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In the present work, we investigate the Holmgren problem for an multidimensional
elliptic equation with several singular coelficients. We use a fundamental solution of the
equation, containing Lauricella’s hypergeometric function in many variables. Then using an
"abc" method, the uniqueness for the solution of the Holmgren problem is proved. Applying
a method of Green’s function, we are able to find the solution of the problem in an explicit
form. Moreover, decomposition and summation formulae, formulae of differentiation and
some adjacent relations for Lauricella’s hypergeometric functions in many variables were
used in order to find the explicit solution for the formulated problem.
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Introduction

[t is well-known that due to the many applications in aerodynamics [1] and irrigation
problems [2], the theory of boundary value problems for singular partial differential
equations (PDEs) has become a rapidly developing area in the general theory of PDEs. In
addition, generalized axisymmetric potentials have been studied using various methods
(3, 4, 5].
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Relatively few works are devoted to the study of boundary value problems for
multidimensional (more two-dimensional) elliptic equations with singular coefficients.
Let R%t be denote a 2"th part of the m-dimensional Euclidean space:

RV = {(x1,0s X))t X1 >0, ., %, >0, 1 <n<m, m>2}.

In the present work we study the Holmgren problem for multidimensional elliptic
equation with several singular coefficients

m%u 204 du

HI (4) = Za_x,.ﬁ Y =0 (1)

i=1 = 0x

in the domain lying in R%*, where o := (oy,...,a,); @ are constants with 0 < 20y <
l,keK, K={1,...,n}; n is a number of the singular coefficients of equation (1).
Holmgren problem is that in part of the boundary of the considered domain where
the solution is sought, the values of the desired function are known, and in the remaining
part of the boundary, the values of the derivative of the same function are given.
In 1926 Holmgren [6] posed a new problem for equation

200
Uy xy T Unyxy T X uy, =0
1

in a finite domain lying in a half-plane x; > 0.
In the three-dimensional case [7] the solution of the Holmgren problem for equation
200 200 2063

U x; T Uxyxy T Uiy + X Uy, + X Uy, + X Uxy = 0
1 2 3

in the first octant of the ball is written out through the Lauricella hypergeometric

function in three variables FA(3) (for definition, see a formula (4)).

The present paper is organized as follows: First, we give some preliminary information,
which will be used in what follows. Second, we formulate the problem and prove a
uniqueness theorem. In the rest of the paper handling the method of Green’s function
we find an explicit solution of the problem with the Holmgren conditions for equation
(1). Finally, we state our main result as a theorem.

Preliminaries

Below we give some formulas for Euler gamma-function, Gauss hypergeometric
function, multiple Lauricella hypergeometric function (that is, Lauricella hypergeometric
function in several variables), which will be used in the next sections.

Let be C set of complex numbers and N set of the natural numbers : N={1,2,3,...}.

[t is known that the Euler gamma-function I'(a) has property [8, Ch.1, 1.2(2)]

I'(a+p) =T(a)(a),, a€C, pe NU{0}.

Here (a), is a Pochhammer symbol, for which the equality (a)p+4 = (a)p(a+p), is true.
A function

. >~ (a) (b
F (a,b;c;y) EF{ b y} =) My”, vl <1, ab,cy€eC,
G p=0 (C)pp'
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is known as the Gauss hypergeometric function and an equality

I'(c)I'(c—a—>b)

F(a,b;c;1) = T(c—a)T(c—b)

[c#0,—1,-2,...; Re(c—a—Db) > 0] (2)

holds [8, Ch.2, 2.1(14)]. Moreover, the following autotransformer formula [8, Ch.2,
2.1(22)]

e (1 (e b
F(a,b;c;y) = (1—y) F( ,b; ’y—l) 3)

is valid.
The Lauricella hypergeometric function in n € N variables has a form [9, Ch.1, 1.4(1)]

(n) : :
FA (a,bl, ...,bn,Cl, ...,Cn,zl,...,zn)

