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1. Introduction

We introduce here some classical inequalities.
If x>0,y >0for k=1,2,...,nand A >0 with A # 1, then

A -2
1 n n 1 n 11a
| L | <o Y an " (1)

k=1

The inequality from (1) is called, in literature, Renyi’s inequality as given in [10].
x>0 y0>0 k=1,2,...,nand 0 < A <Ay < A3 < oo, then

—N Ai—2s A —2A1
S S S
Z xkykz < Z )Ckyk1 Z xkyk3 . (2)
k=1 k=1 k=1

The inequality from (2) is called, in literature, Lyapunov’s inequality as given in [12].
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If x, >0, yp >0 for k=1,2,...,nand A >0, then

n A+1
(Z .Xk) n xl—l—l
k=1 S Z k

A AT
n k=1 Yk
(Z Yk)
k=1

The inequality from (3) is called, in literature, Radon’s inequality as given in [13].

We will unify and extend these results on time scales. The calculus of time scales
was initiated by Stefan Hilger as given in [9]. A time scale is an arbitrary nonempty
closed subset of the real numbers. The theory of time scales is applied to combine results
in one comprehensive form. The three most popular examples of calculus on time scales
are differential calculus, difference calculus, and quantum calculus, i.e., when T =R,
T=N and T=¢" = {¢' :t € Ny} where ¢ > 1. The time scales calculus is studied as
delta calculus, nabla calculus and diamond-a calculus. This hybrid theory is also widely
applied on dynamic inequalities. The basic work on dynamic inequalities is done by Ravi
Agarwal, George Anastassiou, Martin Bohner, Allan Peterson, Donal O’'Regan, Samir
Saker and many other authors.

In this paper, it is assumed that all considerable integrals exist and are finite and T
is a time scale, a,b € T with a <b and an interval [a,b]T means the intersection of a
real interval with the given time scale.

(3)

2. Preliminaries

We need here basic concepts of delta calculus. The results of delta calculus are
adopted from monographs [6, 7].
For t € T, the forward jump operator o : T — T is defined by

o(t):=inf{se€T:s>1}.

The mapping u: T — R} = [0,+c) such that u(r) := o(r) —r is called the forward
graininess function. The backward jump operator p: T — T is defined by

p(t) :=sup{seT:s<t}.

The mapping v : T — R = [0,+c0) such that v(¢) :=t—p(t) is called the backward
graininess function. If o(¢) >, we say that ¢ is right-scattered, while if p(z) <t, we say
that ¢ is left—scattered. Also, if r <supT and o(r) =¢, then ¢ is called right-dense, and
if + >infT and p(r) =t¢, then 7 is called left—dense. If T has a left—scattered maximum
M, then T* =T — {M}, otherwise T =T.

For a function f: T — R, the delta derivative fA is defined as follows:

Let t € T*. If there exists f2(t) € R such that for all € > 0, there is a neighborhood
U of ¢, such that

£(0(1)) = £(s) = f2(t)(o(t) —s)| < o(r) — ],

for all s € U, then f is said to be delta differentiable at ¢, and fA(t) is called the delta
derivative of f at t.
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A function f: T — R is said to be right—dense continuous (rd—continuous), if it is
continuous at each right-dense point and there exists a finite left-sided limit at every
left—dense point. The set of all rd—continuous functions is denoted by C,4(T,R).

The next definition is given in [6, 7].

DerFINITION 2.1. A function F : T — R is called a delta antiderivative of f: T — R,
provided that FA(t) = f(¢) holds for all ¢ € T*. Then the delta integral of f is defined by

/a " )M = F(b) - Fla),

The following results of nabla calculus are taken from [5, 6, 7].

If T has a right-scattered minimum m, then Ty = T — {m}, otherwise T, =T. A
function f: Ty — R is called nabla differentiable at t € Ty, with nabla derivative £V(t),
if there exists f¥(¢) € R such that given any & > 0, there is a neighborhood V of ¢, such
that

F(p() = f(s) = Y ()(p(1) =) < elp(r) — ],
for all seV.

A function f: T — R is said to be left—dense continuous (Id—continuous), provided it
is continuous at all left—dense points in T and its right—sided limits exist (finite) at all
right-dense points in T. The set of all Id-continuous functions is denoted by Ciy(T,R).

The next definition is given in [5, 6, 7].

