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The paper paper considers two boundary value problems, and examines one of these
problems for a third order parabolic-hyperbolic equation of type % (Lu) =0 in a pentagonal
domain. The unique solvability of the problem is proved
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Introduction

Methods of differential and integral equations are applied for the solution of boundary value
problems in mathematical physics. This paper is an example of application of these methods to
solve one boundary value problem for third order parabolic-hyperbolic equation in a pentagonal
domain.

Statement of the problem

We consider domain D on domain xOy, where D =D; UD, UD3;UD4U UABUAE; UAE; UAA(U
{(0,0)}, and D, is a rectangle with vertexes at the points A (0, 0), B(1,0), Bo(1,1), Ao (0, 1), D>
is a triangle with vertexes at the points A (0, 0), B(1,0), E; (0, —1), D3 is a triangle with vertexes
at the points A(0,0), E; (0, —1), E»(—1,0), D4 is a triangle with vertexes at the points A (0, 0),
Ao (0,1), E2(—1,0), AB is an open segment with vertexes at the points A(0,0) and B(1,0), AE,
is an open segment with vertexes at the points A(0,0) and E;(—1,0), AE; is an open segment
with vertexes at the points A(0,0) and E; (0, —1), AAg is an open segment with vertexes at the
points A (0, 0) and A (0, 1).

In domain D we consider the equation

d

e (Lu) =0, (1)
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where
Lu= Uxx — Uy, (X’Y) € Dy,
T e —uyy, (x,y)€D;, i=2,3,4.

Introduce the following notations: u(x,y) =u;(x,y), (x,y) € Di(i=1,2.3,4).
Now we consider the following problem for equation (1):

Task 1. Find a function u(x,y), which

1) is continuous in a closed domain D;

2) satisfies equation (1) in domain D or x# 0 and y # 0;

3) satisfies the following boundary conditions:

u (Ly)=e1(y), 0<y<1, (2)
wlpg, = Y1 (x), 0<x< 1, (3)
e, = V() 5 S¥0 @
duy

WBEIZW(X)’OSXS]’ (5)

duy

EAOEQZW()(X)’ —-1<x<0, (6)

4) satisfies the following continuous conditions of gluing:

ui (x,0) =uz (x,0) =71 (x), 0<x <1, (7)
uty (x, —0) = upy (x, +0) = vi (x), 0 <x <1, (8)
ws (x,0) = ug (x,0) = 1 (x), —1 <x<0, (9)
ay (x, 0) = gy (v, 0) = v2 (x), =1 <x <0 (10)
up (0,y) =us (0,y) =1 (y), 0<y <1, (11)
i (0,y) = uar (0,y) =va(y), 0<y <1, (12)
Ui (0, ) = tare (0, ) = pa (y), 0<y <1, (13)
u2(0,y) =u3(0,y) =13(y), -1 <y <0, (14)
2 (0,y) =uzc (0,y) =v3(y), -1 <y <0, (15)
u2xx (0, y) = u3ee (0, y) = p3 (y), —1 <y <0. (16)

Here n is an inner normal to the straight lines BE| or E1E;, @1, Wi, W, W, W are given
sufficiently smooth functions, and tj, v; (j=1,2,3,4), W, ko are for now unknown sufficiently
smooth functions to be determined, and the following matching conditions are fulfilled: y; (0) =
~¥5(0), 7 (1) =1 (1) = 9(0), 7 (1) = ¢'(0) = v2yu(1), 7{ (1) = 9" (0) — V2y;, (1).

Task 2. This problem differs from Problem 1 by the [act that instead of condition (4) we

take the condition .
us |E2C2: % ()C),—l <x< _5

Other conditions remain the same.
In this paper we consider only Problem 1. To solve it, equation (1) is written as follows:

Mlxx—uly:wl()’)) (xay)EDh (17)

uixx_uiyy:a)i<y)7 (X,y)eDi (l:27374>7 (18)
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where we introduce the notation: u(x,y) =u; (x,y), (x,y) € D; (i=1,4), and o;(y) (i=1,4) are
for now unknown continuous functions.