,b1,....by;
EFén) %01 e
Cly.--sCpn;s (4)
_ i (a)m1+...+m,l (bl)m1 (b")mn ﬁ ann
i 0 (cl)m1 ...(c,l)mn my! my!
[ck #0,—1,=2,...; |z1]| + ... +|zn| < 15 a,by,cx, 2z € C.
We give some elementary relations for FA(") necessary in this study:
d
a_ZkFA(n) (a,bl,...,bn;cl,...,cn;zl,...,zn)
(5)
b - vy b
= Dkl R s Zn |, KEK,
Ck Clyeeny Ch—15Ck + 1, Chp 1540, Cn
= b 1,by,....;by_ 1 ey b
Z _kaFA(”)|: a-+ 7b17 7bk lvbk+ 7bk+1.a 7bna Z17~~-,Zn:|
k=1 Ck C],...,Ck,I,Ck—F1,Ck+1,--.,cn, (6)

_ () a+1,by,....by; _ p(n) a,by,...,by;

_FA |: 017“.’011; Zla"';Zn FA C1,...,Cn; Zla"wZi’l .
Relations (5) and (6) can be proved in two ways: by comparing coefficients of equal

powers of zj, ..., z, on both sides or mathematical induction.

For a given multiple hypergeometric function, it is useful to fund a decomposition
formula which would express the multivariable hypergeometric function in terms of
products of several simpler hypergeometric functions involving fewer variables. Burchnall
and Chaundy [10, 11] systematically presented a number of expansions and decomposition
formulas for some double hypergeometric functions in series of simpler hypergeometric
functions. Using the Burchnall-Chaundy method, Hasanov and Srivastava [12, 13] found
decomposition formulas for a whole class of hypergeometric functions in several (three

and more) variables. For example, the hypergeometric Lauricelli function F("), defined

116



Holmgren problem for elliptic equation with singular coefficients ISSN 2079-6641

by formula (4) has the Hasanov-Srivastava’s decomposition formula [12]

(n) : .
FA (avblv "'7bn,cla "'7Cn,Z17"'7Zn)

o)

— Z (a >m2+ Amy (bl)mz+.-.+mn (bz)mz‘”(bn)mn Myt oy

1 9 e
my,...,my=0 my!. (Cl)m2+...+mn (CZ)m2~~-(Cn)mn " (7)

XF(a+my+...+my,by+my~+...+mpci+my+ ...+ mp;21)

a+my+...+my,by+my,....by+my; 2,20 |0 € N\{1}.

-1
><FA(" )
Cyr+my,...,Cp+ My;

However, due to the recurrence of formula (7), additional difficulties may arise in the
applications of this expansion. Further study of the hypergeometric Lauricelli function

FA(”), showed that formula (7) can be reduced to a more convenient form.
Lemma 1 [14]. The following decomposition formula holds true at n € N\{1}

FA(n) (D1 ooy Dy Cly ey C3 2y ooy Z0)
_ i (a)A(n,n) n (bk)B(k,n) ZB(kJ,)F( a—|—A(k,n)7 bk_|_B(k,n); Zk) (8)
m; j=0 miji! i1 | (ck)Bkn) k ¢k + B(k,n); ’
(2<i<j<n)
where
k+1 n
:ZZWL,‘J, Zm1k+ Z My 1 (9)
=2 j=i i=k+1
Lemma 2. Let a,by,...,b, € C be with a #0,—1,-2,... and Re(a—b; —...—b,) > 0.

Then the following summation formula holds true at n € N\{1}

I'fa— Y b
5 @ty P (4= Batar-stin (- £) r'la),  (10)
o0 mi;! il (a>A(k,n) ﬁr(a—bk)

(2<i<j<n) k=1

Formulae (8) and (10) are proved by the method mathematical induction [14].
Obviously, in the case when n =2 the formula (10) coincide with the summation
formula (2).