DEFINITION 2.2. A function G: T — R is called a nabla antiderivative of g: T — R,
provided that GY(¢) = g(¢) holds for all # € Ty. Then the nabla integral of g is defined by

We need the following results.
Theorem 2.1 ([1]). Let w,f,g € Cry([a,b]1,R). If })Jﬁ =1 with p > 1, then

[ melregeias ([ il |pr) ([ et mx)l. @)

If %-l—% =1 with p<0 or g <0, then inequality (4) is reversed.
Inequality (4) is called dynamic Rogers—Holder’s inequality on time scales.
We consider the Kantorovich’s ratio defined by

(h+1)?
4n

K(h) = where h > 0.
The function K is decreasing on (0,1) and increasing on [I,4o0), K(h) > 1 for any
h>0 and K(h) =K (}) for any h > 0.
The following reverse of Young’s inequality [11] in terms of Kantorovich’s ratio holds
b

;+q<K6<b>anq (5)

where a,b > 0, +——1w1thp>1and6 max{ll7 ‘11}
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The following definition is taken from [2, 4].

DEFINITION 2.3. For & > 1, the time scale A-Riemann-Liouville type fractional integral
for a function f € C,y is defined by

= [harto@)s@as, (6)

which is an integral on [a,f), as given in [8] and hy : T X T — R, a >0 are the coordinate
wise rd—continuous functions, such that hy(t,s) =1,

t
ha (1,5) = / ha(t,5)AT, Vs,t € T. (7)

= [ rwne,

which is absolutely continuous in # € [a,b]T, see [8].

The following definition is taken from [3, 4].

DEFINITION 2.4. For o > 1, the time scale V-Riemann-Liouville type fractional inte-
gral for a function f € Cj; is defined by

Notice that

Hdf(t) /hoc 1(t,p(7)) f(T)VT (8)

which is an integral on (a,]r, as given in [8] and /i, : Tx T — R, & >0 are the coordinate
wise ld—continuous functions, such that ig(t,s) =1,

~ t/\
hair(t,5) = / ha(T,5)VT, Vs,1 € T. 9)

= [ r@ve,

which is absolutely continuous in # € [a,b], see [8].

Notice that

3. Renyi’s inequality

In order to present our main results, first we give a simple proof for an extension of
dynamic Renyi’s inequality on time scales by using the time scale A-Riemann-Liouville
type fractional integral.

Theorem 3.1. Let w, f,g € Cry([a,b]1,R) be A—integrable functions and hg—(.,.) > 0.
If A e R§ —{0,1}, then for o> 1

e @D (£ (wlg))

< o 2 (WMl ) (o)

Proof. Case (1). If A > 1, then dynamic Rogers—Holder’s inequality (4) becomes

A-1

[ ol < ([ oo my) ([woleoifa) o an
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Replacing |g(y)| by |g(y)|"%" in inequality (11), we obtain

[ ool s < (| woiiso MAy) ([ w03l w)“l, )

Taking power A > 1 on both sides of inequality (12) and replacing |w(y)| by hg—1(x,0(y))
lw(y)| with hg_1(x,0(y)) >0, Vx € [a,b]T, we get

. o Ao -1
(/a ha_l(ﬁaG(y))!W(y)Hf(y)Hg(y)!AAy> (/a ha_l(mG(y))!W(y)Hg(y)!Ay)
< /:ha_l(x,c<y>>|w<y>uf<y>my. (13)

Replacing [f(y)| by |f(y)||g(y)|% in inequality (13) and multiplying both sides by ﬁ,
we get the desired claim.

Case (2). If A € (0,1), then by using dynamic Rogers—-Holder’s inequality (4) for
p:%>1 and q:ﬁ> 1, we obtain

[ st ([wonsons) ([ molems) o

Replacing |w(y)| by hg—1(x,0(y))|w(y)| with hg—1(x,0(y)) >0, Vx € [a,b]T and multiply-
ing both sides of inequality (14) by ﬁ we get the desired claim. Thus, the proof of
Theorem 3.1 is now complete. [J

Next, we give an extension of dynamic Renyi’s inequality on time scales by using
the time scale V-Riemann-Liouville type fractional integral.

Theorem 3.2. Let w,f,g € Ciq([a,b]T,R) be V-integrable functions and he_i(.,.)
>0. If L e R§ —{0,1}, then for o0 >1

(AW A& (W g
<t 2 (I P ) 5)

Proof. Similar to the proof of Theorem 3.1. J

Remark 3.1. Let a =1, T=7Z,a=1,x=b=n+1, w=1, f(k) =x; € [0,+) and
g(k) =yr € ]0,400) for k=1,2,...,n. Then inequality (10) reduces to (1).

