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1. Introduction. Statement of the problem

We consider the following general quadrature formula

; N o
[p@exax= Y Y Cpi0tp) (1)
0 B=0,=0
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with the error functional

N «o

0x) = p(gp () = Y Y (—1)/Cp;6Y (x—xp) (1.2)
B=0j=0

in a Banach space B. Here Cg; are the coefficients and xg are the nodes of the formula
(L1), N=1,2,..., «=0,1,..., p(x) is a weight function, & (x) is the characteristic
function of the interval [0,1], d(x) is the Dirac delta-function, ¢ is an element of the
space B.

The difference

1 N «

(t:9) = [ tewdx= [ pxop(d— Y. Y Cpiot(xp) (13)

is called the error of the quadrature formula (1.1).
By the Cauchy-Schwarz inequality

(4, 0)| < llo|BI| - [|€]B"]]

the error (1.3) of the formula (1.1) is estimated with the help of the norm of the error
functional (1.2) in the conjugate space B*, i.e. by

1€[B7[| = sup [(¢,)].
lolB]l=1

Thus estimation of the error (1.3) of the quadrature formula (1.1) on functions of the
space B is reduced to finding the norm of the error functional ¢ in the conjugate space
B*.

Obviously the norm of the error functional ¢ depends on the coefficients and the
nodes of the quadrature formula (1.1). The problem of finding the minimum of the
norm of the error functional ¢ by coefficients and by nodes is called the S.M. Nikol’skii
problem, and the obtained formula is called the optimal quadrature formula in the sense
of Nikol’skii. This problem was first considered by S.M. Nikol'skii [21], and continued
by many authors, see e.g. [3, 4, 7, 8, 22, 42] and references therein. Minimization of
the norm of the error functional ¢ by coefficients when the nodes are fixed is called
Sard’s problem. And the obtained formula is called the optimal quadrature formula in
the sense of Sard. First this problem was investigated by A. Sard [23].

The results of this paper are related to Sard’s problem. So here we discuss some of
the previous results about optimal quadrature formulas in the sense of Sard which are
closely connected to our results.

There are several methods of construction of optimal quadrature formulas in the sense
of Sard such as spline method, ¢— function method (see e.g. [3, 25]) and Sobolev’s
method which is based on construction of discrete analogue of a linear differential
operator (see e.g. [38, 39]). In the different spaces, based on these methods, the Sard’s
problem was investigated by many authors, see, for example, [1, 2, 3, 5, 6, 7, 9, 10, 12,
14, 15, 16, 17, 18, 19, 20, 24, 25, 26, 27, 29, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41| and
references therein.

In the paper [25], using spline method, optimality of the classical Euler-Maclaurin

formula was proved and the error of this quadrature formula is calculated in Lém)(O,n),
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where Lém) (0,n) is the space of functions which are square integrable with m-th generalized
derivative.
Let WL”; (m=1,2,...., 1 < p <o) be a class of functions f, having on the [0,1]

(m—1)- absolute continues derivative and ||f], <1, ,(0,1)- In [42]
it is proved, that among quadrature formulas (1.1) when p(x) =1 the Euler-Maclaurin
quadrature formula is optimal in the space W And in [31] optimality of the lattice

cubature formulas of Euler-Maclaurin type is proved in the space Lgm).

Using ¢-function method optimality of the Euler-Maclaurin quadrature formula is
proved and the error of this formula is calculated by T. Catinag and Gh. Coman [7]

in the space Léz)(O,l). Also using this method in [18] a procedure of construction of
quadrature formulas of the form (1.1), which are exact for solutions of linear differential
equations and are optimal in the sense of Sard is discussed.

[t should be noted, that in applications the formula (1.1) is interesting for small values
of . Optimal quadrature formulas in the sense of Sard for the case @ =0 has already

been discussed by many authors, mainly in the space Lém) (see [2, 3,7, 9, 10, 12, 15,

17, 18, 19, 20, 24, 25, 26, 27, 29, 32, 33, 37, 38, 39, 40, 41] and references therein).
The main aim of this paper is to construct optimal quadrature formulas of the form

(1.1) in the sense of Sard for the case a =3 when p(x) =1 and xg = hf} in the space

Lgm) (0,1) equipped with the norm

. 1/2
o (m) 2
190Gl = { o) dx}
0
1
and [ (@™ (x))%dx < oo.
0

We use the Sobolev method [38, 39] which is based on the discrete analogue of the
differential operator d?”/dx*". We consider the following quadrature formula

! N
¢ (x)dx = Z (hB)+A( ¢'(0)—¢'(1) ) +B| " (0) — 0" (1) (1.4)
fotwne= 3, (v0-0) 5( )
with the error functional

0(x) = g 1y(x Zc[ﬁ x—hp) +A( ()—5’(x—1)) +B<6”’(x)—5'”(x—1))

(1.5)
in the space Lgm) (0,1) for m > 4. Here C[B], B =0,N, A and B are the coefficients of the
formula (1.4), h= Il\,, N is a natural number.

For the error functional (1.5) to be defined on the space Lgm) (0,1) it is necessary to
impose the following conditions (see [37])

(l(x),x*)=0, a=0,1,2,....m—1. (1.6)

Hence it is clear that for existence of the quadrature formulas of the form (1.4) the
condition N > m —3 has to be met.
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It should be noted that here in after £ means the functional (1.5).

As was noted above by the Cauchy-Schwarz inequality, the error of the formula
(1.4) is estimated by the norm |\£|L§m>*(0, 1)|| of the error functional (1.5). Furthermore
the norm of the error functional (1.5) depends on the coefficients C[B], A and B. We
minimize the norm of the error functional (1.5) by the coefficients C[f], A and B, i.e.,
we find

Jer ]| = gl

. (1.7)

The coefficients C[f], A and B which satisfy the equality (1.7) is called the optimal
coefficients and denoted by C[B], A and B and the corresponding quadrature formula
is called the optimal quadrature formula in the sense of Sard. In the sequel, for the
purposes of convenience the optimal coefficients C[B], A and B will be denoted as C[B],
A and B.

Thus to construct optimal quadrature formulas in the form (1.4) in the sense of Sard
we have to consequently solve the following problems.

Problem 1. Find the norm of the error functional (1.5) of the quadrature formula
of the form (1.4) in the space Lg")*(O, 1).