The fundamental solutions of equation (1) in the domain R were found in [14], one
of which looks like:

q(x;&) = yr_ZO‘Fén) (@, 0,..., 0320, ...,204;0) (11)

where

x:=(x1,0%m), & = (&1, .y Em) , 0= (01, ..., 0n)

o T(@) % Do) . m—2 &
y=22"" ; 0= + ) o, 0<204 < 1; (12)
nm/ZkI:[lF(Zock) 2 kgl
m m 7‘2
=Y i—-& r=wm+&’+ Y « Ge=1-"k keK. (13)
i=1 i=1,i%k r



ISSN 2079-6641 Ergashev T.G., Hasanov A.

[t is easy to verify that the fundamental solution ¢ (x;&) has the property
20Ck aQ( é)
k 8xk

Formulation of the problem and the uniqueness of the solution

=0, ke K. (14)

Xk =0

Let Q be a finite domain in R%", bounded by the Lyapunov surface S [15] and the
hyperplanes x; =0, ..., x, =0 . The boundary of the domain Q on the hyperplane x; =0
is denoted by Sy.

We introduce the following notations:

(2(1) L 20 20, (206) . 2(11 2(Xk 1 2Otk+1 20,.
X =Xy n ) Xg =X X X Xy "]

fk - (X] 5 ...,Xk,I,Xk+1,...,Xm) 5 -ka - (X] 3 "'7xk7170;-xk+17 "'7xm) N
dx =dxy...dxy; d¥ =dxy...dx_1dxpyq...dxy, k € K.
Holmgren problem. To find a function u(x) € C (Q) NC?(Q), satisfying equation (1)

in Q and conditions
x2akﬂ
k 8xk
ulg=@(x), xS, (16)

where vy (%) and ¢@(x) are given functions, and, moreover, v (%) can reduce to an
infinity of the order less than m — 1 —2qy on the boundaries of ;.

Uniqueness of the solution of the Holmgren problem. One can readily check the
validity of the following relation

2 [u1 ) () — W™ ()] = Z 2 { (g—j—wj—;‘)} n<m.  (17)

Integrating both sides of the identity (17) in a domain Q and using the Gauss-
Ostrogradsky formula, we obtain

/Qx(z(x) [uHém,n) (W) B WHém.,n) (u)] dx — /S,x(Zoc) (ua_w — Wﬂ) dS/, (18)

= Vi ()fk), )kaSk, kGK, (15)
xk:O

JON ON

where §’ is the boundary of Q, N is the outer normal to S’ and

] v 9[] .
5N = ; a—Xicos(N,x,)

is the normal derivative with respect to x.
Assuming that w =1 and replacing u by u? in (18), we obtain

Jdu du
/ X(Z“)Z(ax,) i _z / 0 (5 ve(®) dsi— [P Seds,  (19)

N

where u is a solution of equation (1) and 7 (%) := ”|xk:0’ ke K.
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To prove the uniqueness of the solution, as usual, we suppose that the problem has
two v and w solutions. Denoting u =v—w we have that satisfies homogeneous Holmgren
problem (vy =0, ¢ =0). Further we have to prove that the homogeneous problem has
only trivial solution. In this case from (19) one can easily get

Ly (axl)z‘”‘

Hence, it follows that uy, = ... =u,, =0, which implies that u is a constant function.
Considering homogeneous condition (16), we conclude that u(x) =0 in Q.

The existence of the solution

We prove the existence of the solution in a special case of the domain Q in order to
get the solution in an explicit form. Let Q and S be a 2"th part of the multidimensional
ball and sphere with the radius a and center in the origin respectively:

Q= {x:x%—f—...—i—x,%1 <a? x1>0,..,x, > 0},

S={x:x]+...+x5=a% x1 >0,...x, > 0}.

