;u(x). Differential equations with distributed operators were studied in the
j=1

papers [9], [4], [10] and [11] (see the references). The papers [12] and [13] solve Dirichlet
and Neumann problems for equation (1) for linear ordinary differential equation of fractional
order with constant coefficients. The papers [14] and [15] derive Green function, investigate
the question on real eigenfunctions. This paper derives an asymptotic formula for fundamental
solution for large values of A.

Hereafter, we will use the following notations:

oo

Gh(x) =G (x5 Vi, o, Vs Yy ooy Vo) = /e*tS,‘,ﬁ(x; Vit ooy Vi3 Y1y oo Yin )t
0

A’ j .
B’ v’:_gj’ n=oa, y=oa-oy (j=2,m)

S (X321, ey Zms Viy ooy Vi) = (B1 %o ok hyy ) (%),

Vi = —

X

(gxh)(x) = [g(x—1)h(t)dt is a resultant of Laplace’s functions g(x) and h(x),
0

oo k

hi=hi(x)=x*"o(y;, uinzix%),¢(a,b;z) = S
j=hi(x) =X (yy, uy32x7), 0 (a,biz) kg‘ok!l“(ak—kb)

is the Wright function [16]; x>0, z; € R, ¥, >0, u; >0, u = f U
j=1
Applying the integral presentation of the function G, (x) [14], which is true for A >0,

o —p
Ghi= DL [ e gy @
l .
y(r.om) j)gl Bjp® + A

where y(r,om) = {z: |z| = r|argz| < ox} U{z: |z| > rargz = ton}, 1/2 < ® < 1— is Hunkel
contour, the direction of traversal is chosen to be nondecreasing argz [17, p. 12] and by expansion
(6, p. 134]

E—z S 2 E-27 T~
we obtain
k—1 m n
o ) (o)
T I e ey T I
¥(rom) = ( Y Bip% + k)
or
n ﬁ]
G (x. 1) = — Xp o1 —H o
h(x2) Z‘lzm(—x)" / e’p (Zﬁp>
Y(rom)
B (glﬁ’p%>
j=
2; / ePpiH - dp 3)
¥Y(r,0m) (—=A)" Zlﬁjp"‘f+l>
j=
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Now we denote the latest summand of formula (3) by ,(A) and calculate it for large values
of A > 0. Taking into account that a; > o, a; €]1,2[ and B; > 0, we should note that for

small enough r the values of g = — f Bjp%, where p € y(r,0m), is to the left from the contour
Jj=1
y(1,7(l — o)), so

> Asinn(1 — ay@).

Zﬁjl?“”r?t‘:‘l—q
=1

Thus, the calculation is true

—1-n
L(2)] < Gl /

n
d
21 ’p

e’P

a_
pll-l‘

9

m
Z B}.p%‘
Jj=1

Y(rom)

where the integral is situated on the right that means that

k—1
n ﬁl B m .
Ghe )+ Y P [ erpun (Y gp ) dp| <
R Lmay (Z@P) !

¥(rom) =l

—1-n
pilA ollenal| & o
<—- / eP|[p™ ’ ) Bip® ‘dp)- (4)
y(r,om) =1
ing a generalized binomial Newton formula , D.
Applying a g lized b I'N f la [18, p. 297]
n n" n n n
(a]+a2+...+ak) :nl+n2;+nk:nmalla22...akk
we break down the sum -
Bi e .
Bip? =
Ly Zl '
Y PR e B B (B
= (72')14»1 bl el =1 L', 1P 2P o \PmP '

Then we obtain from equality (4)

n—1 ﬁ I
1 — ° l lm
O+ Lo [ e “C Y B ™) )dp <
i=027i(—A) Yrom) 1oty = 120 bm
—1—n
Bl o
<= [ e[| X [ar].
y(ro) =
According to the integral Hunkel presentation [6, p. 127]
1 1
- Pp—id
I'(z) 2mi / “par
y(r.on)
we have B
/! 1 us . Lol
Ll ! 27 / S e
ll+»-~+lm:l Tt 'y(r,wﬂ) ]:1
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m
H—0— Z (lej*l
/! d X =1

_ 1
_H;l _111!...1,"!]1:[1[511 m '
J:

Then we introduce a notation

m
n—og—y (X_,'lj—l
[! Ul I X =1

Ql:z [Z[_lm[llﬁjf . '
- ! (u e L O‘jlf>
]:

Owing to the estimation (4) and the introduced notation, we write the asymptotic formula as
follows:

n—1 Ql 1
G%(x,?t):—ﬁlz +O0| —i7 |

=AY ‘ A
We write the obtained result as a theorem
Theorem. For A > 0 the asymptotic formula (5) is true.
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