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1. Introduction. Statement of the problem

We consider the following general quadrature formula

1∫
0

p(x)ϕ(x)dx∼=
N

∑
β=0

α

∑
j=0

Cβ jϕ
( j)(xβ ) (1.1)

Funding. This research received no specific grant from any funding agency in the public,
commercial, or not-for-profit sectors
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with the error functional

`(x) = p(x)ε[0,1](x)−
N

∑
β=0

α

∑
j=0

(−1) jCβ jδ
( j)(x− xβ ) (1.2)

in a Banach space B. Here Cβ j are the coefficients and xβ are the nodes of the formula
(1.1), N = 1,2, ..., α = 0,1, ..., p(x) is a weight function, ε[0,1](x) is the characteristic
function of the interval [0,1], δ (x) is the Dirac delta-function, ϕ is an element of the
space B.

The difference

(`,ϕ) =

∞∫
−∞

`(x)ϕ(x)dx =
1∫

0

p(x)ϕ(x)dx−
N

∑
β=0

α

∑
j=0

Cβ jϕ
( j)(xβ ) (1.3)

is called the error of the quadrature formula (1.1).
By the Cauchy-Schwarz inequality

|(`,ϕ)| ≤ ‖ϕ|B‖ · ‖`|B∗‖

the error (1.3) of the formula (1.1) is estimated with the help of the norm of the error
functional (1.2) in the conjugate space B∗, i.e. by

‖`|B∗‖= sup
‖ϕ|B‖=1

|(`,ϕ)|.

Thus estimation of the error (1.3) of the quadrature formula (1.1) on functions of the
space B is reduced to finding the norm of the error functional ` in the conjugate space
B∗.

Obviously the norm of the error functional ` depends on the coefficients and the
nodes of the quadrature formula (1.1). The problem of finding the minimum of the
norm of the error functional ` by coefficients and by nodes is called the S.M. Nikol’skii
problem, and the obtained formula is called the optimal quadrature formula in the sense
of Nikol’skii. This problem was first considered by S.M. Nikol’skii [21], and continued
by many authors, see e.g. [3, 4, 7, 8, 22, 42] and references therein. Minimization of
the norm of the error functional ` by coefficients when the nodes are fixed is called
Sard’s problem. And the obtained formula is called the optimal quadrature formula in
the sense of Sard. First this problem was investigated by A. Sard [23].

The results of this paper are related to Sard’s problem. So here we discuss some of
the previous results about optimal quadrature formulas in the sense of Sard which are
closely connected to our results.

There are several methods of construction of optimal quadrature formulas in the sense
of Sard such as spline method, ϕ− function method (see e.g. [3, 25]) and Sobolev’s
method which is based on construction of discrete analogue of a linear differential
operator (see e.g. [38, 39]). In the different spaces, based on these methods, the Sard’s
problem was investigated by many authors, see, for example, [1, 2, 3, 5, 6, 7, 9, 10, 12,
14, 15, 16, 17, 18, 19, 20, 24, 25, 26, 27, 29, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41] and
references therein.

In the paper [25], using spline method, optimality of the classical Euler-Maclaurin
formula was proved and the error of this quadrature formula is calculated in L(m)

2 (0,n),
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where L(m)
2 (0,n) is the space of functions which are square integrable with m-th generalized

derivative.
Let W m

Lp
(m = 1,2, ..., 1 ≤ p ≤ ∞) be a class of functions f , having on the [0,1]

(m−1)- absolute continues derivative and ‖ f (m)‖p ≤ 1, where ‖ · ‖p = ‖ · ‖Lp(0,1). In [42]
it is proved, that among quadrature formulas (1.1) when p(x) = 1 the Euler-Maclaurin
quadrature formula is optimal in the space W m

Lp
. And in [31] optimality of the lattice

cubature formulas of Euler-Maclaurin type is proved in the space L(m)
2 .

Using ϕ-function method optimality of the Euler-Maclaurin quadrature formula is
proved and the error of this formula is calculated by T. Catinaş and Gh. Coman [7]
in the space L(2)

2 (0,1). Also using this method in [18] a procedure of construction of
quadrature formulas of the form (1.1), which are exact for solutions of linear differential
equations and are optimal in the sense of Sard is discussed.

It should be noted, that in applications the formula (1.1) is interesting for small values
of α. Optimal quadrature formulas in the sense of Sard for the case α = 0 has already
been discussed by many authors, mainly in the space L(m)

2 (see [2, 3, 7, 9, 10, 12, 15,
17, 18, 19, 20, 24, 25, 26, 27, 29, 32, 33, 37, 38, 39, 40, 41] and references therein).

The main aim of this paper is to construct optimal quadrature formulas of the form
(1.1) in the sense of Sard for the case α = 3 when p(x) = 1 and xβ = hβ in the space

L(m)
2 (0,1) equipped with the norm

‖ϕ(x)‖
L(m)

2 (0,1)
=


1∫

0

(ϕ(m)(x))2dx


1/2

and
1∫
0
(ϕ(m)(x))2dx < ∞.

We use the Sobolev method [38, 39] which is based on the discrete analogue of the
differential operator d2m/dx2m. We consider the following quadrature formula

1∫
0

ϕ(x)dx∼=
N

∑
β=0

C[β ]ϕ(hβ )+A
(

ϕ
′(0)−ϕ

′(1)
)
+B
(

ϕ
′′′(0)−ϕ

′′′(1)
)

(1.4)

with the error functional

`(x) = ε[0,1](x)−
N

∑
β=0

C[β ]δ (x−hβ )+A
(

δ
′(x)−δ

′(x−1)
)
+B
(

δ
′′′(x)−δ

′′′(x−1)
)
(1.5)

in the space L(m)
2 (0,1) for m≥ 4. Here C[β ], β = 0,N, A and B are the coefficients of the

formula (1.4), h = 1
N , N is a natural number.

For the error functional (1.5) to be defined on the space L(m)
2 (0,1) it is necessary to

impose the following conditions (see [37])

(`(x),xα) = 0, α = 0,1,2, ...,m−1. (1.6)

Hence it is clear that for existence of the quadrature formulas of the form (1.4) the
condition N ≥ m−3 has to be met.
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It should be noted that here in after ` means the functional (1.5).
As was noted above by the Cauchy-Schwarz inequality, the error of the formula

(1.4) is estimated by the norm ‖`|L(m)∗
2 (0,1)‖ of the error functional (1.5). Furthermore

the norm of the error functional (1.5) depends on the coefficients C[β ], A and B. We
minimize the norm of the error functional (1.5) by the coefficients C[β ], A and B, i.e.,
we find ∥∥∥◦` |L(m)∗

2

∥∥∥= inf
C[β ],A,B

∥∥∥`|L(m)∗
2

∥∥∥ . (1.7)

The coefficients C[β ], A and B which satisfy the equality (1.7) is called the optimal
coefficients and denoted by C̊[β ], Å and B̊ and the corresponding quadrature formula
is called the optimal quadrature formula in the sense of Sard. In the sequel, for the
purposes of convenience the optimal coefficients C̊[β ], Å and B̊ will be denoted as C[β ],
A and B.

Thus to construct optimal quadrature formulas in the form (1.4) in the sense of Sard
we have to consequently solve the following problems.