4. Lyapunov’s inequality

In this section, we give a simple proof for an extension of dynamic Lyapunov’s
inequality and its reverse version via time scales by using the time scale A-Riemann-—
Liouville type fractional integral.

Theorem 4.1. Let w,f,g,h € Cyy(la,b]T,R—{0 }) be A-integrable functions and
ha—1(.,.) > 0. Further assume that |f|*%=%)|g|2(h—4) |y s(ha=h) = M for Ay, Aa,23 €
R, where M is a positive real number.
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(1) If Ay < A2 < A3, then for a >1

(e (@)™ (e (w@listor=)) ™
< (2 (@) = 1. qe)
(2) If Aa < A1 < Xa, then for o> 1
(& (@) (e (w@lstr=)) ™
< (2 (wwlle )" <m.an)

Proof. Case (1). We note that Aj — A+ A3 — A1 +4, — A3 =0. Set P = ;Lf }Ll > 1,
Q—t M>1Then— @zl.
Applymg Rogers— Holder’s inequality (4), we get

[ IAy<(/ WO 1 \PAy> (/ WO llhG |QAy) )

1

Replacing [f(y)| by |f(y)|? and |h(y)| by |h(y)|§3 in inequality (18), we obtain

[ oo B oy (55 ay

<(/ X|W(y)||f(y)|’“Ay>% ([ Isoma) ™™ o)

Replacing |w(y)| by hg—1(x,0(y))|w(y)| with hg—1(x,0(y)) > 0, Vx € [a,b]T and taking
power (A3 —A;) >0 on both sides of inequality (19), we get

X M- =2y A3—M
([ hacsteotonmo )y (55 ay )
x =2
< ([ har oo )

X -4
x( / ha1<x,o<y>>|w<y>||h<y>|%) . (20)

>

Using the condition that
|f’/11(7t3*12)|g|/12(11*13)|h‘/13(12*11) M

for A; <Ay < A3, where M is a positive real number, the inequality (20) takes the form
-4

(/axha1(x, O'(y)>|w(y)|Mks+M ’g(Y)WAy) M
< </:ha—1 (x,G(Y))Iw(y)Hf(y)MlAy) Aa—A
X </axh°‘l(x’G(y))|W(Y)||h(y)|7LgAy)’12_’11. o
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This directly yields (16).

Similarly, we can prove the Case (2) by applying reverse Rogers—Hélder’s inequality.
Thus, the proof of Theorem 4.1 is now complete. [

Next, we present an extension of dynamic Lyapunov’s inequality and its reverse
version via time scales by using the time scale V-Riemann-Liouville type fractional
integral.

Theorem 4.2. Let w,f,g,h € Ciy([a,b]T,R—{0}) be V-integrable functions and
hg—1(.,.) > 0. Further assume that |f|MAs=2)|g|2(hi=43) |y la(a=h) — M for Ay, 20,23 €
R, where M is a positive real number.

(1) If Ay < A2 < A3, then for a >1

3

(e (w@lre)) ™ (o (welier=))”
< (2 (wline )

"> M.(22)

(2) If 2 < A1 < A3, then for a > 1

,)‘3

(s (@@ ) (o (wlsor) )
< (e (i)™ < a2

Proof. Similar to the proof of Theorem 4.1. [J
Remark 4.1. Let a=1, T=Z,a=1, x=b=n+1, wk) =x; € (0,4) and f(k) =
g(k) = h(k) =y € (0,400) for k=1,2,...,n. Then inequality (16) reduces to (2).

5. Radon’s inequality

In order to conclude our main results, now we present an extension of dynamic
Radon’s inequality by using Kantorovich’s ratio and the time scale A-Riemann-Liouville
type fractional integral. Extensions of dynamic Radon’s inequality are also proved in
(14, 15, 16].