Problem 2. Find coefficients C|B], A and B which satisfy the equality (1.7).

The rest of the paper is organized as follows. In section 2 we give some definitions
and known formulas. In section 3 we determine the extremal function which corresponds
to the error functional ¢ and give a representation of the norm of the error functional
(1.5). Section 4 is devoted to a minimization of ||¢||* with respect to the coefficients
C[B], A and B. We obtain a system of linear equations for the coefficients of the optimal
quadrature formula of the form (1.4) in the sense of Sard in the space Lgm) (0,1). Explicit
formulas for coefficients of the optimal quadrature formula of the form (1.4) are found
in subsection 5.1. Moreover we calculate the norm of the error functional (1.5) of the
optimal quadrature formula of the form (1.4) in subsection 5.2. Finally, at the end of the
paper we present some numerical results.

2. Definitions and known formulas

In this section we give some definitions and formulas that we need to prove the main
results.

Here the main concept used is that of functions of discrete arguments and operations
on them (see. [37, 39]). For the purposes of completeness we give some definitions
about functions of discrete argument.

Assume that ¢ and y are real-valued functions of real variable and are defined in
real line R.

Definition 2.1. Function @(hf) is called the function of discrete argument, if it is
given on some set of integer values of 3.

Definition 2.2. The inner product of two discrete functions ¢(hf) and y(hf) is
called the number

owl= Y o(hB)-w(hp).
ﬁ:—oo

if the series on the right hand side of the last equality converges absolutely.
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Definition 2.3. The convolution of two discrete functions @(hf3) and y(hf) is called
the inner product

@(hB)* w(hB) = [@(hy), w(hB —hy)] = Z @(hy) - w(hB —hy).
’)/_700
The Euler-Frobenius polynomials E(x), k=1,2,... is defined by the following formula
[39]
(1—x)2 /1 a\* &
Eulx) — ) 2.1
k(x) x Y (1—x)%’ (21)
Ep(x) = 1.
For the Euler-Frobenius polynomials Ej(x) the following identity holds

E (x) = ¥E, G) | (2.2)

and also the following theorem is true

Theorem 2.1 (Lemma 3 of [28]). Polynomial Qy(x) which is defined by the formula
k+1 Ai0k+1
= (x—1)

is the Euler-Frobenius polynomial (2.1) of degree k, i.e. Qi(x) = Ex(x), where A'OF =

Yi_ (=),
The followmg formula is valid [13]:

n—1 ?/( 1 k q i'k q”l k q i,'}/(
vk Loy (4 pigh ( )A’ o 24
Lo 1_q§(1_q) LY () e (2.4)

Or(x) = (x— 1)

(2.3)

where AYX is the finite difference of order i of 9%, ¢ is ratio of a geometric progression.
At last we give the following well known formulas from [11]

—1 k+1
Y-y e 25)

v=0 J=1
where By, 1_; are Bernoulli numbers,

\4
A% =) CHA%0PxY™P. (2.6)
p=0

3. The extremal function and the representation of the error functional
norm

To solve Problem 1, i.e., for finding the norm of the error functional (1.5) in the

space Lém) (0,1) a concept of the extremal function is used [37]. The function y; is said
to be the extremal function of the error functional (1.5) if the following equality holds

(e.y) = ||| el (3.1)
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In the space Lém) the extremal function yy of a functional ¢ was found by S.L. Sobolev
[37, 39]. This extremal function has the form

Vi) = (—1)"0x) * G(x) + Py (x), (3.2)
where
G(x) = ﬂ (3.3)
T em—1)! '
is a solution of the equation
dZm

P,—1(x) is a polynomial of degree m — 1, the symbol * is operation of convolution, i.e.

- /oof(x—y)g(y)dy:/wf@)g(x_

(m)x

It is well known that for any functional £ in L,

1L 0,012 = (6 yr) = (¢(x), (—1)™

= jﬁ(x)( /€ G(x— ydy)dx

the equality

holds [37].
Applying this equality to the error functional (1.5) we obtain the following
1e)? = (¢, we) =
)" iic M i [ﬁ] wdx_
f=01=0 22m-1)! T 202m—1)!
3 - 24
24 Y ClBIPun—2(hB) ~2B Y. CIBIPon-s(hf) + 75—+
B=0 B=0 (2m—1)!
2B +A? 2AB B? 1
+(2m—3)' * (2m—5)! * 2m—17)! (2m+1)g] (3.5)

where P.(hf) = %
Thus Problem 1 is solved for quadrature formulas of the form (1.4) in the space
(m)
L (0,1).

4. The system for optimal coefficients of the quadrature formula (1.4)

Now we investigate Problem 2. For finding the minimum of ||||* under the conditions
(1.6) the Lagrange method is used. For this we consider the following function

= Jlell* =2-( Z Ao (£ ),
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where Ay are unknown multipliers. The function W is the multidimensional function with
respect to the coefficients C[B], A, B and Ay. Equating to zero partial derivatives of ¥
by coefficients C[B], A and B, together with the conditions (1.6) we get the following
system of linear equations

N _ 2m—1
E)CM% — APy 2 (hB)—
m—1
—BPyy_4(hB)+ Y, Aa(hB)* = fu(hB), B =0O,N, (4.1)
a=0
N A B m=1 1
§ Blban2B) — 5~ s T B e e (42
Al A B
ﬁ;oc[ﬁ]sz—4(hﬁ) TG (2m—7)‘+
m—1 1
+O§,4O‘(O‘_ (ot —2) Ao = (2m—3) (4.3)
al S D
ﬁ;oc[ﬁ](hﬁ) = =01, (4.4)
- TS T
ﬁZOC[B](hB) —iA=—, =23, (4.5)
Al . . 1 .
ﬁgoc[ —A—i(i=1)(=2)B= g, i=Em—T, (4.6)

k _ k X m—1
where P (h) = LELEOZREY - p (np) — f' é’nf'l dx.

