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Introduction

Numerical methods are the important tools in mathematical simulation of different
processes. They enable us to obtain approximate solutions for any model equations, and
a numerical algorithm may be realized easily on a PC. For example, as a rule, we do not
always succeed to obtain an analytical solution for a standard linear differential equation
with constant coefficients, and it is impossible to obtain a family of theoretical curves
for it.

In this paper we study one of numerical methods, finite-difference schemes, to solve
a fractal or hereditary oscillator considered in the articles [1, 2]. Linear hereditary
oscillators may be represented in the form of an oscillation equation with fractional
differential Gerasimov-Caputo operators of the orders 1 < β < 2 и 0 < γ < 1 with friction
coefficient λ and external influence f (t):

∂
β

0tx(τ)+∂
γ

0tx(τ)+A(t)x(t) = f (t) ,x(0) = x0, ẋ(0) = y0, (1)

where ∂ α
0t x(τ)=

1
Γ(n−α)

t∫
0

x(n) (τ)dτ

(x− τ)α−n+1 ,n<α < n+1 is the Gerasimov-Caputo operator;

A(t) is a some known function which determined the form of linear hereditary oscillator.
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The papers [3, 4] propose some finite-difference schemes to solve linear and nonlinear
fractal oscillation equations. We may note, that construction of such difference schemes
was based on the approximation of Rieman-Liouville fractional derivative, Gruenwald-
Letnikov difference [5].

Another class of explicit finite-difference schemes may be constructed taking into
consideration the fact that fractional control parameters, fractional derivative orders,
which are included into the initial equation, are functions of time. In this case, equation
(1) has the form:

∂
β (t)
0t x(τ)+∂

γ(t)
0t x(τ)+A(t)x(t) = f (t) ,x(0) = x0, ẋ(0) = y0, (2)

Differential equations with variable-order fractional derivatives are described for
different applications [6, 7, 8, 9].

Be specific, in equation (2) we will consider that A(t) = ωβ (t).

Statement of the problem and method of solution

A fractal oscillator with variable fractional orders is given by the following equation
with initial conditions:

∂
β (t)
0t x(τ)+∂

γ(t)
0t x(τ)+ω

β (t)x(t) = f (t) ,x(0) = x0, ẋ(0) = y0, (3)

Equation (3) characterizes the fractal oscillator, the particular case of which is
considered in the paper [10]. Variable-order fractional derivatives in equation (3) may
be approximated as follows [11]:

∂
β (t)
0t x(η)≈ τ−β j

Γ
(
3−β j

) j−1

∑
k=0

[
(k+1)2−β j − k2−β j

](
x j−k+1−2x j−k + x j−k−1

)
, (4)

∂
γ(t)
0t x(η)≈ τ−γ j

Γ
(
2− γ j

) j−1

∑
k=0

[
(k+1)1−γ j − k2−γ j

](
x j−k+1− x j−k

)
.

The following representation is also true [11]:

∂
β (t)
0t x(η)≈

j−1

∑
k=0

τ−βk

Γ(3−βk)

[
(k+1)2−β j − k2−β j

](
x j−k+1−2x j−k + x j−k−1

)
, (5)

∂
γ(t)
0t x(η)≈

j−1

∑
k=0

τ−γk

Γ(2− γk)

[
(k+1)1−γ j − k1−γ j

](
x j−k+1− x j−k

)
.

Substituting approximations (4) and (5) into equation (3), we obtain two finite-
difference schemes. The first scheme is:

x1 = A0x0 + f0, j = 0,

x j+1 = A jx j−B jx j−1−B j

j−1

∑
k=1

p j
k

(
x j−k+1−2x j−k + x j−k−1

)
− (6)
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−C j

j−1

∑
k=1

q j
k

(
x j−k+1− x j−k

)
+ f j+1,

A j =
2A j

1 +B j
1−ωβ j

A j
1 +B j

1

,B j =
A j

1

A j
1 +B j

1

,C j =
B j

1

A j
1 +B j

1

,

A j
1 =

τ−β j

Γ
(
3−β j

) ,B j
1 =

λτ−γ j

Γ
(
2− γ j

) ,
p j

k = (k+1)2−β j − k2−β j ,q j
k = (k+1)1−γ j − k1−γ j , j = 1, ...,N−1.

