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In this paper we consider ill-posed problem for one even-order equation. The stability
of the problem is proved with the additional assumption.
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Introduction

We consider following problem for even order equation:
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W(OJ):W(%,Z):O’ m=0,1,...k—1, 0<r<an,

d/u _
W(X,O):(pj(x), j=0,1,..,p—1,0<x<m,

5
7i.t(x,om):u,/j(x), i=0,1,..p—1,0<x<m,

where «a is a positive constant.

[f k=p=1 we get The Dirichlet problem for the vibrating string equation, which
is a classical ill-posed problem due to its irregular behavior. Its solution may neither
exists, nor be uniquely determined, nor depend continuously on the data (see [1]-[3]).

In [2], the Dirichlet problem for the wave equation was studied with the additional
assumption of an “a priori” bound for the gradient of the solution. Case when p=1, ke N
was studied in [6].

The present research leads to some problems of Diophantine approximation.

Let us note that formulate problem is ill-posed problem if k— p is even number.

Therefore, the above problem cannot be suitably dealt with if & and @; (x),y;(x),j=
0,1,...,p—1 are known within a certain approximation.
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Main results and comments

Let ¢;(x), ¥j(x), (j=0,1,....p—1) be functions in C*[0,] such that o\ (0) =
() =y 0) = v () =0,i=0,1,..k—1, j=0,1,..,p— 1.

)
Letr, E, o, & be positive constants. We consider solutions u in Cf§’2p ([0, 7] x (0,+e0])
of the following problem:
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T ) 5
/((3—3{‘) +(%) )dxgE, (>0, 5)
0

for real numbers 7;, j =0,1,...,p—1 depending on u and satisfying ’TJ oc| < 6. The
meaning |7; — ot| < & is that the final time o7 is known up to a given error.

We denote by I's the set of all C%li 2P ([0, 7]  (0,4-22]) solutions of . We note
that if 0 =0, then the problem is reduced to the classical boundary value problem
with additional assumption (). It was studied in [6] that this problem may have no
solutions.

Let DiamI's = sup ||[v—w|. Let vi, v, € I's. Then there are 7;; such that

vywel's
dlu ) )
(x T )—l//j(x) <8énVE, i=0,1,j=0,1,...p—1, ]Tij—a{ <o
e L,[0,7]
and let
u(x,t) =vy (x,1) —va (x,2),(x,7) € [0,7] X [0,+o0) (6)

Then u € Ci’f;zp([o,n] % [0,+e0)). Moreover, u satisfies equation H conditions
and following
d/u
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It is easy to verify (I), (2), (7)-(9). We can write the function satisfying (I) and (2)
in the following form

k
A nr (omw—t k
x,t) = Z sinnx{ nSinn ,E ) + B, sinnl’t}.

n>1 sinn? o

Similarly, we can rewrite (7)-(9) as follows:

Y A <88°rE, (10)
n>1
.2 K 2
Zanm nrom <320°FE, (11)
n>1
k 2 » 2
‘ a—Z(-,;) ‘ Q(-,z) <4E,1>0. (12)
ox Lijox |97 L,0,7]
Defining:
k
A, sinnp —
o — \/E( L sinn? Eom 1) +aninn§t> |
2 sinnrP T
we obtain from
ok ?
’ _I;:('at) < ZnZkGr% §4E7
dx L0,  n>1

whence

et ()17, 0. = Zc+ y 6<ZG+

n=N+1
We now have following bound:

2 n B 2Nk 2002, % .o K
[ (07,008 < 7 max (smnp om:) ):1 [Ansm ne (aw—t)+ B;sin“nr am-sin“nrt+
— 1 n=
k
‘sinnl’anH + 4E

+2|A,| By 4z

k k
sinnr (am —I)’ ’sinn?t

Therefore, from (I0) and (T it follows that

k -2 A4E
max ||u(-, )”%z[Oﬂt] = ||u||* < 408°7°E max (sinnpom> +W’N: 1,2,....

t€[0,am] n=1,N
Let
_ 1
*= I
ap +
ar)—+ ...

be the simple continued fraction for a, where the partial quotients a, are integers such
that, a, > 1.