The system (4.1)-(4.6) is called the dzscrete system of Wiener-Hop[ type for the
optimal coefficients [37, 39]. In the system (4.1)-(4.6) the coefficients C[B8], B = O,N,
A and B, and also Ay, @ =0,m—1 are unknowns. The system (4.1)-(4.6) has unique
solution and this solution gives the minimum to the ||¢||?>. Here we omitted the proof
of the existence and uniqueness of the solution of the system (4.1) - (4.6). The proof
of the existence and uniqueness of the solution of this system is as the proof of the
existence and uniqueness of the solution of the discrete Wiener-Hopf type system of the

optimal coefficients in the space Lgm) (0,1) for quadrature formulas of the form (1.1) for
the case a =0 (see [37, 39]). It should be noted, that in [18] the uniqueness of optimal
quadrature formulas in the Sard sense of the form (1.1) is discussed.

5. The coefficients and the norm of the error functional of optimal
quadrature formulas

In the present section we study the solution of the system (4.1)-(4.6). To solve this
system we use the approach which was suggested by S.L. Sobolev in [38].

81



ISSN 2079-6641 Hayotov A.R., et al.

5.1. The coefficients of optimal quadrature formulas of the form
(1.4)

Suppose that C[B] =0 for B <0 and B > N. Using Definition 2.3 we rewrite the
equation (4.1) in the convolution form:

2m—1 m—1
* —2|(h2113’l’|t— 0 — APy (hB) — BPyy—a(hB) + Z Aa(hﬁ)a fm(hB), B= 0,N, (5.1)
! a=0

(hB)Zm 2m—1 (_hﬁ)melfj

JnhB) =5 5T+ jZO 22m—1— -G+ D!

(5.2)

We consider the following problem.

Problem A. Find the discrete function C|B]| and unknown coefficients A, B, Aq,
which satisfy the system (4.1)-(4.6).

Further, instead of C[] we introduce the functions

2m—1
W(hB) = CIB] » % (5.3)
m—1
u(hB) =v(hB) — APy (hB) — BPry-a(hB) + Y Aa(hB)*. (54)

a=0
In this statement it is necessary to express C[B] by the function u(hf). For this we
need such operator D, (hf3), which satisfies the equation

hDp(hB) * G(hB) = 8(hB), (5.5)

where G(hp) = % is the discrete argument function corresponding to G(x) defined

by (3.3), 8(hPB) is equal to O when B #0 and is equal to 1 when B =0, i.e. §(hf) is the
discrete delta-function. The equation (5.5) is the discrete analogue of equation (3.4). So
the discrete function D,,(hB) is called the discrete analogue of the differential operator
d>" /dx*™ [37].

[t should be noted that the operator D,,(hf8) was firstly introduced and investigated
by S.L. Sobolev [37].

In [30] the discrete analogue D,,(hB) of the differential operator d*"/dx*", which
satisfies equation (5.5), is constructed and the following theorem is proved.

Theorem 5.1. The discrete analogue of the differential operator d*"/dx*" has the

form
( )2+ B

R

k=1 QkE2m I(Qk)

for Bl =2,

2m—1 m—1 1— 2m+1
Dy (hP) = —( LD % jor Bl =1, (5.6)
=1 Fom-
m—1 . 2m+1
\ = axEom—1(qk)

where Eyy—1(q) is the Euler-Frobenius polynomial of degree 2m—1, g are the roots of
the Euler-Frobenius polynomial Exn—2(q), |qr| < 1, h is a small positive parameter.
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Furthermore several properties of the discrete argument function D,,(hf) were proved
in [30]. Here we give the following property of the discrete argument function D,,(hf)
which we need in our computations.

Theorem 5.2. The discrete argument function D,,(hf) and the monomials (hB)*
are related to each other as follows

when 0<k<2m-—1,
; Din(hB)(hB)* = { (2m)! when k=2m, (5.7)
oo 0 when 2m+1<k<4m-—1,
k — 2m '
L DaBOBY =) BBy,

where Bo,, is the Bernoulli number.

Then, taking into account (5.5) and Theorems 5.1, 5.2, for the optimal coefficients

C[B] we have
C[B] = hD(hB) u(hB). (5-8)

So, if we find the function u(hfB), then the optimal coefficients C[fB] will be found
from equality (5.8).

To calculate the convolution (5.8) it is required to find the representation of the
function u(hB) for all integer values of B. From the equality (5.1) we get, that u(hf) =
fm(hB) when kB € [0,1], where f,,(hf) is defined by equality (5.2). Now we need to find
the representation of the function u(hf) when B <0 and 8 > N.

Since C[B] =0 when A3 ¢ [0, 1], then

C[B] = hDm(hB) *u(hff) =0, B ¢ [0,1].
Now we calculate the convolution v(hf) = C[B] * TP hen hB ¢ [0,1].

Suppose B < 0, then taking into account (4.4)- (4.265;"1\)\2‘ have
_ 1] [AB —hy*™!
V) = ClBl* 5 n T _y;wcm 200m—1)!
B m—1 (hﬁ)Zm—l—Ot(_l)Oc N " 2m—1 (hﬁ)Zm—l—Ot(_l)a N "
- _a;o 20m—1—a)la! ;OCWW) - a;m 20m—1—a)la! YEOCMW)

(hﬁ)2m71 (hﬁ)2m72 (hﬁ)zm*f} 1 (hﬁ)zm% 1
2m-1) T aem=2)! " 4@m=3)! (5”“‘)*m(1+3“‘)

2m—1—a a
—Z hﬁzin—l—()!lo)c! <ai1+‘m+a(a_l>(a_2>3>

2m 1 h 2m—1—a —1)® N
2 (2(@71—1—((35)10)51 X Cbiom®.

o=m y:()

2m m1-a(
Hence, denoting by R,,—1(hB) = L Z Cly](hy)* for the case B <0 we
a:m

2(2m—1—a)'at!
get

(hﬁ)z’" 1 (hﬁ)Zm—Z (hﬁ)zm_3 1 (hB)Zm—4 1
YOB) = = =1 T am =2 am—3) <§+2A) T 2m 45! <Z+3A>
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2m—1—aq o
_Z hﬁziq_l_()!lo)“ (ailqtaAJroc(oc—l)(a—Z)B) —Rp_1(hB). (5.9)

Now suppose B > N then for v(hf3) we get

(hB)Zm 1 (hﬁ)meZ (hﬁ)2m73 1 (hﬁ)2m74 1
B = S am = am =2 T am 3! (_+2A) _2—(_+3A)