We write the domains D; (i =2,3,4) in the following form: D; = D;; UDp UAC;_;, where
D5 are triangles with vertexes at the points A(0;0), B(1;0), C; (%, —%), Dy, is a triangle with
vertexes at the points A(0;0), E; (0; —1), C; (%, —%), Ds, is a triangle with vertexes at the points
A(0;0), Ey (0; —1), C2(—3, —3), D3, is a triangle with vertexes at the points A(0;0), E»(—1;0),
C>(—3,—1), D4 is a triangle with vertexes at the points A(0;0), Ag(0;1), C3(—3,3), Dpp is a
triangle with vertexes at the points A (0;0), E>(—1;0), C3 (—%, %), AC| is an open segment with
vertexes at the points A (0;0), C; (%, —%) AGC, is an open segment with vertexes at the points
is an open segment with vertexes at the points A(0;0), C; (—%, —%), ACs is an open segment
with vertexes at the points A(0;0), C3(—3,3), that is AC; = {(x,y) ER*: 0<x <1, y=—x},
Dy = {(x,y)€R2: —%<y<0, —y<x<y—i—1}, Dy = {(x,y) €R*: 0<x<%,x—1<y<—x},
AC, = {(x,y) ER*: —% <x<0,y=x}, D3 = {(x,y) €R*: —% <x<0,—x—1<y<x}, Dp=
{(x,y) ER?: —% <y<0,—y—1<x<y},AC3={(x,y) € R*: —% <x<0,y=—x},Dyy={(x,y) ER*: —% <X -
Dy ={(x,y) eR*: O<y<%,y—1<x<—y}.

Then equation (18) (i =2, 3, 4) takes the following form:

uikxx_uikyy == wik(y)7 (%)’) € Dik (1:27 374a k= 17 2)7 (19)

where the following notations are introduced: u;(x,y) = ui (x,y), @;(y) = @i (y), (x,y) € Di
(i=2,3,4k=1,2).

First of all, we study Problem 1 in domain D,. We write the solution of equation (19)
(i=2; k=1), satisfying conditions (7), (8) as follows:

x+y Yy
ot (x,y): T (x+y);_7:l (x_y)‘i‘;/vl (I)dl—/(y—n)(l)z] (n)dn (20)
xX—y 0

Condition (5) may be written in the following form:

duz;  duy;
dx dy
Differentiating equation (20) with respect to x and y and substituting them into (21), we find
after some transformations

= V24 (x). (21)

y=x—1

021 () =~V -+ 1), —3 <y <0 22)

Now substituting (20) into (3) and differentiating the obtained relation and then changing
2x—1 by x, we come to the equation

vi(x)=—11(x)+a(x), 0<x< 1, (23)

where o (x) is a known function.
Then proceeding to the limit of y — 0 in equation (17), we obtain

T/ (x)—vi(x) = (0), 0<x< 1,

where @ (0) is for now unknown constant number. Substituting (23) into the latest equality, we
obtain the equation
T (x)+ 71 (x) = (x) + @ (0), 0<x< 1.
Integrating this equation from 1 to x, we have
x
2 )+ 1 (x) = /oq (t)dt + o1 (0) (x— 1) +b, 0<x< 1,
1
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where b is for now unknown constant number. Solving this equation under the conditions

T (1) =y (1)=0(0),7 (1) =¢'(0) = V2ya (1), (1) = ¢" (0) — V2w (1)

we obtain

/l—exp (t—x)) 0 (1) di + o1 (0) (x—2 +exp (1 —x)) + (24)

i

+b(1—exp(1—x))+cexp (1 —x)
where
c=¢(0),b=0'(0)+¢(0)—v2ya (1),
o1 (0) = ¢ (0) — V24 (1) + ¢ (0) — vV2yu (1) — w; (1).

Thus, we have found the function 7 (x), and, consequently, the functions vy (x), uz (x,y).
Now we pass on to domain Dj;. We write the solution of equation (19) (i=2; k=2),
satisfying conditions (14), (15) as follows:

y+x x o ytren

islony) = SO [vae fn [ on(@ae (25)
y—x 0 y—x+1

Differentiating (25) with respect to x and y and substituting them into (21), we find after
some transformations

1
—V2yi(y+1), —1<y<—3 (26)
o duyy | duxn duy; | duy
ly f h — 4+ = = .
Now we apply from the condition < P + 2y > . < I + Iy > .