Problem 1. Find the norm of the error functional (1.5) of the quadrature formula
of the form (1.4) in the space L(m)∗

2 (0,1).
Problem 2. Find coefficients C[β ], A and B which satisfy the equality (1.7).
The rest of the paper is organized as follows. In section 2 we give some definitions

and known formulas. In section 3 we determine the extremal function which corresponds
to the error functional ` and give a representation of the norm of the error functional
(1.5). Section 4 is devoted to a minimization of ‖`‖2 with respect to the coefficients
C[β ], A and B. We obtain a system of linear equations for the coefficients of the optimal

quadrature formula of the form (1.4) in the sense of Sard in the space L(m)
2 (0,1). Explicit

formulas for coefficients of the optimal quadrature formula of the form (1.4) are found
in subsection 5.1. Moreover we calculate the norm of the error functional (1.5) of the
optimal quadrature formula of the form (1.4) in subsection 5.2. Finally, at the end of the
paper we present some numerical results.

2. Definitions and known formulas

In this section we give some definitions and formulas that we need to prove the main
results.

Here the main concept used is that of functions of discrete arguments and operations
on them (see. [37, 39]). For the purposes of completeness we give some definitions
about functions of discrete argument.

Assume that ϕ and ψ are real-valued functions of real variable and are defined in
real line R.

Definition 2.1. Function ϕ(hβ ) is called the function of discrete argument, if it is
given on some set of integer values of β .

Definition 2.2. The inner product of two discrete functions ϕ(hβ ) and ψ(hβ ) is
called the number

[ϕ,ψ] =
∞

∑
β=−∞

ϕ(hβ ) ·ψ(hβ ),

if the series on the right hand side of the last equality converges absolutely.
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Definition 2.3. The convolution of two discrete functions ϕ(hβ ) and ψ(hβ ) is called
the inner product

ϕ(hβ )∗ψ(hβ ) = [ϕ(hγ),ψ(hβ −hγ)] =
∞

∑
γ=−∞

ϕ(hγ) ·ψ(hβ −hγ).

The Euler-Frobenius polynomials Ek(x), k= 1,2, ... is defined by the following formula
[39]

Ek(x) =
(1− x)k+2

x

(
x

d
dx

)k x
(1− x)2 , (2.1)

E0(x) = 1.
For the Euler-Frobenius polynomials Ek(x) the following identity holds

Ek(x) = xkEk

(
1
x

)
, (2.2)

and also the following theorem is true
Theorem 2.1 (Lemma 3 of [28]). Polynomial Qk(x) which is defined by the formula

Qk(x) = (x−1)k+1
k+1

∑
i=0

∆i0k+1

(x−1)i (2.3)

is the Euler-Frobenius polynomial (2.1) of degree k, i.e. Qk(x) = Ek(x), where ∆i0k =

∑
i
l=1(−1)i−lCl

i l
k.

The following formula is valid [13]:

n−1

∑
γ=0

qγ
γ

k =
1

1−q

k

∑
i=0

(
q

1−q

)i

∆
i0k− qn

1−q

k

∑
i=0

(
q

1−q

)i

∆
i
γ

k|γ=n, (2.4)

where ∆iγk is the finite difference of order i of γk, q is ratio of a geometric progression.
At last we give the following well known formulas from [11]

β−1

∑
γ=0

γ
k =

k+1

∑
j=1

k!Bk+1− j

j!(k+1− j)!
β

j, (2.5)

where Bk+1− j are Bernoulli numbers,

∆
αxν =

ν

∑
p=0

Cp
ν ∆

α0pxν−p. (2.6)

3. The extremal function and the representation of the error functional

norm

To solve Problem 1, i.e., for finding the norm of the error functional (1.5) in the
space L(m)

2 (0,1) a concept of the extremal function is used [37]. The function ψ` is said
to be the extremal function of the error functional (1.5) if the following equality holds

(`,ψ`) =
∥∥∥`|L(m)∗

2

∥∥∥∥∥∥ψ`|L
(m)
2

∥∥∥ . (3.1)
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In the space L(m)
2 the extremal function ψ` of a functional ` was found by S.L. Sobolev

[37, 39]. This extremal function has the form

ψ`(x) = (−1)m`(x)∗G(x)+Pm−1(x), (3.2)

where

G(x) =
|x|2m−1

2 · (2m−1)!
(3.3)

is a solution of the equation
d2m

dx2m G(x) = δ (x), (3.4)

Pm−1(x) is a polynomial of degree m−1, the symbol * is operation of convolution, i.e.

f (x)∗g(x) =
∞∫
−∞

f (x− y)g(y)dy =
∞∫
−∞

f (y)g(x− y)dy.

It is well known that for any functional ` in L(m)∗
2 the equality

‖`|L(m)∗
2 (0,1)‖2 = (`,ψ`) = (`(x),(−1)m`(x)∗G(x)) =

=

∞∫
−∞

`(x)

(−1)m
∞∫
−∞

`(y)G(x− y)dy

dx

holds [37].
Applying this equality to the error functional (1.5) we obtain the following

‖`‖2 = (`,ψ`) =

= (−1)m

[
N

∑
β=0

N

∑
γ=0

C[β ]C[γ]
|hβ −hγ|2m−1

2(2m−1)!
−2

N

∑
β=0

C[β ]

1∫
0

|x−hβ |2m−1

2(2m−1)!
dx−

−2A
N

∑
β=0

C[β ]P2m−2(hβ )−2B
N

∑
β=0

C[β ]P2m−4(hβ )+
2A

(2m−1)!
+

+
2B+A2

(2m−3)!
+

2AB
(2m−5)!

+
B2

(2m−7)!
− 1

(2m+1)!

]
, (3.5)

where Pk(hβ ) = (hβ )k+(1−hβ )k

2k! .
Thus Problem 1 is solved for quadrature formulas of the form (1.4) in the space

L(m)
2 (0,1).

4. The system for optimal coefficients of the quadrature formula (1.4)

Now we investigate Problem 2. For finding the minimum of ‖`‖2 under the conditions
(1.6) the Lagrange method is used. For this we consider the following function

Ψ = ‖`‖2−2 · (−1)m
m−1

∑
α=0

λα(`(x),xα),
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where λα are unknown multipliers. The function Ψ is the multidimensional function with
respect to the coefficients C[β ], A, B and λα . Equating to zero partial derivatives of Ψ

by coefficients C[β ], A and B, together with the conditions (1.6) we get the following
system of linear equations

N

∑
γ=0

C[γ]
|hβ −hγ|2m−1

2(2m−1)!
−AP2m−2(hβ )−

−BP2m−4(hβ )+
m−1

∑
α=0

λα(hβ )α = fm(hβ ), β = 0,N, (4.1)

N

∑
β=0

C[β ]P2m−2(hβ )− A
(2m−3)!

− B
(2m−5)!

+
m−1

∑
α=2

α ·λα =
1

(2m−1)!
, (4.2)

N

∑
β=0

C[β ]P2m−4(hβ )− A
(2m−5)!

− B
(2m−7)!

+

+
m−1

∑
α=4

α(α−1)(α−2) ·λα =
1

(2m−3)!
, (4.3)

N

∑
β=0

C[β ](hβ )i =
1

i+1
, i = 0,1, (4.4)

N

∑
β=0

C[β ](hβ )i− iA =
1

i+1
, i = 2,3, (4.5)

N

∑
β=0

C[β ](hβ )i− iA− i(i−1)(i−2)B =
1

i+1
, i = 4,m−1, (4.6)

where Pk(hβ ) = (hβ )k+(1−hβ )k

2k! , fm(hβ ) =
1∫
0

|x−hβ |2m−1

2(2m−1)! dx.