3 (2m—4)13! \ 4
2m—1—o o
+): h[;;_l_()!lo)“ <a1+1+aA+a(a—1)(a—2)B) + Ry 1(hB). (5.10)
Denoting
R, Zaa BB)* — Ry 1(hB), (5.11)
R\ (hB) = mi A (hB)* + Ry1(hB), (5.12)
o=0

and taking into account (5.9), (5.10), (5.4) we have the following problem
Problem B. Find the solution of the equation

WDw(hB)*u(hB) =0, hB & [0,1] (5.13)
having the form:
¢ (hﬁ)zmq (h/3)2'"*2 (hIB)2m73 1
—36m 1 + 2z — s (3T 24)

2m
+% (3 +3A) —APy_2(hB) — BPyy_a(hP)
_ Z hﬁ)Zm 1—- “(=1)“ (a_lkl+aA+(x(a_1)((X—2)B)+R’(1;—)1(hﬁ)7 ﬁ <0,

2(2m—1—-a)la!

u(hB) = fm<hﬁ) 0<B <N,

hﬁ 2m—1 hﬁ 2m—2 (hﬁ 2m—3 1
§(2r31—1)! - 4(¥(2r31—2)! + 4(221—3)1 (3+24)

(BB)™ " (1 4+3A) — APyyy_2(hB) — BPay_a(hB)

2(2m—4)'3‘
2m—1—a o
|+ Z e (g + eA+ a(a—1)(a—2)B) + R\, (1), >N,

(5.14)

where R (hﬁ) and R( (hB) are unknown polynomials of degree m—1 and A, B
are unknown coeffzczents

If we find R( (hB) and R ( B), then from (5.11), (5.12) we obtain

(R (1B) + RS (B) )

| =

m—1
Y. halhp)” =

R (nB) = 5 (RO, (1) — RS, (1))

Unknowns R (hﬁ) ( B), A and B can be found from equation (5.13), using the
discrete argument functlon Dy, (hB). Then we can obtain the explicit form of the function
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u(hP) and respectively we can find the optimal coefficients C[B] (B =0,1,...,N), A and
B. Thus Problem B and respectlvely Problem A can be solved.

But here we will not find R (hB) m 1(hB) Instead, using D,,(hf) and the form
(5.14) of the discrete argument functlon u(hp), taking into account (5.8), we find the
expressions for the optimal coefficients C[f] when f =1,2,....N — 1.

We introduce the following notations

_@m-D =gt & ) (P () () (1
U= g (4 k{zem D! a@m—2)! 4<zm—3>!<3+”‘)

+%(1 ) mzl 2;?2;":1_: !(ail+aA+oc(oc—l)(a—2)B)
—APy_2(—hY) — BPyya(~hy) + R, (—hy) —fm(—hY)}» (5.15)
_Cm=)I(1 =g & ) (y NP ((y+N))P
o g 1 () = "{ 22m—1)!  4(2m-2)!
S () - (o)
+ Z yzz)_)zr_l ;<a!1)a <air1 + oA+ oo — 1)(a—2)B>

APy 5 (h(y+N)) — BPyy_a(h(y+N)) + RS, (h(y+N)) —fm<h<y+N>>}, (5.16)

where k=1,2,....m—1, Ey,_1(q) is the Euler-Frobenius polynomial of degree 2m —1,
qx are given in Theorem 5.1. Note that because of |gx| < 1 the series in the (5.15) and
(5.16) are convergent.

The following holds

Theorem 5.3. The coeffzczents C[B], B=1,2,....N—1 of optimal quadrature formulas

of the form (1.4) in the space L ( ,1) for m >4 have the following form

(1+ y (quk +pkq§f‘ﬁ>> L B=1.2,..N—1, (5.17)

where dy, py are defined by (5.15), (5.16), qi are given in Theorem 5.1.

Proof. Suppose f =1,2,....,N—1. Then from (5.8), using Definition 2.3, equalities
(5.6), (5.14), we have

CIB) = hDw(hB) +u(hB) = h Y Dun(hf — hy)u(hy) =

’)/:—oo

-1 N oo
=h ( Y. Du(hB—hy)u(hy)+ Y Du(hB —hy)u(hy)+ Y, Du(hB —hY)M(hY)> :
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-1
Now, adding and subtracting the expressions i Y, D, (h —hy)fn(hy) and h Z D m(hp —

e =N
hy) fin(hy) to and from the last expression and taking into account Definition 2. 3 we get
m—1 2m_ 1) (1 _qk)Zm-H o0 (h}/)z’"_l
C hB) * fm(hB) + Y
[ﬁ] { ( ﬁ) f B Z h2m quZm—1<Qk) = k 2(27’)’!— 1)'

(h,},)Zm—Z (h,},)Zm—3 1 (h,},)Zm—él 1
Taem—2) T a@m—3) (§+2A> T 0m—a), <Z+3A)

m—1 2m—1—o
+ 2;. 2(2(:3?1_ o)ial (oc-li-l +ocA+oc(oc—1)(a—2)B)

— APy o(—hY) — BPyy_a(—hy) + R, (=hy) = fiu(—hY)

)2m+1 g (h(y+N))2m*1

22m—1)!

Y
k

VE g
2m qrEym—1(qk) =

(R(y+N))> 2 (h(y+N))*" > (1 (h(y+N))*=* (1
TTAQm-2)1 T 4@m-3)! <§+2A)_ 12(2m —4)! (Z+3A)+

"l (h(y+ N (1)
+Z 22m—1—o)!o!

<oc-1|-1 +aA+a(a—1)(a—2)B>

a—4

— APy 2 (h(Y+N)) = BPra(h(y+N)) + R (h(y+N)) = fu(h(y+N))

}.

m—1
C[ﬁ]=h< m(RB) * fn(RB) + Z(querpqu ﬁ))- (5.18)

k=1

Hence taking into account the notations (5.15), (5.16) we obtain

Now using Theorems 5.1, 5.2 and equality (5.2) we get

N (0 e S e e
Din(hB) +J(hB) = Din(hB) ((Zm)! +]§) 2(2m—1—j)!(j+1)!>

2m
Dy (h) * (?212)! =1 (5.19)

Putting (5.19) to equation (5.18) we get (5.17). Theorem 5.3 is proved.
Furthermore we need the following lemmas in the proof of the main results.
Lemma 5.1. The [ollowing identity is taken place

i drqi +pk6]§{v+i.(—1)iHA,~ @ _ (_pyot Z drgl + pray T (= 1)
= (qx—1)i! (1—qp) !

here a and N are natural numbers, dy and py are defined by (5.15), (5.16), AO% is
given in Theorem 2.1, q; are given in Theorem 5.1.