Theorem 5.1. Let w,f,g € Cyy([a,b]T,R—{0}) be A-integrable functions and
ha-1(.,.)>0. If A >0 and y> 1, then for a > 1

o O G A+Y - A+y
e (msior ) (2 (° (St ) W @lsor )

T\ kW) (S (W)l 8@ )7 |
where .\
Alx) = I <—‘W(x|);|(j;§)|ci)t| +Y), Q(x) = 2 (wx)||g(x)["), Vx € [a, b]r, 6 = max {ﬁy, arl }
and K(.) is the Kantorovich’s ratio.
Proof. Let p=A+y>1and ¢g= /I’SZI > 1. Setting

w)If ()P and W(y) w)llg()|

(y) = LT IwO)llg(y)laAy

Ja O O)IPAY
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on [a,x|t, ¥x € [a,b]T. From Young’s inequality (5), we get

O ol K (Riiag) O 050)
P (Ja WOIFDIPAY) g (g Iw)lle()7Ay) ~ (A1(x)? (Q1(x))4 ’

'—‘\_/

(25)

where Aj(x) = [ w)||f()|PAy and Q;(x) = [ |w(y)||g(y)|9Ay. By integrating both sides
of inequality (25) over y from a to x, we obtain

i K? (%) w11 ()g0)Ay
2 WO PAY)? (W) lg()]aay) s

1< (26)

Q=

Thus

([ moso rw) ([ w00 my)l

s (LI
S/a K (Al(x)|g(y)|q)l WIf(eM)lAy. (27)

Replacing |f(y)| and |g(y)| by |F(y)| and |G(y)| in (27), respectively, we have

At+y—1

(/“x|w(y)|lF(y)'MAy>m ([ woneoiay) ™

x X A
<[ ( & )F(y)f) wO)IFG)GO) Ay, (28)

A()|Gy)| 7T

where Aa(x) = [ WO)IIF )74y and () = [ w()IIG) 7 1Ay,

Replacing |F(y)| by ‘Jlg i and |G(y)| by |f(y)| e lg(y )|%+Y in (28), we obtain

Aty—1

([ )(/ OO ay)

</ xﬂ( Glr) ) WAy, (29)

Az(x)[g(y)[F7!

1
where As(x) = [ MRULLAY and Qs(x) = [ [w() LF )] [8 ()] 77T Ay,

Taking power A + v on both sides of inequality (29), we get

Aty
(fé‘ K (Q—”> IW(y)Hf(y)\Ay>
/x |W(y)||f(y)\Ay < A3 (x)|g(y)| A 7T 30)
g .

- A+y—1

(F O O)ls) 7T ay)
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Replacing )] by |53 and W) by (s o0)WO)g0 with

ha—1(x,0(y)) >O Vx € [a,b]r in (30), we get

/x ha-1(x, 0O WO IFO)*HT

lg(y)|* Y
A
(3 s (0 (50K (2T 1 3)]| £ 0) g )Py
([Fha1(x, 0 () w(y)||g(y)|7Ay) 17!

|/1+7

S
(24) follows from (31). O

_ Theorem 5.2. Let w,f,g € Ciy(la,b]T,R—{0}) be V-integrable functions and
ha-1(,.)>0. If A >0 and y> 1, then for a > 1

Aty - A+y
. (|w<x>||f<x>|“7> (& (x* (M=) bl llsr )
‘ |g(x)[* B (L& (Iw)|[gx) ! ’

7L+y
where A(x) = 7¢ (M) 0(x) = 7% (Iw(x)l|g(x)["), vx € [a,b]x,
S = max{l—}ry, )LI—IYI} and K(.) is the Kantorovich’s ratio.
Proof. Similar to the proof of Theorem 5.1. OJ

Remark 5.1. Let o =1, T=7Z,a=1,x=b=n+1, w=1, f(k) =x € (0,400) and
g(k) =yr € (0,4) for k=1,2,...,n. Then discrete version of inequality (24) reduces to

/l+y ! Aty
n /IH/ ( )y K° ( )Xkyk )
2 e’ (33)
where A = Z k— and Q = Z yk

(" Y A ,
Yy

=k

yk

The mequa lity (33) is obtamed by using Kantorovich’s ratio and is a reverse version
of inequality (3) for y=1.

<

, (3D

n 7L+Y
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YK 519.644 HayuHnas crathbsi
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B 3Tofi craThe MBI MpeACTaB/sieM paclIMpeHHe NWHAMHUYECKOro HepaBeHCTBa PeHbH Ha
IIKaJbl BpEMeHH C MOMOIIbI0 APOGHOTO HHTerpana tuna Pumana-JIuysuansi. Kpome toro,
MBI HaxXOAUM OOOOIIEHHsT XOPOLIO HW3BECTHOTO HepaBeHCTBAa JIAMyHOBAa W HepaBeHCTBA
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