We consider the set of irrational numbers with bounded partial quotients, i.e. the
numbers «, for which there exists a constant A, satisfying a, < Ag for all n . We note
that if a is a quadratic irrational, then the expansion of a as a simple continued fraction
is ultimately periodic, which implies that a, has bounded partial quotients.
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Then from theory of continued fractions (see [5] p.37) we easily obtain

-2
.k -2 . T
max <smnl’ Om) < |sin—— N=1,2,....
=ty (Ag+2)N»

Since sinx > ‘[x for x € [0,7/5], we have for every N

2k
4E

HuH2< 52 T’E(Aq +2)°N P +ome N=1,2,... (13)

Now let
2k

160 -
g(t) = ES%ZE(AO{ +2)% P +4E %,
The minimum value of g for £ > 0 is attained at

14

= (f_f)2k(p“)<6n(Aa+2>>_k(P+l>

Since g is an increasing function on the interval [f,+e), we have

g(f+1]) <g(+1).

We obtain

2k

160E

2 Gi® 1)k
Jul” < 150 (6 (e +2)) 7" 1+<(2j§) <5n<Aa+2>>) Y

So we proved following

Theorem 1. Let a is an irrational number and has the simple continued [raction
with bounded partial quotients. Then for (DiamF5)2 is valid.

Now we use some results obtained in [4]. By corollary 6 of [7], since o has a type
Q < oo, there exist K=K (0,) >0 and, for any § > 0, a number & € R\Q such that

€ —af <6, (15)

and

) 7(3-V5) .
. 2
nril?’)[(\’(smnﬂé) < | sin| ——y— (16)

for all N> K&~ 9. From it follows that "L‘j — oc| < 6, for every 7; satislying |§ — ’L'j| <
20.
If u is defined by (6), we obtain from

J
?9;( ET) <487VE, j=0,1,...,p—1. (17)

Lz [O,TE]
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Therefore, u satisfies condltlons M, @, (@, @) and (7). The solutions of the

problem ( ' . . @) and uc C2k 2P ([0, 7] X [0,400)) of the form

innr (Cw—t k
Zsmnx{ ,sinn £§ )—I—aninnpt}.

which satisfies (10)), and

Y. B,sin?nrEx < 7252E. (18)

n>1

As in proof of theorem 1 we obtain

)

k -2 4F
Hqu < 808%m°E max (sinnﬂén) —|—W, N=1,2,...

Using and sinx > %x for all x € [0,%], we obtain

lul|* < 8—52 2END 4+ 4E , N>K& 9. (19)
_\/5) NZk
Let
2k
g(t) = ng 7Bt P+ 45, t>0. (20)
(3-5)
The minimum of g for r > 0 is attained at
p _r
- (2 >2k(p+1) 3-V5)\k(p+1)
20 Tl '
We choose 6 as
k(p+1)
p
_r — £ _|kb(p+1)—p
%(pt1) [3-V5\kp+1)
0<o< K<20> ( = : (21

[t follows from ) that 7 < K879 Let N be the integer > K89 for which the
right side of (20) is minimum. Since g is increasing on the interval [f,+o), N satisfies
K&~ 9§N<K6 ® 1 1. Hence

lull® < g (K870 +1),

and finally
2k
2 a3 2k6
80n°E K6§’9+5P 4E0

lul* < —— +

(22)
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which proofs following:
Theorem 2. Let a be an irrational number and has a type Q < oo. Then for any

Q
fixed 6, —— < 6 < 1, there is constant K = K(0,0) > 0 such that

Q+1
2k
2 k 0 k ? 2k6
80n°E - - 4E6
||u||2§m K8P 8P| + =
k(p+1)
k6(p+1)—p

p p
for any 0 < 8 < K<20>2k(p+1) <3 m;/_) k(p+1)

We conclude with the proof of the following:

Theorem 3. The problem (I)-(5) is stable if and only if o is irrational. Moreover,
if o is irrational then (%ir% (DiamI's) = 0 uniformly in @;(x), y;(x), (j=0,1,...,p—1)
H

Proof. Let o ¢ Q. By corollary 9 of [4], there exist a function f(8) such that

lim (8) = e, lim 5£(5) = 0, (23)

and, for any sufficiently small §, a number & ¢ Q, satisfying and for all N > £ (5)
. The same argument given in the proof of theorem 2 shows that

lull* < g (f (8)+1),
where g is defined by (20), i.e.

2k

k k1,
< 3% | psiep g sp| 4 dE
T (3-V5) F(8)*

By (23), this yields
lim (DiamI's) = 0.

6—0
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