, and the second scheme is:
x1 = A0x0 + f0, j = 0,

x j+1 = A jx j−Bx j−1−C
j−1

∑
k=1

τ−βk

Γ(3−βk)
p j

k

(
x j−k+1−2x j−k + x j−k−1

)
− (7)

−D
j−1

∑
k=1

λτ−γk

Γ(2− γk)
q j

k

(
x j−k+1− x j−k

)
+ f j+1,

A j =
2A0 +B0−ωβ j

A0 +B0
,B =

A0

A0 +B0
,C = D =

1
A0 +B0

,

A0 =
τ−β0

Γ(3−β0)
,B0 =

λτ−γ0

Γ(2− γ0)
,

p j
k = (k+1)2−β j − k2−β j ,q j

k = (k+1)1−γ j − k1−γ j , j = 1, ...,N−1.

We should note, that according to the second initial condition from (3): x1 = τy0+x0.
Thus, we will take this condition into consideration during the numerical simulation.

Approximation, stability and convergence of explicit finite-difference

schemes

In this section we consider the questions of approximation, stability and convergence
of the explicit finite-difference schemes (6) and (7). First, we mention the properties of
the coefficients from these schemes.

Lemma. The coefficients for the explicit difference schemes (6) and (7) have the
following properties:

1) 0 < B j,C j,B,C,D, p j
k,q

j
k < 1;

2) A,A0,B0,A1,B1,A j,A
j
1,ω

β j ,B j
1 > 0.

We consider the structure of the explicit finite-difference scheme (6) which can be
rewritten in a matrix form as follows:

M ·X = F, (8)
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M =



1 0 0 0 . . .

ωβ0−2A0
1−B0

1 A0
1 +B0

1 0 0 . . .

A1
1 p1

0 ωβ1−2A1
1−B1

1 A1
1 +B1

1 0 . . .

A2
1 p2

1 A2
1
(
1−2p2

1
)
−B2

1q2
1 ωβ2 +A2

1
(

p2
1−2

)
+B2

1
(
q2

1−1
)

A2
1 +B2

1 . . .
. . . . . . . . . . . . . . .
. . . . . . . . . . . . . . .

 ,

X = [x0,τy0 + x0, . . . ,xN ]
T ,F = [ f0, f1, . . . , fN ]

T .

Owing to the Lemma, the diagonal elements of the triangular matrix M are positive
(the determinant is more than zero) and, consequently, it is invertible. Thus, the matrix
equation (8) is solvable and the numerical solution for equation (3) may be obtained.
Analogous arguments are also true for the explicit finite-difference scheme (7).

Then we rewrite scheme (6) as follows:

x j+1 =
(
AA j−BB j−CC j

)
x j−D jx j−1− (9)

−B j

j−1

∑
k=2

p j
k

(
x j−k+1−2x j−k + x j−k−1

)
−C j

j−1

∑
k=2

q j
k

(
x j−k+1− x j−k

)
+ f j,

where AA j = A j−B j p
j
1−C jq

j
1, BB j = p j

1B j, CC j = q j
1C j, D j = B j−2B j p

j
1−C jq

j
1.

Following the method described in the paper [12], de derive the error as a difference:
ε j+1 = x j+1− x̄ j+1, where x̄ j+1 is the exact value of solution of x(t) at the point t = t j+1,
which we substitute into equation (9). The error will satisfy the following inequality:

|ε j+1| ≤ |AA j−BB j−CC j||ε j|. (10)

We define the following theorem.
Theorem 1. The explicit finite-difference scheme (6) is stable if the following

condition if fulfilled:

A j
1 ≤ ω

β j ≤ A j
1

(
3− p j

1

)
+B j

1

(
2−q j

1

)
. (11)

Proof. We rewrite the condition (10) as follows:

|ε j+1| ≤
∣∣∣2A j

1 +B j
1−ωβ j −A j

1 p j
1−B j

1q j
1

A j
1 +B j

1

∣∣∣|ε j|. (12)

It is obvious that in the case of A j
1−ωβ j ≤ 0 and taking into account the Lemma, the

following condition holds:

2A j
1 +B j

1−ωβ j −A j
1 p j

1−B j
1q j

1

A j
1 +B j

1

≤ 1.

On the other hand, the condition

2A j
1 +B j

1−ωβ j −A j
1 p j

1−B j
1q j

1

A j
1 +B j

1

≥−1
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can be fulfilled if:
ω

β j ≤ A j
1

(
3− p j

1

)
+B j

1

(
2−q j

1

)
.

Thus, according to (11) we have:∣∣∣2A j
1 +B j

1−ωβ j −A j
1 p j

1−B j
1q j

1

A j
1 +B j

1

∣∣∣≤ 1

Consequently, the error is limited, and as the interval τ is reduced, the following
condition is fulfilled: ε j+1→ 0 at j→ ∞.
�
In much the same way, we may define a theorem for the explicit finite-difference (7).
Theorem 2. The explicit finite-difference scheme (7) is stable if the following

condition holds:
A0 ≤ ω

β j ≤ 3A0 +2B0−A1 p j
1−B1q j

1, (13)

where A1 =
τ−β1

Γ(3−β1)
,B1 =

λτ−γ1

Γ(2− γ1)
.