A%, (5.20)

86



Euler-Maclaurin type optimal formulas . .. ISSN 2079-6641

Proof. For the purposes of convenience the left and the right hand sides of (5.20)
we denote by L; and (—1)**!L, respectively, i.e.
a N+ic 1)+l LA Ny
y Kk + Prdy l(+1 )" N0 and L-Y ki + Pig L
i=0 (Qk - 1) i—0 (1 - Qk)

N—I—l( l)i-i-l

L= A0

First consider L;. Using the equality (2.3) and the identity (2.2) for L; consequently
we get

Ll_iquﬁpkqiv“(—l)’“Aioa_ dige l(qupkqgw( 1ot l(l)
= T — - ~~~ 1 La— o
= (qr— 1)1 (g — 1)1 (g — 1)+ qk
__ dak 1(qk)erkq]k\'”‘( D Eqoi(q) _ degitpregy (D ()
= g La- = a— .
(g —1)*+! (g — 1)+t gt (qx— 1)+
(5.21)

Similarly for L, using (2.3) and (2.2) we have

O‘di—l— +l_1i+1. dva® 1 +1
LZ_Z k9 qug ( ) A% — kd (&)_i_(pqu

= ; = i Lol Eq—1(qk
Part (1_qk)z+l (qk—l)o‘+1 a k_1)a+1 o— ( )
drqi prgy drge(—1) %+ prg) !
= Wﬂx—l (qx) + WEa—l (k) = (qr — 1)+ Eq—1(qx)

ot drqr+ pray T (—1)* !
(qx — 1)+t

From (5.21) and (5.22) it is clear, that L; = (—1)**!L,. Lemma 5.1 is proved.
We denote

— (-1 Eo1(a1). (5.22)

1i+1 )
" i, (5.23)

g ;dkCIN+ + Prar(—

1— qk)H—I

Lemma 5.2. The following identities are valid

— _lj+12m2]B h2m]z mB,hjm —1)¢
D D 1L L
S U+HDY 5 @m0 = i Cmt1—j i)
2m—1 j 2m—j i
Bh/ (—1)
LD VTl My ey
jemt+1 Joi=1 b J=U:
and
O A= htlz, _ "il hZj i (—1) N
o G+ = pt@2m—1—j—p)! S U-DFitCm+1—j-i0)!
2m l’lij_] 2m+1—j (_1)1

L (=D!

Jj=m+2

Z ' (2m+1—j—i)

i=1

where B; are Bernoulli numbers and Z; is defined by (5.23).
The proof of Lemma 5.2 is obtained by expansion in powers of 4 of the left sides of
the given identities.
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For the coefficients of the optimal quadrature formulas of the form (1.4) the following
theorem holds.

Theorem 5.4. Among all quadrature formulas of the form (1.4) with the error
functional (1.5) in the space Lgm)(O, 1) for m > 4 there exists unique optimal formula
which coefficients are determined by the following formulas

1 m—1 qN_qk
Cloj=h| 5+ Y : 5.24
[0] (2 kg,l S (5.24)
m—1 8 N-p
k=1
1 m—1 qN_qk
CINJ=h(5+ ), di~ : 5.26
[V] (2 kg k 1— g ( )
=W 5= Y dr—5 |, 5.27
(12 L (3:27)
By 1m—1 3 Qk‘i‘ 1)i+1 +o
B=h' d A0 5.28
(4' 3¢ kz;) (gx— 1) ’ (5-28)
where dy satisfy the [ollowing system of m—1 linear equations
m—1 J Clk+ 1)z+1q§{\/+z o Bj+l
inj _ . —
; ; G A0 = j=4m—1, (5.29)
m=1 J H—l +i
Qk+ i :
PRDN k_l ,+1k NOI=0,  j=2,2m—4,2m—2. (5.30)

Here By are Bernoulli numbers, Ay is the finite difference of order i of ¥/, A0/ is
given in Theorem 2.1, q; are given in Theorem 5.1.
Proof. We consider the first sum of equation (4.1). For this sum we have

B — !

S = ZC[—)_

B (hﬁ)zm 1 hﬁ h’)/)zm 1 (hB—hy)z’"*l
= O, = +ZC 2m—1)! ZCM 202m—1)!

The last two sums of the expression S we denote by

hB hy)Zm 1 _ hB h,},)Zm 1
Zdy o %= ZC'—E:ﬁf
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and we calculate them separately.
By using (5.17) and formulas (2.4), (2.5) for S; we have

B m—1 (hﬁ o h,},)mel
St = Yr{1+ Y (dg/+pegd ) | 2
! yzb( k;(kk Kk )) 2m—1)!

th

[B-1 m—1 ﬁﬁ_l ) Nfﬁﬁ_l
- m z‘bjﬂml + kZ: (quk Z 4q; Typm=1 + pig, Z‘bqZYZm1>]
A= . L )2

B h2m ZXm: (2m—1) 'Boy— Jﬁ]_|_ Z d Gk 2%1 Ai02m—1
R =R ] M T 5 (g 1)
/=1 i=0

B 2m—1 Aip2m—1 2m—1 i
A 1 . _
) ’ }+pqu i { ) (—q" ) Ao

CIk—l = (qe—1) l—qr = \1—qx
B 2m—1 i
qy ( dk ) ip2m—1
— — A .
1 — gy l-z(’) 1 —qx P }”

Taking into account that g are roots of the Euler-Frobenius polynomial Ey,_»(g) and
using Theorem 2.1, we have

2m—1 Ai02m—1 1

(qr—

and additionally using the identity (2.2), we get

2 g N inome 1
L (725) 40 - it a0/ -

i—0 \1—a m

Keeping in mind the last two equalities, for §; we obtain

2m 2m 2 —1 'Boy— 1_d +i_1i )
5 b Z( m—1)!B, igiy Z kCIk-l-qugH( )A,ﬁszl
(2m—1)! j=1 jl2m—j)! =1 (qx— 1)

—1

. 2m
Hence, using the equality A/B?"~!1 = ¥, (z’”—lﬁzm 1=JAl0/ which is based on the
=1

'2m—1—j)!