% (0)+v2 (0)+ [ @ (=m)dn = 7 (0)+vi (0 /am

Differentiating this equality and changing —x by y in the obtained equality, and taking into
account (22), we obtain @ (y) = —V2¥, (y+1), —3 <y <0. It is clear from this equality and
(26) that

w2 (y) = V2, (y+1), =1 <y<0.

Then, substituting (25) into (3) and differentiating the obtained equality, we have
() +vi(y) =6, ~1<y<0, (27)

where 9 (y) is a known function.
Now we apply the condition up; (x, —x) = up; (x, —x), where wuy; (x, —x) is a known function.
Substituting (25) into this condition and differentiating the obtained equality and then
changing —2x by y, we obtain the following relation:

%) -vs(y)=8&(), —1<y<0, (28)

here & (y) is a known function.
From (27) and (28) we find

vi(y)=5[61(y)—& ()], -1<y<o0. (29)

1
2
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Integrating

4 0) =5 [60)+ &), 1<y <0

the latest equality from —1 to y, we obtain

1 y

()= [ m)+&mldn+n(0), ~1<y<0 (30)
~1
where it is assumed that 73 (0) = 77 (0).
Thus, we have found the function uy; (x, y), and, consequently, the function u, (x, y) completely.
Now we pass on to domain Ds. If in the equations (19) (i=2; k=2) and (19) (i=3;k=1)
we proceed to the limit of x — 0, then we obtain the equations uz (y) — 75 (v) = 02 (y), 13 (y) —
74 (y) = @31 (y). It is clear from these relations that

w31 (y) = 0 (y) = —V2y, (y+1), —1<y<0.

Consequently, the function us; (x,y) becomes known. It is determined by the formula

y+x X y+x—m
»(y+x)+13(y— 1 1
w1 (x,y) = it x)2 20 x)+2/V3(f)dH‘2/d7? / w31 (§)déE. (31)
yox 0 y—xin

B _ (dus1  duz
dx Iy )|y o\ ox 9y )|y

We write the solution of equation (19) (i = 3; k = 2) satisfying conditions (9) (10) as follows:

duzp au32>

Then we apply the following conditions: (

Xty y
s () = BEENEREEN L i [ (- my s (man (32)
xX—y 0

Differentiating (31) and (32) with respect to x and y and substituting them into the condition
<3u32 B 3u32> B (31431 B 3u31>
dx 9y /s dx dy

%(0) = v2(0)+ [ @n(m)dn =~ (0)+v3 (0)+ [ @xi (m)dn.
0 0

, we obtain
y=x

Differentiating this equation and changing x by y in the obtained equality, we find

@x2(3) = @1 () = V2V 0+ 1), —5 <y <0

Now, taking into account the condition uz; (x, x) = u3; (x, x), we have

2x X
rz(zx);—rz(o) +;O/V2(t)dt—0/(x—n)w32(n)dn BBl (2x);_T3 (O)‘l-
1 2x | X 2x—1m
+§/v3(t)dt+§/dn / 31 (E) dE.
0 0 n

Differentiating this equality and changing 2x by x in the obtained equation, we obtain

va(x) = -1 (x)+ o (x), -1 <x <0, (33)
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where a (x) is a known function.
Now we pass on to domain D4,. We write the solution of equation (19) (i = 4; k = 2) satisfying
conditions (9), (10) as follows:

xty y
i () = PRI L e [ (- m) o (n)an. (34)
xX—=y 0

Differentiating (34) with respect to x and y and substituting them into (6), we obtain

x+1
rﬁ(—l)—vQ(—l)Jr/w@(n)dn:\fz%(x), —1§x§—%.
0

Differentiating this equality and changing x+ 1 by y in the obtained equation, we find

02() = VIV~ 1), 0<y < . (35)

