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[t is proved that finite generated subgroups of infinite index of hyperbolic groups which
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A subgroup H of a group G is called freely complemented if there is a nontrivial
subgroup Q in G so that a subgroup generated by the subgroups H and Q is their
free product: gp(H,Q) =H=«*Q . It is clear that the subgroups of a finite group or an
Abelian group can not be freely complemented. The same applies to the subgroups of a
quasi-Abelian group, for example, a infinite dihedral group. The aim of this paper is to
show that in a hyperbolic group which is not quasi-abelian and which is given by the
representation:

G=<ay,bi,...,ay, by, ci,...,c;, dy,...,ds; (1)

cjlll,...,c,%,[al, b]] [an,bn]q C,,d] ... d >,

where [a;,b;] = ai’lbi’laibi;n,s,t >0;7 > 1 — any finitely generated nontrivial subgroup
of a infinite index is freely complemented.

Theorem. Assume that G is a discrete group of orientation-preserving motions of
the hyperbolic plane, G is not quasi-Abelian and G is not isomorphic to any group
which has the representation:

<ay, by, ..., an, by ([a1, bi] ... [an, ba))* > <a, b; d",b"™(ab)* >,

where k> 1 and H is the [initely generated subgroup of G. Then G has a infinitely
generated subgroup Q such that the subgroup generated by the subgroups H and Q is
the [ree product of H % Q.

The proof is based on the following lemma of subgroups of a free product with
amalgamation.
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Lemma. Let G be a free product of two groups A and B with an amalgamated
subgroup U where one of the [actors is a nontrivial free product, other than the
dihedral group, the subgroup U satisfies the maximum condition for subgroups and H
is the finitely generated subgroup of a infinite index in G. Then G has an infinitely
generated subgroup Q such that the subgroup generated by the subgroups H and Q is
the free product of H % Q.

Prooi. Let G = A;B satisfy the condition of the theorem and H is the finitely

generated subgroup of a infinite index in G. Subgroup U index in group A is infinite
so if H is in conjunction of the subgroup U then H has an infinite index in group A.
The finitely generated subgroup of an infinite index in a free product, other than the
infinite dihedral group, has the property of free complementarity (see. [1]). Moreover, the
complementary factor contains a free group of rank two and therefore we can consider
it to be a free group of the countable rank from the beginning.

So, we can assume that H is not in conjugation of U. Moreover, the infinite
decomposition in terms of double modulus [G: (H, U)] follows from the infiniteness
of the index [G: H]. It follows from the theorem 1.7 in [2] that the index [A: (U, U)] is
infinite.

Hereafter we shall use the notations from [3].

Let S be a set of elements of the group AZI;B, and the canonical form of the element

s from § has the following form

§=S1(s)82(s) -+ 8n(s):

We define the set 7y (S), depending on S and on X(X=A or X = B) according to the next
rule:
x (S)={xeX |x=g, mod (U, U);seS\(AUB)}.

For a suitable element g of G the set 75 (H8) is empty and &y (H8) = {UaoU }, where
ap is any reassigned fixed element of A \ U.

We can assume that the subgroup H already has this property, that is, the element
gy is the identity element and the element ap of A \ U is chosen so that the subgroup
R which is the subgroup generated by U and the element ag has an infinite index in the
subgroup A.

For each element d from D =A N H and each element ¢ from 74 (H) the product td
belongs to the 74 (H) again which equals UagU by assumption.

In other words, every element d of D can be represented in the form

d= ulaaluzaoug,

where — uy, up, uz are suitable elements of the amalgamated subgroup U.

Therefore D is contained in R. According to the theorem 1.8 from [3]], there exists an
infinite subgroup Q of A that gp(R, Q) =R * Q. Now we shall show that the subgroup
H which is generated by subgroups H and Q is their free product H* Q. In order to do
this, we need to prove that the element p of H which is the product of

P=DPiP2 --- Dn, (2)

where n > 1 and p; are non-identity elements selected alternatively from the subgroups
Q u H, is not identity.
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If all of the elements p; from , which are included into H, are simultaneously the
elements of A (that is they belong to the intersection D) then the element p belongs to
the free product of Q * D and is a normal form of the element p with respect to the
decomposition of Q * D.

Therefore, we can assume that not all of p; from the expansion (2)) are the elements
of A. Then, instead of (2) we consider other decomposition of p which can be obtained
from with some grouping factors p;:

P=q192 --- qr, (3)

where 1 < k < n,. Specifically, the element g; is some p; if p; € H \ A. Otherwise, g;
is the product

P = Pa Patl - PB;

where 1 < o < B < n and all the factors pq, pa + 1, ..., PB belong to the factor A but
the element py—; (in the case when a > 1) and the element pg,; (in the case when
B < n) do not belong to A.

Thus, in the expansion the factors are selected by turns from H \ A and the free
product of Q * R. In this case, il g; is the element of Q * R then it is not included into
the free factor R. It means that for each element ry, r» from R the product of rigj,r
does not belong to the subgroup R.

On the other hand, if h € H \ A and h =hjhy ... hy, is its canonical form then from
fa (H) C R we have that h,, € A implies h,, € R (and h; € A implies h; € R)).

Hence, the canonical form of the element p has at least k syllables. But this means
that the element p is not equal to unity and, thus, the subgroup H, is the free product
of H x Q.

The lemma is proved.

We proceed now to the proof of the theorem.

If in the group with the representation (1)) the parameter s > then G is a iree product
of cyclic groups of the second order (and the infinite dihedral group is quasi-Abelian).

[f s > =0 then the representation becomes a representation of the form

G=<ay, by, ..., ay, by, ci, ..., c,;c’{l,...7 czl’,[al, by] ... [an, bplcy... >,
Now, if n > 0 and ¢ > 1 then the group G can be represented as follows

G=gp(ai, by, ..., an, by) lﬂ;gp(cl, ey Ct)y
where U = gp([ay, b1] ... [an, bu]) =gp(cflc;_11...cf1).
The same is in the cases when n > 1 u t=0 and when n=0, r > 3.
In the latter case it may turn out that G is a free product of two dihedral groups
with an amalgamated cyclic subgroup:

2 2 2 2
G =< C1, €2, €3, C4, C1,C3,C3,Cy, C1C2C3C4 > .

Then the group G is quasi-Abelian again. Generated by the element cjcy(cy3)? the
cyclic subgroup has the finite index in G indeed. If s =n =0, ¢+ <2, then the group
G is finite. Thus, all hyperbolic groups, except for the cases with s =0,n >0, =1 or
s =0,n=0,t =3 in the representation (I), satisfy the conditions of the lemma. The
theorem is proved. [J
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We should note that in the paper [4], the necessary and sufficient conditions for the
existence of free complementarity for quasi-convex subgroups of an infinite index in a
hyperbolic group were obtained by other methods.
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