formula (2.6), the expression for §; we reduce to the following form

(hB)*" (hB)>m~! om =S Bom
Sy = h By +h B
7 2m)! + 2m—1)! L+ Z 12m—j)! L
2m—1 2m—1—j m=1J _g + N+‘( 1)i .o
2 /3 ka Prq
o e B e )
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Now we consider S,. By using equations (4.4)—(4.6) we rewrite the expression S, in
powers of hf3

2m—1
S, = Zc[ %

h 2m—1 ] 2m— l 2m 1— ]
- JZ’(Z(@m—I ZC h”J+Z ZC
(B! <h[3>2'"‘2 (hB)>=3 (1 (hﬁ)z’"—“ 1
B 2(2m—1) ~42m—2)! +4(2m—3)!(§+2A)_M(Z+3A)
+Z (hB)>" I (=1)/

<jll+jA+j(j—1>(j—2>B>

2(2m—1—j)!j!
+2m l hﬁ)zm - j( 04 ic[y](hy)j. (5.32)
J)-J! 7=0

Substituting (5.2) and S into equation (4.1) and using (5.31), (5.32) we have

(hB)>" (hB)>"! (hB)Z’” L % Bome th’" (hB)!
(2m)! am—11 am Bt Z : 1(2m— j)!

+2’”Z_1 R ()21 ol L —diqr + prg T (—1)
=0 j'12m—1—j)! k—=1i=0 (Qk_l)l—H

(nB)>"—" (hB)*™ 2 (hB)*™ (1 (hB)** (1
2(2m—1)! +4(2m—2)' ~ 4(2m—3)! (§+2A> T am—a)n! (Z+3A> -

thljlj
—Z (nB) (=1)

+Cl0]

A/ —

(ji1+jA+j<j—1><j—2>B)—

2(2m—1—j)!j!
2m—1 (hﬁ)Zm—lfj(_l)j N ) (hﬁ)szz
_Z;n 22m—1—j)ij! YZ;)CWM)J_Az(zm—z)!

2m—2 hﬁ)Zm 2— ]( 1)] (hﬁ)2m74 2m—4 (h,8)2m 4— ]( 1)
0 2-j!-(2m—2— ]). 2(2m—4)!_ ;)21! 2m—4—j)! +Z7La (hB)*

a=0

—A

( 2m  2m—1 hﬁ)Zm—l—j
* Z 2m—1— MG+

Hence equating coefficients of (hB)J for j=0,m—1 we have

1 B A 1 N .
Ao = 20m)! T 2em—4) T 2em =20 T2m—1—j) Z{,CM( )
A= (=1 B(-1)/ A(—1)]

202m— )l 22m—4— )l 22m—2— j)I]!

n2m=i m_12m AT g+ pkqgﬂ(— 1)

_ Aioszlfj
R
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11— B2m7 ’h2m7j<hﬁ)j .
Cly)(=hy)>" 17— = =T,m—1 :
+2(2m—1— Z Aam—j o AT bmmLo (533

and equating coefficients of (hB)/ for j=m,2m—>5 and for j=2m—4,2m— 1 we respectively
get equations (5.34) and (5.35)-(5.38)

lj+4dek+kaIN+l( i+t B;
+4 _ Pj+s .
ZZ a0 = TGS, (5.34)
v v _dek+quN+ ) o
Z’ ;) — )it L a0 =0, (5.35)
1 S prgl — digr
COl=h{5+) —— |, 5.36
[0] (2 1;1 p— (5.36)
L du
A=n| - ), 5.37
(12 L (- (5:37)
1=V 3 dgr+ prgl (1)
B=h'|—oos+ 5 A | . 5.38
( 720 3! Z’lz’ (qx — 1)it! ( )
Substituting the expressions (5.36) into (4.4) when i =0, also taking into account (5.17),
g

we find C[N] which have the following form

1 m—ld N
CIN]=h | 5+ Y, S Pk (5.39)
2 o -

Now, putting the values (5.33) of 4; into (4.2) and (4.3), we respectively get equation
(5.40) and the system of equations (5.41)-(5.45) for unknowns d; and py, i.e. we get the
following system of equations

—12m-2 4 ()it —12m—2 +i
qu+quN i2mea drqy +Pka( D
P I M M e U R
—1j— ld N+i -1 i+1 o B: _
Z Z kq +kak( ) AlO]_l = _-Jv .]: , M, (541)
m—1 3 d +i H—l N+i i+1
qu+Pk6]N 3 drq; '+ prgr(—1) in3
Z Z - 1)’“ AIQ® = Z Z = g™ A'O%, (5.42)
m—1 2 d +i + 1 i+1 )
Z Z qu pqu( : ) Aloz _ 07 (543)
=5 (1 —qi)™
k+PkC]}kV+1 _ = g+ prgr (5.44)
k=1 9k — 1) k=1 (1 _Qk)z ’
—12m—4 4 ()i +i
vdh + prgy T o4 Ydeg) T+ prgr(—DF
Z Z 1—qk)l+1 A'Q*m Z Z (g A0 (5.45)
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Thus, for 2m—2 unknowns dj and py (k= 1,m— 1) we have got 2m —2 equations (5.34)-
(5.35) and (5.40)-(5.45).

Now, subtracting (5.34) from (5.41) and (5.35) from (5.43) and combining with
(5.42), (5.44) we get the following m — 1 equations

m—1 j +i i+1
R A G VRN —
k;(dk—pk);) (qkk—l)iH A0 =0, j=T,m—1, (5.46)

Taking into account uniqueness of the optimal coefficients, we conclude, that the
homogeneous system of linear equations (5.46) has trivial solution. This means, that
dv=pr, k=1,2,....m—1. (5.47)

Then, using (5.50), from (5.34), (5.35), (5.40) and (5.45) we get (5.29), (5.30), and
from (5.17), (5.36)-(5.39) we obtain (5.24)-(5.28).
Theorem 5.4 is proved.

5.2. The norm of the error functional of optimal quadrature formulas
of the form (1.4)

The following holds
Theorem 5.5. For square of the norm of the error functional (1.5) of the optimal

quadrature formula (1.4) on the space Lgm) (0,1) for m > 4 the following equality is
valid

HZ LI (0, 1) H _ (—1y! [ e y ol l+1

where di are determined [rom the system (5.29)—(5.30), By, are Bernoulli numbers,
A0?" s given in Theorem 2.1, qi are given in Theorem 5.1.
Proof. Computing definite integrals in the expression (3.5) of ||¢||> we get

IhB hy>!