The system (4.1)-(4.6) is called the discrete system of Wiener-Hopf type for the
optimal coefficients [37, 39]. In the system (4.1)-(4.6) the coefficients C[β ], β = 0,N,
A and B, and also λα , α = 0,m−1 are unknowns. The system (4.1)-(4.6) has unique
solution and this solution gives the minimum to the ‖`‖2. Here we omitted the proof
of the existence and uniqueness of the solution of the system (4.1) - (4.6). The proof
of the existence and uniqueness of the solution of this system is as the proof of the
existence and uniqueness of the solution of the discrete Wiener-Hopf type system of the
optimal coefficients in the space L(m)

2 (0,1) for quadrature formulas of the form (1.1) for
the case α = 0 (see [37, 39]). It should be noted, that in [18] the uniqueness of optimal
quadrature formulas in the Sard sense of the form (1.1) is discussed.

5. The coefficients and the norm of the error functional of optimal

quadrature formulas

In the present section we study the solution of the system (4.1)-(4.6). To solve this
system we use the approach which was suggested by S.L. Sobolev in [38].
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5.1. The coefficients of optimal quadrature formulas of the form

(1.4)

Suppose that C[β ] = 0 for β < 0 and β > N. Using Definition 2.3 we rewrite the
equation (4.1) in the convolution form:

C[β ]∗ |hβ |2m−1

2(2m−1)!
−AP2m−2(hβ )−BP2m−4(hβ )+

m−1

∑
α=0

λα(hβ )α = fm(hβ ), β = 0,N, (5.1)

where

fm(hβ ) =
(hβ )2m

(2m)!
+

2m−1

∑
j=0

(−hβ )2m−1− j

2(2m−1− j)! · ( j+1)!
. (5.2)

We consider the following problem.
Problem A. Find the discrete function C[β ] and unknown coefficients A, B, λα ,

which satisfy the system (4.1)-(4.6).
Further, instead of C[β ] we introduce the functions

v(hβ ) =C[β ]∗ |hβ |2m−1

2(2m−1)!
, (5.3)

u(hβ ) = v(hβ )−AP2m−2(hβ )−BP2m−4(hβ )+
m−1

∑
α=0

λα(hβ )α . (5.4)

In this statement it is necessary to express C[β ] by the function u(hβ ). For this we
need such operator Dm(hβ ), which satisfies the equation

hDm(hβ )∗G(hβ ) = δ (hβ ), (5.5)

where G(hβ ) = |hβ |2m−1

2(2m−1)! is the discrete argument function corresponding to G(x) defined
by (3.3), δ (hβ ) is equal to 0 when β 6= 0 and is equal to 1 when β = 0, i.e. δ (hβ ) is the
discrete delta-function. The equation (5.5) is the discrete analogue of equation (3.4). So
the discrete function Dm(hβ ) is called the discrete analogue of the differential operator
d2m/dx2m [37].

It should be noted that the operator Dm(hβ ) was firstly introduced and investigated
by S.L. Sobolev [37].

In [30] the discrete analogue Dm(hβ ) of the differential operator d2m/dx2m, which
satisfies equation (5.5), is constructed and the following theorem is proved.

Theorem 5.1. The discrete analogue of the differential operator d2m/dx2m has the
form

Dm(hβ ) =
(2m−1)!

h2m



m−1

∑
k=1

(1−qk)
2m+1q|β |k

qkE2m−1(qk)
for |β | ≥ 2,

1+
m−1

∑
k=1

(1−qk)
2m+1

E2m−1(qk)
for |β |= 1,

−22m−1 +
m−1

∑
k=1

(1−qk)
2m+1

qkE2m−1(qk)
for β = 0,

(5.6)

where E2m−1(q) is the Euler-Frobenius polynomial of degree 2m−1, qk are the roots of
the Euler-Frobenius polynomial E2m−2(q), |qk|< 1, h is a small positive parameter.
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Furthermore several properties of the discrete argument function Dm(hβ ) were proved
in [30]. Here we give the following property of the discrete argument function Dm(hβ )
which we need in our computations.

Theorem 5.2. The discrete argument function Dm(hβ ) and the monomials (hβ )k

are related to each other as follows
∞

∑
β=−∞

Dm(hβ )(hβ )k =

{
0 when 0≤ k ≤ 2m−1,
(2m)! when k = 2m,

(5.7)

∞

∑
β=−∞

Dm(hβ )(hβ )k =


0 when 2m+1≤ k ≤ 4m−1,
h2m(4m)!B2m

(2m)!
when k = 4m,

where B2m is the Bernoulli number.

Then, taking into account (5.5) and Theorems 5.1, 5.2, for the optimal coefficients
C[β ] we have

C[β ] = hDm(hβ )∗u(hβ ). (5.8)

So, if we find the function u(hβ ), then the optimal coefficients C[β ] will be found
from equality (5.8).

To calculate the convolution (5.8) it is required to find the representation of the
function u(hβ ) for all integer values of β . From the equality (5.1) we get, that u(hβ ) =
fm(hβ ) when hβ ∈ [0,1], where fm(hβ ) is defined by equality (5.2). Now we need to find
the representation of the function u(hβ ) when β < 0 and β > N.

Since C[β ] = 0 when hβ /∈ [0,1], then

C[β ] = hDm(hβ )∗u(hβ ) = 0, hβ /∈ [0,1].

Now we calculate the convolution v(hβ ) =C[β ]∗ |hβ |2m−1

2(2m−1)! when hβ /∈ [0,1].
Suppose β < 0, then taking into account (4.4)-(4.6), we have

v(hβ ) = C[β ]∗ |hβ |2m−1

2(2m−1)!
=

∞

∑
γ=−∞

C[γ]
|hβ −hγ|2m−1

2(2m−1)!

= −
m−1

∑
α=0

(hβ )2m−1−α(−1)α

2(2m−1−α)!α!

N

∑
γ=0

C[γ](hγ)α −
2m−1

∑
α=m

(hβ )2m−1−α(−1)α

2(2m−1−α)!α!

N

∑
γ=0

C[γ](hγ)α

= − (hβ )2m−1

2(2m−1)!
+

(hβ )2m−2

4(2m−2)!
− (hβ )2m−3

4(2m−3)!

(
1
3
+2A

)
+

(hβ )2m−4

2(2m−4)!3!

(
1
4
+3A

)
−

m−1

∑
α=4

(hβ )2m−1−α(−1)α

2(2m−1−α)!α!

(
1

α +1
+αA+α(α−1)(α−2)B

)
−

2m−1

∑
α=m

(hβ )2m−1−α(−1)α

2(2m−1−α)!α!

N

∑
γ=0

C[γ](hγ)α .

Hence, denoting by Rm−1(hβ ) =
2m−1

∑
α=m

(hβ )2m−1−α (−1)α

2(2m−1−α)!α!

N
∑

γ=0
C[γ](hγ)α for the case β < 0 we

get

v(hβ ) =− (hβ )2m−1

2(2m−1)!
+

(hβ )2m−2

4(2m−2)!
− (hβ )2m−3

4(2m−3)!

(
1
3
+2A

)
+

(hβ )2m−4

2(2m−4)!3!

(
1
4
+3A

)
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−
m−1

∑
α=4

(hβ )2m−1−α(−1)α

2(2m−1−α)!α!

(
1

α +1
+αA+α(α−1)(α−2)B

)
−Rm−1(hβ ). (5.9)

Now suppose β > N then for v(hβ ) we get

v(hβ ) =
(hβ )2m−1

2(2m−1)!
− (hβ )2m−2

4(2m−2)!
+

(hβ )2m−3

4(2m−3)!

(
1
3
+2A

)
− (hβ )2m−4

2(2m−4)!3!

(
1
4
+3A

)

+
m−1

∑
α=4

(hβ )2m−1−α(−1)α

2(2m−1−α)!α!