This theorem is proved just in the same way taking into account the Lemma.
The convergence of the explicit finite-difference schemes is associated with the

approximation of fractional differentiation Gerasimov-Caputo operators from which it
follows that approximation in the inner nodes has the second order, but in general the
scheme order decreases to the first one due to approximation at the frontier points.
Thus, we may conclude that numerical solution approximates the exact solution with
first order approximation.

The convergence of the explicit schemes (6) and (7) taking into account their stability
based on the theorems 1 and 2 follows from the Lax-Richtmyer theorem [13], according
to which there is first order convergence of the numerical solution to the exact one.
We can show that the inequality |x

(
t j
)
− x j| ≤ Cτ is fulfilled, where C is an arbitrary

constant which does not depend on the interval τ.

Results of the simulation

In order to solve the problems of approximation, stability and convergence of the
explicit schemes (6) and (7), we consider the following Cauchy problem:

∂
β (t)
0t x(τ)+λ∂

γ(t)
0t x(τ)+ω

β (t)x(t) =
2t2−β (t)

Γ(3−β (t))
+

2λ t2−γ(t)

Γ(3− γ (t))
+ω

β (t)t2, (14)

with homogeneous initial conditions x(0) = ẋ(0) = 0 and the right part:

f (t) =
2t2−β (t)

Γ(3−β (t))
+

2λ t2−γ(t)

Γ(3− γ (t))
+ω

β (t)t2

Problem (14) has the exact solution:

x(t) = t2. (15)

We consider a numerical solution of problem (14) obtained by the explicit finite-
difference schemes (6) and (7) taking into account the following control parameters:
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Fig. 1. Computational explicit finite-differential schemes: 1 - scheme (6); 2 - scheme (7)

Table 1

Convergence of the explicit schemes (6) and (7)
t Exact solution Error for (6) Error for (7)

0.05 0.0025 0.0425 0.0425
0.1 0.01 0.084 0.084
0.15 0.0225 0.119 0.12
0.2 0.04 0.15 0.152
0.25 0.0625 0.175 0.18
0.3 0.09 0.19 0.2

β (t) = 1.8− 0.5t
T

,γ (t) = 0.8− 0.3t
T

, t ∈ (0,T ) ,T = 1000,N = 2000,τ = 0.5,λ = 0.02,ω =

1, t j = jτ, j = 0, · · · ,N−1.
Results of the simulation are shown in Fig. 1 and in Table 1.
It follows from Table 1 that the numerical solutions obtained by the explicit schemes

(6) and (7) approximate quite well the exact solution (15). We may also note that the
first explicit finite-differential scheme (6) approximates better the exact solution than the
second explicit scheme (7) which is shown in Fig. 1. So, we note that the calculations
by formulas (6) and (7) may be considered to be similar.

We may also mention that as the sampling interval τ is reduced, absolute errors for
schemes (6) and (7) vanish. Results of the simulation are illustrated in Table (2).

Table 2

Convergence of the explicit schemes (6) and (7)
τ Exact solution Error for (6) Error for (7)

0.05 0.0025 0.0425 0.0425
0.025 0.000625 0.0218 0.0218
0.0125 0.00015 0.011 0.011
0.00625 0.00007 0.0074 0.0074

We should note that in this example the approximation has the first order. According
to the definition, approximation of p-th order is really characterized by the inequality
|ε j|= |x

(
t j
)
− x j| ≤Cτ p, where C is an arbitrary constant which does not depend on the
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interval τ. Having found the algorithm of this inequality, we obtain the ratio: ln |ε j| ≤
lnC+ p lnτ. Having plotted a graph of the straight line in a double logarithmic scale, we
determine the approximation order p as the angle of its inclination (Fig. 2).

Fig. 2. Approximation order of explicit finite-difference schemes: a) – scheme (6); b)–
scheme (7)

It is clear from Fig.2 that approximation order for the first scheme (6) is p = 1.065,
and for the second scheme (7) – p = 1.038.

Conclusions

In this paper, two explicit finite-differential schemes for a fractal oscillator were
considered. They are stable, approximate and converge to the exact solution with the
first order. Approximation order may be increased to the second one if initial conditions
are properly approximated.

On the example, the results of the simulation showed that calculations by the
formulas (6) and (7) may be considered to be almost similar and, consequently, they
may be applied in the simulation of oscillatory systems.
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