Eo(igen i

—fm(hB) —APoy—2(hB) — BPyy—4(hf) } — fm(hB) — APyy—2(h) — BPyy—4(hp ))

2A 2B+ A? 2AB B2 1 ]

2m 2m+1 m—1 +i l+1 )
Boyh 2h Z kZ dk +qN AzOZm] ,

lel* = (=1)

Tom—0  @m=3) T em=5)  @m=7)  m+ 1)

where f,,(hf) is defined by formula (5.2). As is obvious from here according to (4.1) the

m—1
expression into curly brackets is equal to the polynomial — ¥ Aq(hB)%. Then ||¢||* has
a=0

the form

e = (="

N m—1
Y. ClB] <— ) lj(hﬁ)j—fm(hﬁ)>
B=0 j=0

N N
—A'Y C[BIPyn—2(hB)—B Y, C[B]Pon4(hB)
B=0 B=0
2A 2B+ A? 2AB B? 1

Tom—0 T em=3) T em=s) T m=7)  m+ 1)
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Hence using (4.2) and (4.3) we get
m—1 N ) N
le? = (1" | =¥ 4 Y CIBI(hB) = Y. CIB1f(nB)
j=0  B=0 B=0

m—1 m—1
+A Y jA+BY j(i—1)(j—2)A;
j=2 j=4
A B 1

Tom—0t T em=3n T Gmr 1)

From here, after some simplifications, using (5.33), (5.2) and (4.4)-(4.6), we have

||€||2 — (—l)m _le ‘ <_1)/+1 ‘ ic[,y](hy)Zm—l—j
S Grnem—1-j) &
_mzl h2m—j mzldem—l—j Qk+q§<v+i(_1)i+lAi02m—l—j
j=0 (j+1)!(2m_1_j)!k:1 -0 (‘]k_l)l+1
= (=1)/ = B(-1)/

_~0(j+1).(2m ! Z (J+D!'2m—4— )
3

Al(—1)/ m-1  p o p2m—j
-y ,( ) —+y
= (J+D12m—2-))! = (j+D)!(2m—j)!

A n B n 1
Cm—1)! (2m-=3)!  (2m+1)!

(5.48)

When a > m—1, using (5.17) and formulas (2.4)-(2.6), we get

N 1 ol alByii_j .
C h o _ + J hOH—l—]
L Com® =y j:Z'lj!(a+l—j)!

qu +pkq]V+l i+1 )
+1 k ino
pieet At Dt L

_ZO‘: ol Ml digy T+ prgy (— 1)
j= 1](05 ]) k=1i=0 (1_‘]k)l+l
Using Lemmas 5.1, 5.2 and taking into account (2.1), (2.3) and (5.49), after some
simplifications, from (5.48) we have

AQ/. (5.49)

B h2m h2m+lz
10 = (—1)™ | Ky + Ko — — 2

(2m)! (2m)!
h2m+1m 1 2m ;{_,’_qN+1 l+l -
( Z kZ 1_Clk H—l A0
TR AP
=g BiCmrl—i— ) & (-1 S 2m+1—z— i
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m—4 j m—2 i
B(—1)/ Al(=1)/
+Z-.2( : vl 2( 1> , (5.50)
j:()].(m—S—]). jO]<m— —j)!
where
WZ;\ / —1)! Wz,
fi= L ']I'Z'v2<1)' STED Dy TG e
o =D A i2mt =i )t (= 1)I2m+1— )
_ 2Zm LS S o VN 2Zm Wz (11t
A G- & iCmAT—i= ) A (1) 2m 1= )
and
2m—1 pjp . 2m—j i 2m—1 .
WiB; (1) WiB,
K, = — Z m Z 2m1—ie .)’—|- Z T2mr1— )
j=m+1 1o iz b DY ! J)!

_2mzl thj zmz"—j (_1)i B 1
, I\ & iemt1—i—j) Q2m+1- )

j=m+1 i

St wB (1) -1\
== L j!]((2m+1—j)!)_0

Jj=m+1

Since K; = K; =0 then from (5.50) we get the following

I
(2m)!  (2m)! = 1)i+l
h2m+1 m—1 k+qN+1 H—l

Z Z (1—qi) t+1 Aiozm]

Hance using Lemma 5.1 we have the statement of the theorem.

Theorem 5.5 is proved.

In particular, from Theorems 5.4 and 5.5 for the cases m =4,5 we get the following
corollary which confirm optimality of the classical Euler-Maclaurin quadrature formula
in the space Lém)(O, 1) when m=4,5.

Corollary In the space Lgm) (0,1), m=4,5 among all quadrature formulas of the
form (1.4) with the error functional (1.5) there exists unique optimal formula whose
coefficients are determined by the following formulas

h
_J 3 B=0N,
ClB] {h, B=1,N—-1,
2 4
A=l g I
12 720

Furthermore for square of the norm of the error functional the following is valid

h*"B
HE\L (0, 1)” :(—1)m+1(27>2;”, m=4,5.
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6. Numerical results

[t should be noted that constructed optimal quadrature formulas of the form (1.4) with
the error functional (1.5), the coefficients which are determined by formulas (5.24)-(5.28)
are exact for monomials x%*, oo =0,...,m—1. This statement is also checked numerically.

Clearly, the optimal coefficients (5.24)-(5.28) depend only on the roots g; (where
lgx] < 1) of the Euler-Frobenius polynomial Ep,_2(g), which is defined by formula (2.1).
Therefore to obtain numerical values of the coefficients C[B] (8 =0,1,...,N), A, B it
is sufficient to calculate the roots of the Euler-Frobenius polynomial Ej,_»(q), whose
absolute values are less than 1.

[t should be noted that for m =2,3,...;7 the Euler-Frobenius polynomials E5,_2(q)
and their roots are given in [23]. Below we consider some particular cases.