(
1

α +1
+αA+α(α−1)(α−2)B

)
+Rm−1(hβ ). (5.10)

Denoting

R(−)
m−1(hβ ) =

m−1

∑
α=0

λα(hβ )α −Rm−1(hβ ), (5.11)

R(+)
m−1(hβ ) =

m−1

∑
α=0

λα(hβ )α +Rm−1(hβ ), (5.12)

and taking into account (5.9), (5.10), (5.4) we have the following problem
Problem B. Find the solution of the equation

hDm(hβ )∗u(hβ ) = 0, hβ /∈ [0,1] (5.13)

having the form:

u(hβ )=



− (hβ )2m−1

2(2m−1)! +
(hβ )2m−2

4(2m−2)! −
(hβ )2m−3

4(2m−3)!

(1
3 +2A

)
+ (hβ )2m−4

2(2m−4)!3!

(1
4 +3A

)
−AP2m−2(hβ )−BP2m−4(hβ )

−
m−1
∑

α=4

(hβ )2m−1−α (−1)α

2(2m−1−α)!α!

( 1
α+1 +αA+α(α−1)(α−2)B

)
+R(−)

m−1(hβ ), β < 0,

fm(hβ ), 0≤ β ≤ N,
(hβ )2m−1

2(2m−1)! −
(hβ )2m−2

4(2m−2)! +
(hβ )2m−3

4(2m−3)!

(1
3 +2A

)
− (hβ )2m−4

2(2m−4)!3!

(1
4 +3A

)
−AP2m−2(hβ )−BP2m−4(hβ )

+
m−1
∑

α=4

(hβ )2m−1−α (−1)α

2(2m−1−α)!α!

( 1
α+1 +αA+α(α−1)(α−2)B

)
+R(+)

m−1(hβ ), β > N,

(5.14)
where R(−)

m−1(hβ ) and R(+)
m−1(hβ ) are unknown polynomials of degree m−1 and A, B

are unknown coefficients.
If we find R(−)

m−1(hβ ) and R(+)
m−1(hβ ), then from (5.11), (5.12) we obtain

m−1

∑
α=0

λα(hβ )α =
1
2

(
R(+)

m−1(hβ )+R(−)
m−1(hβ )

)
,

Rm−1(hβ ) =
1
2

(
R(+)

m−1(hβ )−R(−)
m−1(hβ )

)
.

Unknowns R(−)
m−1(hβ ), R(+)

m−1(hβ ), A and B can be found from equation (5.13), using the
discrete argument function Dm(hβ ). Then we can obtain the explicit form of the function
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u(hβ ) and respectively we can find the optimal coefficients C[β ] (β = 0,1, ...,N), A and
B. Thus Problem B and respectively Problem A can be solved.

But here we will not find R(−)
m−1(hβ ), R(+)

m−1(hβ ). Instead, using Dm(hβ ) and the form
(5.14) of the discrete argument function u(hβ ), taking into account (5.8), we find the
expressions for the optimal coefficients C[β ] when β = 1,2, ...,N−1.

We introduce the following notations

dk =
(2m−1)!(1−qk)

2m+1

h2mqkE2m−1(qk)

∞

∑
γ=1

qγ

k

{
(hγ)2m−1

2(2m−1)!
+

(hγ)2m−2

4(2m−2)!
+

(hγ)2m−3

4(2m−3)!

(
1
3
+2A

)

+
(hγ)2m−4

12(2m−4)!

(
1
4
+3A

)
+

m−1

∑
α=4

(hγ)2m−1−α

2(2m−1−α)!α!

(
1

α +1
+αA+α(α−1)(α−2)B

)

−AP2m−2(−hγ)−BP2m−4(−hγ)+R(−)
m−1(−hγ)− fm(−hγ)

}
, (5.15)

pk =
(2m−1)!(1−qk)

2m+1

h2mqkE2m−1(qk)

∞

∑
γ=1

qγ

k

{
(h(γ +N))2m−1

2(2m−1)!
− (h(γ +N))2m−2

4(2m−2)!

+
(h(γ +N))2m−3

4(2m−3)!

(
1
3
+2A

)
− (h(γ +N))2m−4

12(2m−4)!

(
1
4
+3A

)

+
m−1

∑
α=4

(h(γ +N))2m−1−α(−1)α

2(2m−1−α)!α!

(
1

α +1
+αA+α(α−1)(α−2)B

)

−AP2m−2(h(γ +N))−BP2m−4(h(γ +N))+R(+)
m−1(h(γ +N))− fm(h(γ +N))

}
, (5.16)

where k = 1,2, ...,m− 1, E2m−1(q) is the Euler-Frobenius polynomial of degree 2m− 1,
qk are given in Theorem 5.1. Note that because of |qk| < 1 the series in the (5.15) and
(5.16) are convergent.

The following holds
Theorem 5.3. The coefficientsC[β ], β = 1,2, ...,N−1 of optimal quadrature formulas

of the form (1.4) in the space L(m)
2 (0,1) for m≥ 4 have the following form

C[β ] = h

(
1+

m−1

∑
k=1

(
dkqβ

k + pkqN−β

k

))
, β = 1,2, ...,N−1, (5.17)

where dk, pk are defined by (5.15), (5.16), qk are given in Theorem 5.1.
Proof. Suppose β = 1,2, ...,N− 1. Then from (5.8), using Definition 2.3, equalities

(5.6), (5.14), we have

C[β ] = hDm(hβ )∗u(hβ ) = h
∞

∑
γ=−∞

Dm(hβ −hγ)u(hγ) =

= h

(
−1

∑
γ=−∞

Dm(hβ −hγ)u(hγ)+
N

∑
γ=0

Dm(hβ −hγ)u(hγ)+
∞

∑
γ=N+1

Dm(hβ −hγ)u(hγ)

)
.
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Now, adding and subtracting the expressions h
−1
∑

γ=−∞

Dm(hβ−hγ) fm(hγ) and h
∞

∑
γ=N+1

Dm(hβ−

hγ) fm(hγ) to and from the last expression and taking into account Definition 2.3 we get

C[β ] = h

{
Dm(hβ )∗ fm(hβ )+

m−1

∑
k=1

qβ

k
(2m−1)!

h2m
(1−qk)

2m+1

qkE2m−1(qk)

∞

∑
γ=1

qγ

k

[
(hγ)2m−1

2(2m−1)!

+
(hγ)2m−2

4(2m−2)!
+

(hγ)2m−3

4(2m−3)!

(
1
3
+2A

)
+

(hγ)2m−4

12(2m−4)!

(
1
4
+3A

)
+

m−1

∑
α=4

(hγ)2m−1−α

2(2m−1−α)!α!

(
1

α +1
+αA+α(α−1)(α−2)B

)

−AP2m−2(−hγ)−BP2m−4(−hγ)+R(−)
m−1(−hγ)− fm(−hγ)

]

+
m−1

∑
k=1

qN−β

k
(2m−1)!

h2m
(1−qk)

2m+1

qkE2m−1(qk)

∞

∑
γ=1

qγ

k

[
(h(γ +N))2m−1

2(2m−1)!

−(h(γ +N))2m−2

4(2m−2)!
+

(h(γ +N))2m−3

4(2m−3)!

(
1
3
+2A

)
− (h(γ +N))2m−4

12(2m−4)!

(
1
4
+3A

)
+

+
m−1

∑
α=4

(h(γ +N))2m−1−α(−1)α

2(2m−1−α)!α!

(
1

α +1
+αA+α(α−1)(α−2)B

)

−AP2m−2(h(γ +N))−BP2m−4(h(γ +N))+R(+)
m−1(h(γ +N))− fm(h(γ +N))

]}
.

