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In this paper we find the necessary and sufficient conditions for the uniqueness of
Dirichlet problem solution for a wave equation.
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Introduction

In the domain Ω = {(x,y) : 0 < x < a,0 < y < b} we consider the equation:

∂ 2u
∂x2 −∂

α
0yu(x,η) = 0, 1 < α < 2, (1)

where ∂ α
0yu(x,η)=Dα−2

0y uηη = 1
Γ(2−α)

y∫
0
(y−η)1−αuηη(x,η)dη – is a regularized partial

fractional derivative of the order α with respect to a variable y [1, p. 11].
The paper [2] proves the unique solvability of Dirichlet problem for a wave equation

∂ 2u
∂x2 −

∂ 2u
∂y2 = 0,

in a rectangular domain Ω with irrational side ratio:

b
a
6∈Q,

in the class of functions, which are continuously differentiable and have in Ω second
derivatives Lebesgue integrable.
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The papers [3], [4, p. 374] are devoted to the investigation of Cauchy problem for
equation (1). Solution of the first boundary value problem for equation (1) can be found
in the paper [5].

The paper [6] proves that Dirichlet problem for equation (1) in the domain Ω has a
unique solution only when

sinα(λ
1/α
n b) 6= 0,

where sinα(z) is a generalized trigonometric sine [1, p. 238]:

sinα(z) =
∞

∑
k=0

(−1)kzαk+1

Γ(αk+2)
.

In this paper, the necessary and the sufficient condition of the unique solvability of
Dirichlet problem for equation (1) in a rectangular domain Ω was found. It agrees with
the condition of the uniqueness of Dirichlet problem solution for a wave equation.

We consider the Mittag-Leffler function [7, p. 117]:

E1/α(z; µ) =
∞

∑
k=0

zk

Γ(αk+µ)
, α > 0. (2)

It is known that at 0<α < 2, the Mittag-Leffler function (2) has only a finite number
of real zeros [7, p. 142]; at α ≤ 4

3 , µ = 2 the function does not have zeros [1, p. 129],
[8]; at α ∈

[5
3 ,2
)
, µ = 2 function (2) has not less than two zeros [9].

Denote by Qα the subset of real numbers of the the type

λ 1/α

(πn)2/α
,

where n ∈N, λ are all the real roots of the function E1/α(z;2). It is obvious that the set
Qα is limited, point 0 is the accumulation point.

We call a regular solution of equation (1) in the domain Ω a function u = u(x,y) from
the class C(Ω̄), having the derivatives uxx,∂

α
0yu ∈C(Ω), and satisfying equation (1) at all

the points of the domain Ω.

Statement of the problem

Task. Find in the domain Ω a regular solution of equation (1) satisfying the
conditions

u(0,y) = u(a,y) = 0, (3)

u(x,0) = u(x,b) = 0. (4)

Theorem. For the task (1), (3),(4) to have only a trivial solution, it is necessary
and enough that

b

a
α

2
6∈Qα .
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Proof. 1. Sufficiency. We denote

v(x,y) = sin
√

λnx · (b− y)α−1E1/α

(
−λn(b− y)α ;α

)
, λn =

(
πn
a

)2
, n = 1,2, ...

Applying the formula of fractional integration by parts

d∫
c

f (t)Dγ

ctg(η)dt =
d∫

c

Dγ

dt f (η)g(t)dt, γ ≤ 0,

for the operator L we obtain the following Green formula∫
Ω

(vLu−uL∗v)dxdy =
∫

∂Ω

(vux−uvx)dy+(uyDα−2
by v+uDα−1

by v)dx, (5)

where
L∗v≡ vxx−Dα

byv,

Dα
by is the operator of Riemann-Liouville fractional differentiation of the order α with

the origin at the point b [1, p. 9].
Noticing that

L∗v = 0,

v(0,y) = v(r,y) = 0, lim
y→b

Dα−2
by v(x,η) = 0,

from (5) at homogeneous boundary conditions we pass on to the formula

λ
−1/α
n sinα(λ

1/α
n b)

a∫
0

uy(x,0)sin
√

λnxdx = 0, n = 1,2, ...

The theorem hypotheses allow us to write

r∫
0

uy(x,0)sin
√

λnxdx = 0, n = 1,2, ...

It is known that the function system {sin
√

λnx} is complete in the space L2(0,r). Thus,
from the Lagrange lemma we obtain that

uy(x,0) = 0, x ∈ (0,r). (6)

Consequently,

∂
α
0yu(x,η) = Dα

0yu(x,η)− y1−α

Γ(2−α)
uy(x,0)−

y−α

Γ(1−α)
u(x,0) = Dα

0yu(x,η).

Owing to equality (6), there is a formula

Dα−1
0y u(x,η) = Dα−2

0y uη(x,η).

Therefore,
Lu≡ uxx(x,y)−Dα

0yu(x,η) = 0, (7)
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lim
y→0

Dα−1
0y u(x,η) = 0,

lim
y→0

Dα−2
0y u(x,η) = 0,

(8)

Thus, the problem (1), (3), (4) may be reduced to the problem (7), (3), (8). It
is known (see [10, p. 123]) that this problem has only a null solution. Consequently,
u(x,y)≡ 0 in the domain Ω.

2. Necessity. Assume that b
a

α
2
∈ Qα , i.e. at constant n and λ

b
aα/2 =

λ 1/α

(πn)2/α
.

Then it is not difficult to show that the function

u(x,y) = yE1/α

[
−
(

πn
a

)2
yα ;2

]
sin

πn
a

x,

satisfies the equation (1) and the conditions (3), (4). �
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