We consider the case m =6. In this case we obtain the optimal quadrature formulas

of the form (1.4) in the space L§6) (0,1). Here we need the roots g, of the Euler-Frobenius

polynomial Ejo(g), in which |gx| < 1. From (2.1) we get

Eio(g) = 142036g+ 152637¢> 422034884 +97381144"
+157242484° + 97381144° + 22034884 + 1526374% 4+ 20364° + ¢'°.

and the roots g of this polynomial, whose absolute values less than 1 are

q1 = —0.00051055753444650205713591952840749392417989252,
g2 = —0.01666962736623465609658583608981508371547272055,
q3 = —0.08975959979371330994414267655614154254756196601, (6.1)
qa = —0.27218034929478588568629528025828776815123525956,
g5 = —0.66126606890073470691013126292248166961816286716.

Now we give table of values of the coelficients of the optimal quadrature formula of
the form (1.4) for the case m =6 and N = 10. For m =6 and N = 10 solving the system
(5.29)-(5.30) and using (6.1) from (5.24)-(5.28) we get the following optimal quadrature

formula of the form (1.4) in the space L§4) (0,1)

1 10
/¢(x)dx = BZ C[Ble(0.18) +A(¢'(0) — ¢'(1)) + B(¢"'(0) — 0" (1)). (6.2)
5 —0

The coefficients of the optimal formula (6.2) are presented in Table 1.
Using Theorem 5.5 we get the following estimation of the formula (6.2)

1(6,0)| < |@|L¥(0,1)]| -0.24989492918 x 10710, (6.3)

As it was noted in introduction the error of the optimal quadrature formula (1.4) is
estimated by the norm ||¢|| which is given in Theorem 5.5., i.e.

1(8,0)] < [l@/LS™ (0, 1)] [121LY™* (0, 1)]].

Numerical results of ||| for the cases m =4,5,6,7 and N = 10, 50, 100 are given in
Table 2.

95



ISSN 2079-6641 Hayotov A.R., et al.

Table 1
The coetiicients of the optimal quadrature formula (6.3).
C[0] = 0.0497668123352824127234689329023
C[1] = 0.1004149880826437216520334950106
C[2] 0.0996945183368890756257025927425
C[3] 0.1002114315494163091062049537068
C[4] 0.0998395174169098402529374943719
C[5] 0.1001454645577172812793050625314
C[6] 0.0998395174169098402529374943719
C[7] 0.1002114315494163091062049537068
C[8] 0.0996945183368890756257025927425
C[9] 0.1004149880826437216520334950106
C[10] 0.0497668123352824127234689329023
A = 0.0008207935968426995516167321994353
B = —0.00000012495765008009292800730370565
Table 2

Numerical results of ||/|| for the cases m =4,5,6,7
and N = 10, 50, 100.

N =150

N=10 N =100

0.909241 x 10~ 7

0.145478 x 107°

0.909241 x 1011

0.144487 x 1073

0.462361 x 10~12

0.144487 x 1013

0.249894 x 1010

0.149789 x 1014

0.231969 x 1010

S| 3| 3| 3
|
<9 o vl &

0.610131 x 10712

0.548027 x 1017

0.398205 x 10~

These numerical results show that the error of the optimal quadrature formula
decreases as m and N increase.
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3HaueHUH MOABIHTErpaJbHOH (PYHKUUH B y3/JaX U 3HAUEHWH NepBOH W TpeTbel MPOU3BOAHBIX
TOLIHTETPAJIbHON (PYHKIHMH Ha KOHIIAX HHTepBaJa UHTerpupoBanus. HawneHsl koadpduureH-
Thl ONTHUMAaJIbHBIX KBaApPaTypHbIX (POPMYN U BBIYUCJEHa HOpPMa ONTHUMAaJbHOro (PyHKLHOHaMa
MOTPELUHOCTH AJs J0O0ro HaTypasibHoro yucsaa N > m—3 U as aboro m > 4, UCNONb3Ys
metop C.JI. CoboJsieBa KOTOPBIH OCHOBBIBAeTCsl Ha AMCKPETHBHIH aHaJ/or AU (epeHHanbHOro
onepatopa d*"/dx*". B yacTHOCTH, MpU m =4 ¥ m =5 TOJyYeH ONTHMaJNbHOCTb KJAcCH-
yeckoir (opmysel Diinepa-Makaopena. Hauvnas ¢ m = 6 mosydeHbl HOBble ONTHMAaJbHbIE

KBajpaTypHble (popMyJbl. B KoHILle paboThbl IpHBeJaHbl HEKOTOPble UHCJEHHble pe3yJibTaThl.

Karouesvie carosa: onmumanvhole K8adpamypHole Gopmyavl, GYHKYUUOHANL NOSPEULHO-
cmu, akempemarvias Qynkuus, npocmparncmeo Cobosesa, onmumarvHvle KO3IQhuuyuen-
meot.

DOI: 10.26117/2079-6641-2020-32-3-75-101
[Toctynuaa B penaxuuio: 01.09.2020 B okonuartenbHoMm BapuaHnTte: 10.10.2020

Has murupoBanus. Hayotov A.R., Nuraliev F. A., Parovik R.I., Shadimetov Kh. M. Euler-
Maclaurin type optimal formulas for numerical integration in Sobolev space // Becmuux KPA-
YHL]. ®Pus.-mam. nayxku. 2020. T.32. Ne 3. C. 75-101. DOI: 10.26117/2079-6641-2020-32-3-75-
101

Konkypupylomue uHTepechl. ABTOPE! 3asBJSIOT, UTO KOH(JIHUKTOB UHTEPECOB B OTHOLIEHHH
aBTOPCTBA M MyOJMKALHUK HeT.

ABTOpCKMI BKJIaJ M OTBeTCBEHHOCTb. Bce aBTOpbl yyacTBOBa/JM B HANMUCAHHUU CTaTbHU U
TIOJIHOCTbIO HECYT OTBETCTBEHHOCTb 3a MPeJOCTaBJeHHe OKOHYATeNbHOH BePCHH CTaTbH B MeyaTb.
OxoHuaTe/bHasl BepCUSl PYKONUCH Obla 0f00peHa BCeMU aBTOPAMH.

Konmenm nybauxkyemcs na ycaosusx auuenduu Creative Commons Attribution 4.0 International
(https://creativecommons.org/licenses/by/4.0/deed.ru)
©) Xaéro A.P. u np., 2020

(I)I/IHaHCI/IPOBaHI/Ie. I/ICCJ'IGIIOBaHI/Ie BBINOJIHAJIOCh 0€3 qI)I/IHaHCI/IpOBaHI/IH

101