Hence taking into account the notations (5.15), (5.16) we obtain

C[β ] = h

(
Dm(hβ )∗ fm(hβ )+

m−1

∑
k=1

(dkqβ

k + pkqN−β

k )

)
. (5.18)

Now using Theorems 5.1, 5.2 and equality (5.2) we get

Dm(hβ )∗ f (hβ ) = Dm(hβ )∗

(
(hβ )2m

(2m)!
+

2m−1

∑
j=0

(−hβ )2m−1− j

2(2m−1− j)!( j+1)!

)

= Dm(hβ )∗ (hβ )2m

(2m)!
= 1. (5.19)

Putting (5.19) to equation (5.18) we get (5.17). Theorem 5.3 is proved.
Furthermore we need the following lemmas in the proof of the main results.
Lemma 5.1. The following identity is taken place

α

∑
i=0

dkqk + pkqN+i
k (−1)i+1

(qk−1)i+1 ∆
i0α = (−1)α+1

α

∑
i=0

dkqi
k + pkqN+1

k (−1)i+1

(1−qk)i+1 ∆
i0α , (5.20)

here α and N are natural numbers, dk and pk are defined by (5.15), (5.16), ∆i0α is
given in Theorem 2.1, qk are given in Theorem 5.1.
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Proof. For the purposes of convenience the left and the right hand sides of (5.20)
we denote by L1 and (−1)α+1L2 respectively, i.e.

L1 =
α

∑
i=0

dkqk + pkqN+i
k (−1)i+1

(qk−1)i+1 ∆
i0α and L2 =

α

∑
i=0

dkqi
k + pkqN+1

k (−1)i+1

(1−qk)i+1 ∆
i0α .

First consider L1. Using the equality (2.3) and the identity (2.2) for L1 consequently
we get

L1 =
α

∑
i=0

dkqk + pkqN+i
k (−1)i+1

(qk−1)i+1 ∆
i0α =

dkqk

(qk−1)α+1 Eα−1(qk)+
pkqN+α

k (−1)α+1

(qk−1)α+1 Eα−1

(
1
qk

)

=
dkqk

(qk−1)α+1 Eα−1(qk)+
pkqN+α

k (−1)α+1

(qk−1)α+1
Eα−1(qk)

qα−1
k

=
dkqk + pkqN+1

k (−1)α+1

(qk−1)α+1 Eα−1(qk).

(5.21)
Similarly for L2 using (2.3) and (2.2) we have

L2 =
α

∑
i=0

dkqi
k + pkqN+1

k (−1)i+1

(1−qk)i+1 ∆
i0α =

dkqα
k

(qk−1)α+1 Eα−1

(
1
qk

)
+

pkqN+1
k

(qk−1)α+1 Eα−1(qk)

=
dkqk

(1−qk)α+1 Eα−1(qk)+
pkqN+1

k
(qk−1)α+1 Eα−1(qk) =

dkqk(−1)α+1 + pkqN+1
k

(qk−1)α+1 Eα−1(qk)

= (−1)α+1 dkqk + pkqN+1
k (−1)α+1

(qk−1)α+1 Eα−1(qk). (5.22)

From (5.21) and (5.22) it is clear, that L1 = (−1)α+1L2. Lemma 5.1 is proved.
We denote

Zp =
m−1

∑
k=1

p

∑
i=0

dkqN+i
k + pkqk(−1)i+1

(1−qk)i+1 ∆
i0p. (5.23)

Lemma 5.2. The following identities are valid

m−1

∑
j=0

(−1) j+1

( j+1)!

2m−2− j

∑
i=1

B2m− j−ih2m− j−i

i! (2m− j− i)!
=

m

∑
j=2

B jh j

j!

m

∑
i=1

(−1)i

i! (2m+1− j− i)!
+

+
2m−1

∑
j=m+1

B jh j

j!

2m− j

∑
i=1

(−1)i

i! (2m+1− j− i)!

and

m−1

∑
j=0

(−1) j+1

( j+1)!

2m−1− j

∑
p=1

hp+1Zp

p! (2m−1− j− p)!
=

m+1

∑
j=2

h jZ j−1

( j−1)!

m

∑
i=1

(−1)i

i! (2m+1− j− i)!
+

2m

∑
j=m+2

h jZ j−1

( j−1)!

2m+1− j

∑
i=1

(−1)i

i! (2m+1− j− i)!
.

where B j are Bernoulli numbers and Z j is defined by (5.23).
The proof of Lemma 5.2 is obtained by expansion in powers of h of the left sides of

the given identities.
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For the coefficients of the optimal quadrature formulas of the form (1.4) the following
theorem holds.

Theorem 5.4. Among all quadrature formulas of the form (1.4) with the error
functional (1.5) in the space L(m)

2 (0,1) for m ≥ 4 there exists unique optimal formula
which coefficients are determined by the following formulas

C[0] = h

(
1
2
+

m−1

∑
k=1

dk
qN

k −qk

1−qk

)
, (5.24)

C[β ] = h

(
1+

m−1

∑
k=1

dk(q
β

k +qN−β

k )

)
, β = 1,N−1, (5.25)

C[N] = h

(
1
2
+

m−1

∑
k=1

dk
qN

k −qk

1−qk

)
, (5.26)

A = h2

(
1

12
−

m−1

∑
k=1

dk
qk +qN+1

k
(1−qk)2

)
, (5.27)

B = h4

(
B4

4!
− 1

3!

m−1

∑
k=1

dk

3

∑
i=0

qk +(−1)i+1qN+i
k

(qk−1)i+1 ∆
i03

)
, (5.28)

where dk satisfy the following system of m−1 linear equations

m−1

∑
k=1

dk

j

∑
i=0

qk +(−1)i+1qN+i
k

(qk−1)i+1 ∆
i0 j =

B j+1

j+1
, j = 4,m−1, (5.29)

m−1

∑
k=1

dk

j

∑
i=0

qk +(−1)i+1qN+i
k

(qk−1)i+1 ∆
i0 j = 0, j = 2,2m−4,2m−2. (5.30)

Here Bα are Bernoulli numbers, ∆iγ j is the finite difference of order i of γ j, ∆i0 j is
given in Theorem 2.1, qk are given in Theorem 5.1.

Proof. We consider the first sum of equation (4.1). For this sum we have

S =
N

∑
γ=0

C[γ]
|hβ −hγ|2m−1

2(2m−1)!
=

= C[0]
(hβ )2m−1

(2m−1)!
+

β

∑
γ=1

C[γ]
(hβ −hγ)2m−1

(2m−1)!
−

N

∑
γ=0

C[γ]
(hβ −hγ)2m−1

2(2m−1)!
.

The last two sums of the expression S we denote by

S1 =
β

∑
γ=1

C[γ]
(hβ −hγ)2m−1

(2m−1)!
, S2 =

N

∑
γ=0

C[γ]
(hβ −hγ)2m−1

2(2m−1)!
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and we calculate them separately.
By using (5.17) and formulas (2.4), (2.5) for S1 we have

S1 =
β

∑
γ=0

h

(
1+

m−1

∑
k=1

(
dkqγ

k + pkqN−γ

k

)) (hβ −hγ)2m−1

(2m−1)!

=
h2m

(2m−1)!

[
β−1

∑
γ=0

γ
2m−1 +

m−1

∑
k=1

(
dkqβ

k

β−1

∑
γ=0

q−γ

k γ
2m−1 + pkqN−β

k

β−1

∑
γ=0

qγ

kγ
2m−1

)]

=
h2m

(2m−1)!