We find a solution of considered problem using method Green’s functions [16].
Therefore, first we give a delinition of Green’s function for the formulated problem.
Definition. We call the function G(x;&) as Green’s function of the Holmgren
problem, if it satisfies the following conditions:
this function is a regular solution of equation (1) in the domain Q, expect at the point
&, which is any fixed point of Q;
it satisfies boundary conditions

8xk

=0,keK; G(x;6)|g=0;

xk:0

it can be represented as

G(x8)=q(x8)+q (x:8), (20)
where ¢ (x;&) is the fundamental solution found earlier (see a formula (11)), a function

q*(x;§)=—<%>MCI(x;f)

is a regular solution of equation (1) in the domain Q. Here

E = (Eb"'aEm)? Ei Rzéh (1 _xl +.. +xm7 R* = gl + . +§2

[t is easy to see that a regular solution ¢* (x;&) also has the property (14).

Excise a small ball with its center at £ and with radius p > 0 from the domain Q.
Designate the sphere of the excised ball as C, and by €, denote the remaining part of
Q.
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Applying formula (18), we obtain
/ x(za) |:M(X) aG(x’g) —G(X,&) au (X):|de
Cp

JdN JON

1 2G (x;
=Y [ 960 v asi — [+0970% g as
k=1""k

where
m
Sp=4x: Z xi2 = a2, x1 > 0,001 > 0,201 >0,...,0, >0 5 ke K.
i=1,ik
First, we consider an integral

2G(x;&)
(2a) gI\WWS)
/Cp 2%y (x) 5 dCp.

Taking (20) into account we rewrite it as follows

9G 9q (x5 €) Iq" (x:€)
(2a) (2a) qx / (20),,(, %4
/C () 3y = /C () S Jac, + u(r) 22 dC

=1(&,p)+h(&,p)

Using the formula of differentiation (5) and the adjacent relation (6), we calculate

861

Z 8x -cos (N, x;) . (22)

dq(x;€)
8x,~

Below we get detailed evaluations for

, when 1 <i <n. Indeed, using the

formula of differentiation (5), we get

dq(x,&) a2 | @00, ..., 0
ox; =20y (&) Fs 20, ... 206n;6

n .
_2ay (i — &) 20 22 A {1+O¢ y Oy ooy Ok, L+ O, Ol 14 -, Ol G}

200, .., 2001, 1 + 204,201 1, -, 203

o £ 202 () 1+o,0q,...,0_1,1+0;, 0 1,...,0;
200y6ir " Ey [2a1,...,2a,~_1,1+2ocl-,2oc,~+17...,2an; ol

Considering adjacent relation (6) we obtain

3Q(X,5)_ — a2 p-n| 1+a,0,...,04;
A N T A

Cnmng —20—2pn) | 100, 0, T G, Ol O cic
2ay&ir T, l2a1,...,2a,-_1,1+2a,~,2oc,~+1,...,2an; Gl,1<i<n

(23)
Similarly, we calculate
dq(x,8) a2 | 1H000, ., O :
o, =20y (x;—&)r F, 20,200, ol,n+1<i<m. (24)
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Taking (22), (23) and (24) into account we calculate

dq(x,€)
ON

; 0L, Olf sy ...y Ol J
:—&Yr_Z“FA(n){ e e 6]

Zala zan’ ﬁ

26— 225 { I+ao,00,..., 0061, 1 + 0, Oy, ..., Oy

[ln rz]
o | cos (N;xp).

200, .., 2001, 1 + 200,201 1, ., 203

Now consider the integral

/Cpx(Za)u(X)aqa(Ng)dcp =11(&,p)+112(&,p),

where

_ n 1 _, yeeey Oy 3
I]](ép _a,}// ZOCFA()|: +a al .OC :|jv|:lnl" ]de,

112(8.p) 2—255?’/C u(x)r 2%
)

. _
(n) 1+a7a17-“7ak7171+ak7ak+l7“'7an; .
Xgé"FA {20{1,...,205,{1,1+2ak,2ock+1,...,2an; G| cos (N:x)dCp.