Substituting (33) into (34), and after some simplifications, we obtain

X+y y
i (y) = wa(e-3)+ 5 [ adi— [-monmdn (36)
x—y 0

Now we pass on to domain D4;. We write the solution of equation (19) (i = 4; k = 1) satisfying
conditions (11), (12) as follows:

y+x X y+x—n
T (y+x)+7(y—x)

sy (x,y) = : by [w@arts [an [ o @ag (37)

y—x 0 y—x+1m

Differentiating (36) and (37) with respect to x and y and substituting them into the condition
s n g [ Oua N dus
ox dy o\ ox dy

() +v1 (0)+ [ @ (~1)dn =7 (0)+v2(0) ~ [ @ (n)dn, —5 <x<0.
0 0

, we obtain
y=—x

y=—x

Differentiating this equality and changing —x by y in the obtained equation and taking into
account (35), we find

1
oy (y) = 0n2 (y) = V295 (v - 1), OS)’SE- (38)
Substituting (37) into (6), we have
, [ 1
(v (1) + [ (14 m)dn = V2ys (), —5 <x <0,
0
Differentiating this equality and changing 1+x by y in the obtained equation, we find
1
@u@%=¢ﬁ%@—U7§§y§L
[t is clear from the latest equality and (38) that
o () = V25 (y—1), 0<y < 1. (39)
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Substituting (37) into (4) and differentiating the obtained equality, then changing 2x+1 by
y in the obtained equation, we obtain

L) +va(y) = (y), 0<y <1, (40)

where o (y) is a known function.
Taking into account the condition ua; (x, —x) = uap (x, —x), differentiating the obtained equation
and changing —2x by y, we obtain

() —va(y) = 2% (—y)+au(y), 0<y <1, (41)

where a4 (y) is a known function.
From (40) and (41) we find the functions 7 (y) and v4(y):

%) = () + g [ )+ ()], 0 <y <1, (42

Sl -], 0<y <1 (43)

Integrating (42) from 1 to y, we find 74 (y):

va(y) =1 (—y)+

G 0) =)+ [ o)+ asl]di+ya(0) - ma(-1),0<y <1
1

Now we pass on to domain D;. Proceeding to the limit of x — 0 in equations (17) and (19)
(i=4; k=1), we obtain the following relations: py (y) — 74 (v) = @1 (y), 1a (y) — 7} (v) = o041 (y) -

Eliminating the function 4 (y) from these relations, we obtain @ (y) =t (y) — 74 (y) + 041 (») -

Differentiating (42), we have 7} (y) = 75 (—=y) + 3 [@'3 (y) + &4 ()] .

Taking into account the latest equality and (42), the function @ (y) can be written as follows:

0 (V) =% (=)+n(=)+nb), (44)

where 7 (y) is a known function.
Then we write the solution of equation (17) satisfying conditions (2), (7), (11) as follows:

y

y
1
ui (xay):ﬁ /T4(77)G§ (xay,ovn)dn_/(pl (”)Gé (xay’lvn)dn—’_ (45)
0 0
1

+/n Gx,y; €, 0)dé - /an an [ Gy & m)dg
0
Differentiating (45) with respect to x and proceeding to the limit of x — 0 in the obtained

y
equality, owing to (42) and (43) taking into account the equality 7} (—y) =1} (0) — [ 7”2 (—n)dn,
0

we obtain Abel equation relatively 7} (—y). Using this Abel equation and after some estimations,
we obtain the equation

+/K% m)dn=z0). (46)

where K (y,n), g(y) are known functions.
Equation (46) is an integral Volterra equation of the second kind. The kernel K(y,n) has
a weak singularity and the right part g(y) is continuous within 0 <y < 1. Solving equation
(46) in the class of continuous functions within 0 <y < 1, we find the function 7 (—y), and,
consequently, the functions 7} (—y), T2 (=y), T (), va(y), @1 (¥), uai (x,y), uaz (x,y) and u; (x, ).
Thus, Problem 1 has been completely solved.
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Conclusions

The paper [1] considers a series of boundary value problems for more general third order
parabolic-hyperbolic equations in a domain with one characteristic line of type change. The paper
[2] discusses boundary value problems for one class of third order parabolic-hyperbolic equations
in a concave hexagonal domain.
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