[
2m

∑
j=1

(2m−1)!B2m− j

j! · (2m− j)!
β

j+
m−1

∑
k=1

[
dkqβ

k

{
qk

qk−1

2m−1

∑
i=0

∆i02m−1

(qk−1)i

−
q1−β

k
qk−1

2m−1

∑
i=0

∆iβ 2m−1

(qk−1)i

}
+ pkqN−β

k

{
1

1−qk

2m−1

∑
i=0

(
qk

1−qk

)i

∆
i02m−1

−
qβ

k
1−qk

2m−1

∑
i=0

(
qk

1−qk

)i

∆
i
β

2m−1

}]]
.

Taking into account that qk are roots of the Euler-Frobenius polynomial E2m−2(q) and
using Theorem 2.1, we have

2m−1

∑
i=0

∆i02m−1

(qk−1)i =
1

(qk−1)2m−1 E2m−2(qk) = 0,

and additionally using the identity (2.2), we get

2m−1

∑
i=0

(
qk

1−qk

)i

∆
i02m−1 =

1
( 1

qk
−1)2m−1

E2m−2(1/qk) = 0.

Keeping in mind the last two equalities, for S1 we obtain

S1 =
h2m

(2m−1)!

[
2m

∑
j=1

(2m−1)!B2m− j

j!(2m− j)!
β

j +
m−1

∑
k=1

−dkqk + pkqN+i
k (−1)i

(qk−1)i+1 ∆
i
β

2m−1

]
.

Hence, using the equality ∆iβ 2m−1 =
2m−1

∑
j=1

(2m−1)!
j!(2m−1− j)!β

2m−1− j∆i0 j which is based on the

formula (2.6), the expression for S1 we reduce to the following form

S1 =
(hβ )2m

(2m)!
+h · (hβ )2m−1

(2m−1)!
B1 +h2m

2m−2

∑
j=1

B2m− j

j!(2m− j)!
β

j+

+h2m
2m−1

∑
j=0

β 2m−1− j

j!(2m−1− j)!

m−1

∑
k=1

j

∑
i=0

−dkqk + pkqN+i
k (−1)i

(qk−1)i+1 ∆
i0 j. (5.31)
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Now we consider S2. By using equations (4.4)–(4.6) we rewrite the expression S2 in
powers of hβ

S2 =
N

∑
γ=0

C[γ]
(hβ −hγ)2m−1

2(2m−1)!

=
m−1

∑
j=0

(hβ )2m−1− j(−1) j

2(2m−1− j)! j!

N

∑
γ=0

C[γ](hγ) j +
2m−1

∑
j=m

(hβ )2m−1− j(−1) j

2(2m−1− j)! j!

N

∑
γ=0

C[γ](hγ) j

=
(hβ )2m−1

2(2m−1)!
− (hβ )2m−2

4(2m−2)!
+

(hβ )2m−3

4(2m−3)!

(
1
3
+2A

)
− (hβ )2m−4

2(2m−4)!3!

(
1
4
+3A

)
+

m−1

∑
j=4

(hβ )2m−1− j(−1) j

2(2m−1− j)! j!

(
1

j+1
+ jA+ j( j−1)( j−2)B

)

+
2m−1

∑
j=m

(hβ )2m−1− j(−1) j

2(2m−1− j)! j!

N

∑
γ=0

C[γ](hγ) j. (5.32)

Substituting (5.2) and S into equation (4.1) and using (5.31), (5.32) we have

(hβ )2m

(2m)!
+C[0]

(hβ )2m−1

(2m−1)!
+h

(hβ )2m−1

(2m−1)!
B1 +

2m−2

∑
j=1

B2m− jh2m− j(hβ ) j

j!(2m− j)!
+

+
2m−1

∑
j=0

h j+1(hβ )2m−1− j

j!(2m−1− j)!

m−1

∑
k=1

j

∑
i=0

−dkqk + pkqN+i
k (−1)i

(qk−1)i+1 ∆
i0 j−

− (hβ )2m−1

2(2m−1)!
+

(hβ )2m−2

4(2m−2)!
− (hβ )2m−3

4(2m−3)!

(
1
3
+2A

)
+

(hβ )2m−4

2(2m−4)!3!

(
1
4
+3A

)
−

−
m−1

∑
j=4

(hβ )2m−1− j(−1) j

2(2m−1− j)! j!

(
1

j+1
+ jA+ j( j−1)( j−2)B

)
−

−
2m−1

∑
j=m

(hβ )2m−1− j(−1) j

2(2m−1− j)! j!

N

∑
γ=0

C[γ](hγ) j−A
(hβ )2m−2

2(2m−2)!

−A
2m−2

∑
j=0

(hβ )2m−2− j(−1) j

2 · j! · (2m−2− j)!
−B

(hβ )2m−4

2(2m−4)!
−B

2m−4

∑
j=0

(hβ )2m−4− j(−1) j

2 · j! · (2m−4− j)!
+

m−1

∑
α=0

λα(hβ )α

=
(hβ )2m

(2m)!
+

2m−1

∑
j=0

(−hβ )2m−1− j

2 · (2m−1− j)! · ( j+1)!
.

Hence equating coefficients of (hβ ) j for j = 0,m−1 we have

λ0 =
1

2(2m)!
+

B
2(2m−4)!

+
A

2(2m−2)!
+

1
2(2m−1− j)!

N

∑
γ=0

C[γ](−hγ)2m−1,

λ j =
(−1) j

2(2m− j)! j!
+

B(−1) j

2(2m−4− j)! j!
+

A(−1) j

2(2m−2− j)! j!

− h2m− j

(2m−1− j)! j!

m−1

∑
k=1

2m−1− j

∑
i=0

−dkqk + pkqN+i
k (−1)i

(qk−1)i+1 ∆
i02m−1− j
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+
1

2(2m−1− j)! j!

N

∑
γ=0

C[γ](−hγ)2m−1− j−
B2m− jh2m− j(hβ ) j

j!(2m− j)!
, j = 1,m−1, (5.33)

and equating coefficients of (hβ ) j for j =m,2m−5 and for j = 2m−4,2m−1 we respectively
get equations (5.34) and (5.35)-(5.38)

m−1

∑
k=1

j+4

∑
i=0

dkqk + pkqN+i
k (−1)i+1

(qk−1)i+1 ∆
i0 j+4 =

B j+5

j+5
, j = 0,m−5, (5.34)

m−1

∑
k=1

2

∑
i=0

−dkqk + pkqN+i
k (−1)i

(qk−1)i+1 ∆
i02 = 0, (5.35)

C[0] = h

(
1
2
+

m−1

∑
k=1

pkqN
k −dkqk

1−qk

)
, (5.36)

A = h2

(
1

12
−

m−1

∑
k=1

dkqk + pkqN+1
k

(1−qk)2

)
, (5.37)

B = h4

(
− 1

720
+

1
3!

m−1

∑
k=1

3

∑
i=0

dkqk + pkqN+i
k (−1)i+1

(qk−1)i+1 ∆
i03

)
. (5.38)

Substituting the expressions (5.36) into (4.4) when i = 0, also taking into account (5.17),
we find C[N] which have the following form

C[N] = h

(
1
2
+

m−1

∑
k=1

dkqN
k − pkqk

1−qk

)
. (5.39)