We use the following generalization spherical system of coordinates:

xi=&+pdi(e), i=1,...m,
where
@ = (@1, Pn—1); P1(9) =cos @y,
D;(@) =sin@sing,---sin@;,_jcosQ;,i =2,....m—1,
D, (@) =sin@;sin@; - --sin @, sin @y, |
O0=p=rn0=¢ =7, ..., 020, 2=7, 0= @1 =27).
Then we have

2n T
Li(€,p) = 25‘3’13_20‘1_’”_ZO‘”/CI’QDm1/Sif1(szd(sz
0 0

% [ 5 u-3d@n3... [u(E+PPIP). . &+ PP(9)) (25)
0 0

x [T 16+ p Pi(@))*% F\" o(p,@)|sin" > pidey,

{ 1+a,0,...,00;
k=1

200 ..., 20;
where

P2

First we evaluate a Lauricella’s hypergeometric function in (25):

7"2 }"%
o(p,9) = (1 R p—’z’) , Tip =450 +4pEDi(0) + 7.

7 l+a,ar,...,0;

£ (p.9) = F, { 2ay . 20 P9 (26)
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Using the decomposition formula (8) and then auto-transformation formula (3),
rewrite a formula (26) as follows

F (p.g) = p> 2 ] [ 7% -P(p. ). (27)
k=1

where

B(k,n)
o0 (1 +a), A(nn) 1o 2

mj =0 k:l Tep
(2<i<j<n) (28)
n A — s 2
[ 2% 1+ Bkn) —A(k,n), o+ Bk, P~ )
20y + B(k,n); rl%p

where A(k,n) and B(k,n) are expressions defined in (9).

[t is easy to see that when p — O the function P becomes an expression that does
not depend on ¢. Applying the summation formula (2) to each hypergeometric function
F(a,b;c;1) in the sum (28), we get

1 I'2og)I'(14 0 — o)
imP(p,¢) = T (1+a) L H T (og)
" i (1+a)a(nn) I”—[ (%) () (1 + 0= O) g () —B (k)
(2<i<j<n)

Taking into account the identity (10), we obtain

C(1+a)it Tog)
If we take into account (25), (27), (29) and (12), then we will have

limP(p, ) =
p—0

lim/y1(§,p) =u(§). (30)
p—0

By similar evaluations one can get that

limllz(ﬁ,p) = limlz(é,p) =0. (31)
p—0 p—0

[f we consider an integral

/ X296 (x; ) Iu(x) dCp,
Cp

using above given algorithm for evaluations (in this case calculations will be more
simple), we can prove that

, du (x)
(2a) .
;lg%) Cp XHG(xe) ON
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Now, by virtue of (30), (31) and (32), from (21) one can easily get a solution of the
Holmgren problem in the following form:

206 (n 1) (_xaalu'"7ak—l7ak+17---7an;
)=—Y / Fy . Oko
Z 2001, .0y 20— 1,204 1, ...y 204;;

o, 0,...,00_1, 0 ., Oy _ - -
27 1, é k 172 k+15 005 2" 6o Vi (Xk)ka (33)
Oy ey 2001, 2004 150y 200

- o 1+a,a,...,0; _|R*>—a?
+ZQY/§X(2a)Fé)[ ! " G]W(p(X)dS,

—2a ~(n—1)

200 ..., 20;
where

0 0 O)7

o 0 —0 0 =0 =0
Gko .— (6],,6](7176]{4»1,.76” ),

0 _4xS5S —0 a 4xs§s

o, = X2 , Oy = ) Y2 ,s=1,...n, s#k;
m
a —le, R = Zg §k+ Z _xl )
i=1,i#k
2 “ xlél - S K282 2
ve=Y |a- Z Z x;&—(m—2)a”, keK.
i=1,i#k =L,k j=1,j#i

Here constants &, y and variables ¢ := (617...,6,1), r? are defined in (12) and (13),
respectively.

The formula (33), and with it all the proof, requires that m > 2. However, the formula
(33) is also valid for m = 2.

Hence, the main result of the paper is formulated as the following theorem:

Teopema. If vi (%) € C2(Sk), k € K and ¢ (x) € C>(S) are given functions, then the
Holmgren problem with conditions (15) and (16) for equation (1) has unique solution
represented by formula (33).
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