Now, putting the values (5.33) of λ j into (4.2) and (4.3), we respectively get equation
(5.40) and the system of equations (5.41)-(5.45) for unknowns dk and pk, i.e. we get the
following system of equations

m−1

∑
k=1

2m−2

∑
i=0

dkqi
k + pkqN+1

k (−1)i+1

(1−qk)i+1 ∆
i02m−2 =

m−1

∑
k=1

2m−2

∑
i=0

dkqN+i
k + pkqk(−1)i+1

(1−qk)i+1 ∆
i02m−2, (5.40)

m−1

∑
k=1

j−1

∑
i=0

dkqN+i
k + pkqk(−1)i+1

(1−qk)i+1 ∆
i0 j−1 =

B j

j
, j = 5,m, (5.41)

m−1

∑
k=1

3

∑
i=0

dkqk + pkqN+i
k (−1)i+1

(qk−1)i+1 ∆
i03 =

m−1

∑
k=1

3

∑
i=0

dkqN+i
k + pkqk(−1)i+1

(1−qk)i+1 ∆
i03, (5.42)

m−1

∑
k=1

2

∑
i=0

dkqN+i
k + pkqk(−1)i+1

(1−qk)i+1 ∆
i02 = 0, (5.43)

m−1

∑
k=1

dkqk + pkqN+1
k

(qk−1)2 =
m−1

∑
k=1

dkqN+1
k + pkqk

(1−qk)2 , (5.44)

m−1

∑
k=1

2m−4

∑
i=0

dkqi
k + pkqN+1

k (−1)i+1

(1−qk)i+1 ∆
i02m−4 =

m−1

∑
k=1

2m−4

∑
i=0

dkqN+i
k + pkqk(−1)i+1

(1−qk)i+1 ∆
i02m−4. (5.45)
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Thus, for 2m−2 unknowns dk and pk (k = 1,m−1) we have got 2m−2 equations (5.34)-
(5.35) and (5.40)-(5.45).

Now, subtracting (5.34) from (5.41) and (5.35) from (5.43) and combining with
(5.42), (5.44) we get the following m−1 equations

m−1

∑
k=1

(dk− pk)
j

∑
i=0

qk +qN+i
k (−1)i+1

(qk−1)i+1 ∆
i0 j = 0, j = 1,m−1, (5.46)

Taking into account uniqueness of the optimal coefficients, we conclude, that the
homogeneous system of linear equations (5.46) has trivial solution. This means, that

dk = pk, k = 1,2, ...,m−1. (5.47)

Then, using (5.50), from (5.34), (5.35), (5.40) and (5.45) we get (5.29), (5.30), and
from (5.17), (5.36)-(5.39) we obtain (5.24)-(5.28).

Theorem 5.4 is proved.

5.2. The norm of the error functional of optimal quadrature formulas

of the form (1.4)

The following holds
Theorem 5.5. For square of the norm of the error functional (1.5) of the optimal

quadrature formula (1.4) on the space L(m)
2 (0,1) for m ≥ 4 the following equality is

valid∥∥∥◦` |L(m)∗
2 (0,1)

∥∥∥2
= (−1)m+1

[
B2mh2m

(2m)!
− 2h2m+1

(2m)!

m−1

∑
k=1

dk

2m

∑
i=0

qk +qN+i
k (−1)i+1

(qk−1)i+1 ∆
i02m

]
,

where dk are determined from the system (5.29)-(5.30), B2m are Bernoulli numbers,
∆i02m is given in Theorem 2.1, qk are given in Theorem 5.1.

Proof. Computing definite integrals in the expression (3.5) of ||`||2 we get

‖`‖2 = (−1)m

[
N

∑
β=0

C[β ]

({
N

∑
γ=0

C[γ]
|hβ −hγ|2m−1

2(2m−1)!

− fm(hβ )−AP2m−2(hβ )−BP2m−4(hβ )

}
− fm(hβ )−AP2m−2(hβ )−BP2m−4(hβ )

)

+
2A

(2m−1)!
+

2B+A2

(2m−3)!
+

2AB
(2m−5)!

+
B2

(2m−7)!
+

1
(2m+1)!

]
,

where fm(hβ ) is defined by formula (5.2). As is obvious from here according to (4.1) the

expression into curly brackets is equal to the polynomial −
m−1
∑

α=0
λα(hβ )α . Then ‖`‖2 has

the form

‖`‖2 = (−1)m

[
N

∑
β=0

C[β ]

(
−

m−1

∑
j=0

λ j(hβ ) j− fm(hβ )

)

−A
N

∑
β=0

C[β ]P2m−2(hβ )−B
N

∑
β=0

C[β ]P2m−4(hβ )

+
2A

(2m−1)!
+

2B+A2

(2m−3)!
+

2AB
(2m−5)!

+
B2

(2m−7)!
+

1
(2m+1)!

]
.
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Hence using (4.2) and (4.3) we get

‖`‖2 = (−1)m

[
−

m−1

∑
j=0

λ j

N

∑
β=0

C[β ](hβ ) j−
N

∑
β=0

C[β ] fm(hβ )

+A
m−1

∑
j=2

jλ j +B
m−1

∑
j=4

j( j−1)( j−2)λ j

+
A

(2m−1)!
+

B
(2m−3)!

+
1

(2m+1)!

]
.

From here, after some simplifications, using (5.33), (5.2) and (4.4)-(4.6), we have

‖`‖2 = (−1)m

[
−

m−1

∑
j=0

(−1) j+1

( j+1)!(2m−1− j)!

N

∑
γ=0

C[γ](hγ)2m−1− j

−
m−1

∑
j=0

h2m− j

( j+1)!(2m−1− j)!

m−1

∑
k=1

dk

2m−1− j

∑
i=0

qk +qN+i
k (−1)i+1

(qk−1)i+1 ∆
i02m−1− j

−
m−1

∑
j=0

(−1) j

( j+1)!(2m− j)!
−

m−5

∑
j=0

B(−1) j

( j+1)!(2m−4− j)!

−
m−3

∑
j=0

A(−1) j

( j+1)!(2m−2− j)!
+

m−1

∑
j=1

B2m− jh2m− j

( j+1)!(2m− j)!

− 1
(2m)!

N

∑
β=0

C[β ](hβ )2m +
A

(2m−1)!
+

B
(2m−3)!

+
1

(2m+1)!

]
. (5.48)

When α > m−1, using (5.17) and formulas (2.4)-(2.6), we get

N

∑
γ=0

C[γ](hγ)α =
1

α +1
+

α−1

∑
j=1

α!Bα+1− j

j!(α +1− j)!
hα+1− j

+hα+1
m−1

∑
k=1

α

∑
i=0

dkqi
k + pkqN+1

k (−1)i+1

(1−qk)i+1 ∆
i0α

−
α

∑
j=1

α!h j+1

j!(α− j)!

m−1

∑
k=1

j

∑
i=0

dkqN+i
k + pkqk(−1)i+1

(1−qk)i+1 ∆
i0 j. (5.49)

Using Lemmas 5.1, 5.2 and taking into account (2.1), (2.3) and (5.49), after some
simplifications, from (5.48) we have

‖`‖2 = (−1)m
[

K1 +K2−
B2mh2m

(2m)!
+

h2m+1Z2m

(2m)!

−h2m+1

(2m)!

m−1

∑
k=1

dk

2m

∑
i=0

qi
k +qN+1

k (−1)i+1

(1−qk)i+1 ∆
i02m

−
m

∑
j=2

B jh j

j!

m

∑
i=0

(−1)i

i!(2m+1− i− j)!
+

m

∑
j=2

h jZ j−1

( j−1)!

m

∑
i=0

(−1)i

i!(2m+1− i− j)!
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+
m−4

∑
j=0

B(−1) j

j!(2m−3− j)!
+

m−2

∑
j=0

A(−1) j

j!(2m−1− j)!

]
, (5.50)

where

K1 =
2m

∑
j=m+1

h jZ j−1

( j−1)!

2m+1− j

∑
i=1

(−1)i

i!(2m+1− i− j)!
+

2m

∑
j=m+1

h jZ j−1

( j−1)!(2m+1− j)!

=
2m

∑
j=m+1

h jZ j−1

( j−1)!

2m+1− j

∑
i=0

(−1)i

i!(2m+1− i− j)!
=

2m

∑
j=m+1

h jZ j−1

( j−1)!
(1−1)2m+1− j

(2m+1− j)!
= 0,

and

K2 =−
2m−1

∑
j=m+1

h jB j

j!

2m− j

∑
i=0

(−1)i

i!(2m+1− i− j)!
+

2m−1

∑
j=m+1

h jB j

j!(2m+1− j)!

−
2m−1

∑
j=m+1

h jB j

j!

(
2m− j

∑
i=0

(−1)i

i!(2m+1− i− j)!
− 1

(2m+1− j)!

)

=−
2m−1

∑
j=m+1

h jB j

j!

(
(−1) j−1

(2m+1− j)!

)
= 0

Since K1 = K2 = 0 then from (5.50) we get the following

‖`‖2 = (−1)m

[
−B2mh2m

(2m)!
+

h2m+1

(2m)!

m−1

∑
k=1

dk

2m

∑
i=0

qk +qN+i
k (−1)i+1

(qk−1)i+1 ∆
i02m

−h2m+1

(2m)!

m−1

∑
k=1

dk

2m

∑
i=0

qi
k +qN+1

k (−1)i+1

(1−qk)i+1 ∆
i02m

]
Hance using Lemma 5.1 we have the statement of the theorem.
Theorem 5.5 is proved.
In particular, from Theorems 5.4 and 5.5 for the cases m = 4,5 we get the following

corollary which confirm optimality of the classical Euler-Maclaurin quadrature formula
in the space L(m)

2 (0,1) when m = 4,5.

Corollary In the space L(m)
2 (0,1), m = 4,5 among all quadrature formulas of the

form (1.4) with the error functional (1.5) there exists unique optimal formula whose
coefficients are determined by the following formulas

C[β ] =

{ h
2 , β = 0,N,
h, β = 1,N−1,

A =
h2

12
, B =− h4

720
.

Furthermore for square of the norm of the error functional the following is valid∥∥∥ ˚̀|L(m)∗
2 (0,1)

∥∥∥2
= (−1)m+1 h2mB2m

(2m)!
, m = 4,5.
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6. Numerical results

It should be noted that constructed optimal quadrature formulas of the form (1.4) with
the error functional (1.5), the coefficients which are determined by formulas (5.24)-(5.28)
are exact for monomials xα , α = 0, ...,m−1. This statement is also checked numerically.

Clearly, the optimal coefficients (5.24)-(5.28) depend only on the roots qk (where
|qk|< 1) of the Euler-Frobenius polynomial E2m−2(q), which is defined by formula (2.1).
Therefore to obtain numerical values of the coefficients C[β ] (β = 0,1, ...,N), A, B it
is sufficient to calculate the roots of the Euler-Frobenius polynomial E2m−2(q), whose
absolute values are less than 1.

It should be noted that for m = 2,3, ...,7 the Euler-Frobenius polynomials E2m−2(q)
and their roots are given in [23]. Below we consider some particular cases.

We consider the case m =6. In this case we obtain the optimal quadrature formulas
of the form (1.4) in the space L(6)

2 (0,1). Here we need the roots qk of the Euler-Frobenius
polynomial E10(q), in which |qk|< 1. From (2.1) we get

E10(q) = 1+2036q+152637q2 +2203488q3 +9738114q4

+15724248q5 +9738114q6 +2203488q7 +152637q8 +2036q9 +q10.

and the roots qk of this polynomial, whose absolute values less than 1 are

q1 =−0.00051055753444650205713591952840749392417989252,
q2 =−0.01666962736623465609658583608981508371547272055,
q3 =−0.08975959979371330994414267655614154254756196601,
q4 =−0.27218034929478588568629528025828776815123525956,
q5 =−0.66126606890073470691013126292248166961816286716.

(6.1)

Now we give table of values of the coefficients of the optimal quadrature formula of
the form (1.4) for the case m = 6 and N = 10. For m = 6 and N = 10 solving the system
(5.29)-(5.30) and using (6.1) from (5.24)-(5.28) we get the following optimal quadrature
formula of the form (1.4) in the space L(4)

2 (0,1)

1∫
0

ϕ(x)dx∼=
10

∑
β=0

C[β ]ϕ(0.1β )+A(ϕ ′(0)−ϕ
′(1))+B(ϕ ′′′(0)−ϕ

′′′(1)). (6.2)

The coefficients of the optimal formula (6.2) are presented in Table 1.
Using Theorem 5.5 we get the following estimation of the formula (6.2)

|(`,ϕ)| ≤ ‖ϕ|L(6)
2 (0,1)‖ ·0.24989492918×10−10. (6.3)

As it was noted in introduction the error of the optimal quadrature formula (1.4) is
estimated by the norm ‖ ˚̀‖ which is given in Theorem 5.5., i.e.

|( ˚̀,ϕ)| ≤ ‖ϕ|L(m)
2 (0,1)‖ ‖ ˚̀|L(m)∗

2 (0,1)‖.

Numerical results of ‖ ˚̀‖ for the cases m = 4,5,6,7 and N = 10, 50, 100 are given in
Table 2.
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Table 1

The coefficients of the optimal quadrature formula (6.3).
C[0] = 0.0497668123352824127234689329023
C[1] = 0.1004149880826437216520334950106
C[2] = 0.0996945183368890756257025927425
C[3] = 0.1002114315494163091062049537068
C[4] = 0.0998395174169098402529374943719
C[5] = 0.1001454645577172812793050625314
C[6] = 0.0998395174169098402529374943719
C[7] = 0.1002114315494163091062049537068
C[8] = 0.0996945183368890756257025927425
C[9] = 0.1004149880826437216520334950106
C[10] = 0.0497668123352824127234689329023
A = 0.0008207935968426995516167321994353
B = −0.00000012495765008009292800730370565

Table 2

Numerical results of ‖ ˚̀‖ for the cases m = 4,5,6,7
and N = 10, 50, 100.

N = 10 N = 50 N = 100

m = 4 0.909241×10−7 0.145478×10−9 0.909241×10−11

m = 5 0.144487×10−8 0.462361×10−12 0.144487×10−13

m = 6 0.249894×10−10 0.149789×10−14 0.231969×10−16

m = 7 0.610131×10−12 0.548027×10−17 0.398205×10−19

These numerical results show that the error of the optimal quadrature formula
decreases as m and N increase.
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Оптимальные формулы типа Эйлера-Маклорена для численного
интегрирования в пространстве Соболева
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В настоящей статье рассматривается задача построения оптимальных квадратурных
формул в смысле Сарда в пространстве L(m)

2 (0,1). Здесь квадратурная сумма состоить из
значений подынтегральной функции в узлах и значений первой и третьей производных
подынтегральной функции на концах интервала интегрирования. Найдены коэффициен-
ты оптимальных квадратурных формул и вычислена норма оптимального функционала
погрешности для любого натурального числа N ≥ m−3 и для любого m≥ 4, используя
метод С.Л. Соболева который основывается на дискретный аналог дифференциального
оператора d2m/dx2m. В частности, при m = 4 и m = 5 получен оптимальность класси-
ческой формулы Эйлера-Маклорена. Начиная с m = 6 получены новые оптимальные
квадратурные формулы. В конце работы приведаны некоторые численные результаты.

Ключевые слова: оптимальные квадратурные формулы, функционал погрешно-
сти, экстремальная функция, пространство Соболева, оптимальные коэффициен-
ты.
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